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PREBACE 


HE first edition of this book, which was the first English 
Diophantus, appeared in 1885, and has long been out of 

print. Inquiries made for it at different times suggested to me 
that it was a pity that a treatise so unique and in many respects 
so attractive as the Avithmetica should once more have become 
practically inaccessible to the English reader. At the same time 
I could not but recognise that, after twenty-five years in which so 
much has been done for the history of mathematics, the book 
needed to be brought up to date. Some matters which in 1885 
were still subject of controversy, such as the date of Diophantus, 
may be regarded as settled, and some points which then had to 
be laboured can now be dismissed more briefly. Practically the 
whole of the Introduction, except the chapters on the editions of 
Diophantus, his methods of solution, and the porisms and other 
assumptions found in his work, has been entirely rewritten and 
much shortened, while the chapters on the methods and on the 
porisms etc., have been made fuller than before. The new text of 
Tannery (Teubner 1893, 1895) has enabled a number of obscure 
passages, particularly in Books V and VI, to be cleared up and, 
as a basis for a reproduction of the whole work, is much superior to 
the text of Bachet. I have taken the opportunity to make my 
version of the actual treatise somewhat fuller and somewhat closer 
to the language of the original. In other respects also I thought 
I could improve upon a youthful work which was my first essay in 
the history of Greek mathematics. When writing it I was solely 
concerned to make Diophantus himself known to mathematicians, 
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and I did not pay sufficient attention to Fermat’s notes on the 
various problems. It is well known that it is in these notes that 
many of the great propositions discovered by Fermat in the 
theory of numbers are enshrined; but, although the notes are 
literally translated in Wertheim’s edition, they do not seem to 
have appeared in English; moreover they need to be supple- 
mented by passages from the correspondence of Fermat and from 
the Doctrinae analyticae Inventum Novum of Jacques de Billy. 
The histories of mathematics furnish only a very inadequate 
description of Fermat’s work, and it seemed desirable to attempt 
to give as full an account of his theorems and problems in 
or connected with Diophantine analysis as it is possible to 
compile from the scattered material available in Tannery and 
Henry’s edition of the Oeuvres de Fermat (1891—1896). So much 
of this material as could not be conveniently given in the notes 
to particular problems of Diophantus I have put together in 
the Supplement, which is thus intended to supply a missing 
chapter in the history of mathematics. Lastly, in order to make 
the book more complete, I thought it right to add some of the 
more remarkable solutions of difficult Diophantine problems given 
by Euler, for whom such problems had a great fascination; the last 


section of the Supplement is therefore devoted to these solutions. 
6 eg) aa 


October, 1910. 
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INTRODUCTION 


CHAPTER. 1 
DIOPHANTUS AND HIS WORKS 


THE divergences between writers on Diophantus used to begin, 
as Cossali 5414}, with the last syllable of his name. There is now, 
however, no longer any doubt that the name was Diophantos, not 
Diophantes?, | 

The question of his date is more difficult. Abu’lfaraj, the 
Arabian historian, in his History of the Dynasties, places Diophantus 
under the Emperor Julian (A.D. 361-3), but without giving any 
authority ; and it may be that the statement is due simply to a 
confusion of our Diophantus with a rhetorician of that name, 
mentioned in another article of Suidas, who lived in the time of 
Julian’. On the other hand, Rafael Bombelli in his Algebra, 


1 Cossali, Origine, trasporto in Italia, primi progressi in essa dell’ Algebra (Parma, 
1797-9), I. p- ὅτ: ‘*Su la desinenza del nome comincia la diversita tra gli scrittori.” 

* Greek authority is overwhelmingly in favour of Diophantos. The following is the 
evidence, which is collected in the second volume of Tannery’s edition of Diophantus 
(henceforward to be quoted as ‘‘Dioph.,” ‘‘Dioph. 11. p. 36” indicating page 36 of 
Vol. 11., while ‘‘ Dioph. 11. 20” will mean proposition 20 of Book 11.): Suidas s.v. 
‘Yraria (Dioph. 11. p. 36), Theon of Alexandria, on Ptolemy’s Sy#taxis Book I. c. 9 
(Dioph. 11. p. 35), Anthology, Epigram on Diophantus (Ep. xiv. 126; Dioph. 11. p. 60), 
Anonymi prolegomena in Introductionem arithmeticam Nicomachi (Dioph. 11. p. 73), 
Georgii Pachymerae paraphrasis (Dioph. 11. p. 122), Scholia of Maximus Planudes 
(Dioph. 11. pp. 148, 177, 178 etc.), Scholium on Iamblichus Zz Micomachi arithm. introd., 
ed. Pistelli, p. 127 (Dioph. 11. p. 72), a Scholium on Dioph. 11. 8 from the MS. ‘*4” 
(Dioph. 11. p. 260), which is otherwise amusing (Ἢ ψυχή σου, Διόφαντε, εἴη μετὰ τοῦ 
Zarava ἕνεκα τῆς δυσκολίας τῶν τε ἄλλων σου θεωρημάτων καὶ δὴ καὶ τοῦ παρόντος θεωρή- 
ματος, ‘* Your soul to perdition, Diophantus, for the difficulty of your problems in general 
and of this one in particular”); John of Jerusalem (1othc.) alone (Vita Joannis Damas- 
cent Χι. : Dioph. 11. p. 36), if the reading of the MS. Parisinus 1559 is right, wrote, in 
the plural, ὡς Πυθαγόραι ἢ Διόφανται, where however Διόφανται is clearly a mistake for 
Διόφαντοι. 

3 Λιβάνιος, σοφιστὴς ᾿Αντιοχεύς, τῶν ἐπὶ ᾿Ιουλιανοῦ τοῦ βασιλέως χρόνων, καὶ μέχρι 
Θεοδοσίου τοῦ πρεσβυτέρου" Φασγανίου πατρός, μαθητὴς Διοφάντου. 
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published in 1572, says dogmatically that Diophantus lived under 
Antoninus Pius (138-161 A.D.), but there is no confirmation of this 
date either. 

The positive evidence on the subject can be given very shortly. 
An upper limit is indicated by the fact that Diophantus, in his 
book on Polygonal Numbers, quotes from Hypsicles a definition 
of such a number!. Hypsicles was also the writer of the sup- 
plement to Euclid’s Book ΧΙ. on the Regular Solids known as 
Book xIv. of the Elements; hence Diophantus must have written 
later than, say, 150 B.C. A lower limit is furnished by the fact that 
Diophantus is quoted by Theon of Alexandria?; hence Diophantus 
wrote before, say, 350 A.D. There is a wide interval between 
150 B.C. and 350 A.D., but fortunately the limits can be brought 
closer. We have a ietter of Psellus (11th c.) in which Diophantus 
and Anatolius are mentioned as writers on the Egyptian method 
of reckoning. “ Diophantus,’ says Psellus*, “dealt with it more 
accurately, but the very learned Anatolius collected the most 
essential parts of the doctrine as stated by Diophantus in a 
different way (reading ἑτέρως) and in the most succinct form, 
dedicating (προσεφώνησε) his work to Diophantus.” It would 
appear, therefore, that Diophantus and Anatolius were contem- 
poraries, and it is most likely that the former would be to the 
latter in the relation of master to pupil. Now Anatolius wrote 
about 278-9 A.D., and was Bishop of Laodicea about 280 A.D. We 
may therefore safely say that Diophantus flourished about 250 A.D. 
or not much later. This agrees well with the fact that he is not 
quoted by Nicomachus (about 100 A.D.), Theon of Smyrna (about 
130 A.D.) or Iamblichus (end of 3rd c.). 


1 Dioph. I. p. 470-2. 

2 Theo Alexandrinus in primum librum Ptolemaei Mathematicae Compositionis (onc. 
IX.) : see Dioph, II. p. 35, καθ᾽ ἃ καὶ Διόφαντός pyot* τῆς yap μονάδος ἀμεταθέτου οὔσης 
καὶ ἑστώσης πάντοτε, τὸ πολλαπλασιαζόμενον εἶδος ἐπ᾿ αὐτὴν αὐτὸ τὸ εἶδος ἔσται K.T.e. 

3 Dioph. 11. p. 38-0: περὶ δὲ τῆς αἰγυπτιακῆς μεθόδου ταύτης Διόφαντος μὲν διέλαβεν 
ἀκριβέστερον, ὁ δὲ λογιώτατος ᾿Ανατόλιος τὰ συνεκτικώτατα μέρη τῆς κατ᾽ ἐκεῖνον ἐπιστήμης 
ἀπολεξάμενος ἑτέρω (? ἑτέρως or ἑταίρῳ) Διοφάντῳ συνοπτικώτατα προσεφώνησε. The MSS. 
read ἑτέρω, which is apparently a mistake for ἑτέρως or possibly for ἑταίρῳ: Tannery con- 
jectures τῷ ἑταίρῳ, but this is very doubtful ; if the article had been there, Διοφάντῳ τῷ 
ἑταίρῳ would have been better. On the basis of ἑταίρῳ Tannery builds the further 
hypothesis that the Dionysius to whom the A7ithmetica is dedicated is none other than 
Dionysius who was at the head of the Catechist school at Alexandria 232-247 and was 
Bishop there 248-265 A.D. Tannery conjectures then that Diophantus was a Christian 
and a pupil of Dionysius (Tannery, ‘‘Sur la religion des derniers mathématiciens de 
Pantiquité,” Extrait des Azmnales de Philosophie Chrétienne, 1896, p. 13 sqq.). It is 
however difficult to establish this (Hultsch, art. ‘‘ Diophantos aus Alexandreia” in Pauly- 
Wissowa’s Real-E ncyclopadie der classischen Altertumswissenchaften). 
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The only personal particulars about Diophantus which are 
known are those contained in the epigram-problem relating to him 
in the Anthology. The solution gives 84 as the age at which he 
died. His boyhood lasted 14 years, his beard grew at 21, he 
married at 33; a son was born to him five years later and died, at 
the age of 42, when his father was 80 years old. Diophantus’ own 
death followed four years later? It is clear that the epigram was 
written, not long after his death, by an intimate personal friend 
with knowledge of and taste for the science which Diophantus 
made his life-work’. 

The works on which the fame of Diophantus rests are: 

(1) The Artthmetica (originally in thirteen Books). 
(2) A tract On Polygonal Numbers. 
‘ Six Books of the former and part of the latter survive. 

Allusions in the Avzthmetica imply the existence of 

(3) Acollection of propositions under the title of Porisms; 
in three propositions (3, 5 and 16) of Book v. Diophantus quotes 
as known certain propositions in the Theory of Numbers, prefixing 
to the statement of them the words “We have it in the Porisms 
thats... ” (ἔχομεν ἐν τοῖς ἹΠΠορίσμασιν ὅτι κ.τ. ἑ.). 

A scholium on a passage of Iamblichus where he quotes a 
dictum of certain Pythagoreans about the unit being the dividing 
line (μεθόριον) between number and aliquot parts, says “thus 
Diophantus in the Wortastica‘......for he describes as ‘parts’ the 
progression without limit in the direction of less than the unit.” 
Tannery thinks the Μοριαστικά may be ancient scholia (now 
lost) on Diophantus I. Def. 3 sqq.>; but in that case why should 
Diophantus be supposed to be speaking? And, as Hultsch 


1 Anthology, Ep. Χιν. 126; Dioph. 11. pp. 60-1. 

2 The epigram actually says that his boyhood lasted ᾧ of his life; his beard grew 
after τῆς more; after } more he married, and his son was born five years later; the son 
lived to half his father’s age, and the father died four years after his son. Cantor (Gesch. 
ad. Math. 15, p. 465) quotes a suggestion of Heinrich Weber that a better solution is 
obtained if we assume that the son died at the time when his father’s age was double his, 
not at an age equal to half the age at which his father died. In that case 

dutpoxttxt+s5+4(x-4)+4=%, or 3x=196 and x=654. 
This would substitute 103 for 14, 164 for 21, 253 for 33, 30% for 42, 614 for 8o, 
and 65% for 84 above. I do not see any advantage in this solution. On the contrary, 
I think the fractional results are an objection to it, and it is to be observed that the 
scholiast has the solution 84, derived from the equation 
tate tiantst+4xet4q=x. 

3 Hultsch, art. Diophantos in Pauly-Wissowa’s Real-Encyclopadie. 

4 Iamblichus Jn Nicomachi arithm. introd. p. 127 (ed. Pistelli) ; Dioph. 1. p. 72. 

5 Dioph. 11. p. 72 note. 
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remarks, such scholia would more naturally have been quoted 
as σχόλια and not by the separate title Μοριαστικά". It may 
have been a separate work by Diophantus giving rules for reckon- 
ing with fractions; but I do not feel clear that the reference 
may not simply be to the definitions at the beginning of the 
Arithmetica. 

With reference to the title of the Arzthmetica, we may observe 
that the meaning of the word ἀριθμητικά here is slightly different 
from that assigned to it by more ancient writers. The ancients 
drew a marked distinction between ἀριθμητική and λογιστική, 
though both were concerned with numbers. Thus Plato states 
that ἀριθμητική is concerned with the abstract properties of 
numbers (as odd and even, etc.), whereas λογιστική deals with the 
same odd and even, but in relation to one another. Geminus also 
distinguishes the two terms*. According to him ἀριθμητική deals 
with numbers zz themselves, distinguishing linear, plane and solid 
numbers, in fact all the forms of number, starting from the unit, 
and dealing with the generation of plane numbers, similar and 
dissimilar, and then with numbers of three dimensions, etc. 
λογιστική ON the other hand deals, not with the abstract properties 
of numbers in themselves, but with numbers of concrete things 
(αἰσθητῶν, sensible objects), whence it calls them by the names of 
the things measured, eg. it calls some by the names μηλίτης and 
φιαλίτης. But in Diophantus the calculations take an abstract 
form (except in V. 30, where the question is to find the number 
of measures of wzze at two given prices respectively), so that the 
distinction between λογιστική and ἀριθμητική is lost. 

We find the Avrithmetica quoted under slightly different titles. 
Thus the anonymous author of prolegomena to Nicomachus’ 
Introductio Arithmetica speaks of Diophantus’ “thirteen Books of 
Arithmetic®” A scholium on Jamblichus refers to “the last 
theorem of the first Book of Diophantus’ Elements of Arithmetic 


1 Hultsch;. foc: cit. : 

5 Gorgias, 4518, C: τὰ μὲν ἄλλα καθάπερ ἡ ἀριθμητικὴ ἡ λογιστικὴ ἔχει" περὶ τὸ αὐτὸ 
γάρ ἐστι, τό τε ἄρτιον καὶ τὸ περιττόν" διαφέρει δὲ τοσοῦτον, ὅτι καὶ πρὸς αὐτὰ καὶ πρὸς 
ἄλληλα πῶς ἔχει πλήθους ἐπισκοπεῖ τὸ περιττὸν καὶ τὸ ἄρτιον ἡ λογιστική. 

3 Proclus, Comment. on Euclid 1., p. 39, 14-40, 7. 

4 Cf. Plato, Laws 819 B, C, on the advantage of combining amusement with instruction 
in arithmetical calculation, e.g. by distributing apples or garlands (μήλων τέ τινων 
διανομαὶ καὶ στεφάνων) and the use of different bowls of silver, gold, or brass etc. (φιάλας 
ἅμα χρύσου καὶ χαλκοῦ καὶ ἀργύρου καὶ τοιούτων τινῶν ἄλλων κεραννύντες, οἱ δὲ ὅλας πως 
διαδιδόντες, ὅπερ εἶπον, εἰς παιδιὰν ἐναρμόττοντες τὰς τῶν ἀναγκαίων ἀριθμῶν χρήσειΞ). 

5 Dioph. 11. p. 73, 26. 
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(ἀριθμητικῆς στοιχειώσεως)"." A scholium on one of the epigrams 
in Metrodorus’ collection similarly speaks of the “Elements of 
Diophantus?.” 

None of the MSS. which we possess contain more than the 
first six Books of the Arithmetica, the only variation being that 
some few divide the six Books into seven’, while one or two give 
the fragment on Polygonal Numbers with the number vil. The 
idea that Regiomontanus saw, or said he saw, a MS. containing 
the thirteen Books complete is due to a misapprehension. There 
is no doubt that the missing Books were lost at a very early date. 
Tannery‘ suggests that Hypatia’s commentary extended only to 
the first six Books, and that she left untouched the remaining 
seven, which accordingly were first forgotten and then lost; he 
compares the case of Apollonius’ Cozzcs, the first four Books of 
which were preserved by Eutocius, who wrote a commentary on 
them, while the rest, which he did not include in his commentary, 
were lost so far as the Greek text is concerned. While, however, 
three of the last four Books of the Conzcs have fortunately reached 
us through the Arabic, there is no sign that even the Arabians 
ever possessed the missing Books of Diophantus. Thus the 
second part of an algebraic treatise called the Fakhri by Abi 
Bekr Muh. b, al-Hasan al-Karkhi (d. about 1029) is a collection of 
problems in determinate and indeterminate analysis which not 
only show that their author had deeply studied Diophantus, but in 
many cases are taken direct from the Arzthmetica, with the change, 
occasionally, of some of the constants. In the fourth section of 
this work, which begins and ends with problems corresponding to 
problems in Diophantus Books II. and III. respectively, are 25 
problems not found in Diophantus; but the differences from 
Diophantus in essential features (¢g. several of the problems lead 
to equations giving irrational results, which are always avoided 
by Diophantus), as well as other internal evidence, exclude the 
hypothesis that we have here a lost Book of Diophantus®. Nor is 
there any sign that more of the work than we possess was known 

1 Dioph. 11. p. 72, 17; Iamblichus (ed. Pistelli), p. 132, 12. 

2 Dioph. 1. p. 62, 25. 

3 e.g. Vaticanus gr. 200, Scorialensis Q-I-15, and the Broscius MS. in the University 
Library of Cracow ; the two last divide the first Book into two, the second beginning 
immediately after the explanation of the sign for mizzs (Dioph. 1. p. 14, 1). 

4 Dioph. 11. p. xvii, xvili. . 

5 See F. Woepcke, Extrait du Fakhri, traité d’Algebre par Abou Bekr Mohammed 


ben Alhacan Alkarkhi (manuscrit 952, supplément arabe de la bibliotheque Impériale), Paris, 
1853. 
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to Abi’! Wafa al-Biizjani (940-998 A.D.), who wrote a “commentary 
(tafsir) on the algebra of Diophantus” as well as a “ Book of 
proofs of the propositions used by Diophantus in his work...” 
These facts again point to the conclusion that the lost Books were 
lost before the roth c. 

Tannery’s suggestion that Hypatia’s commentary was limited 
to the six Books, and the parallel of Eutocius’ commentary on 
Apollonius’ Conics, imply that it is the /ast seven Books, and the 
most difficult, which are lost. This view is in strong contrast to 
that which had previously found most acceptance among com- 
petent authorities. The latter view was most clearly put, and 
most ably supported, by Nesselmann’, though Colebrooke? had 
already put forward a conjecture to the same effect ; and historians 
of mathematics such as Hankel, Moritz Cantor, and Giinther have 
accepted Nesselmann’s conclusions, which, stated in his own 
words, are as follows: (1) that much less of Diophantus is wanting 
than would naturally be supposed on the basis of the numerical 
proportion of 6 to 13; (2) that the missing portion is not to be 
looked for at the end but in the middle of the work, and indeed 
mostly between the first and second Books. Nesselmann’s general 
argument is that, if we carefully read the last four Books, from the 
third to the sixth, we find that Diophantus moves in a rigidly 
defined and limited circle of methods and artifices, and that any 
attempts which he makes to free himself are futile; “as often as 
he gives the impression that he wishes to spring over the magic 
circle drawn round him, he is invariably thrown back by an 
invisible hand on the old domain already known ; we see, similarly, 
in half-darkness, behind the clever artifices which he seeks to use ~ 
in order to free himself, the chains which fetter his genius, we hear 
their rattling, whenever, in dealing with difficulties only too freely 
imposed upon himself, he knows of no other means of extricating 
himself except to cut through the knot instead of untying it.” 
Moreover, the sixth Book forms a natural conclusion to the whole, 
in that it consists of exemplifications of methods explained and 
used in the preceding Books. The subject is the finding of right- 
angled triangles in rational numbers such that the sides and area 
satisfy given conditions, the geometrical property of the right-angled 
triangle being introduced as a fresh condition additional to the 
purely arithmetical conditions which have to be satisfied in the 


1 Algebra der Griechen, pp. 264-273. 
2 Algebra of the Hindus, Note M, p. 1xi. 
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problems of the earlier Books. But, assuming that Diophantus’ 
resources are at an end in the sixth Book, Nesselmann has to 
suggest possible topics which would have formed approximately 
adequate material for the equivalent of seven Books of the 
Arithmetica. The first step is to consider what is actually wanting 
which we should expect to find, either as foreshadowed by the 
author himself or as necessary for the elucidation or completion of 
the whole subject. Now the first Book contains problems leading 
to determinate equations of the first degree ; the remainder of the — 
work is a collection of problems which, with few exceptions, lead 
to indeterminate equations of the second degree, beginning with 
simpler cases and advancing step by step to more complicated 
questions. There would have been room therefore for problems 
involving (1) determinate equations of the second degree and (2) 
indeterminate equations of the γε. There is indeed nothing to 
show that (2) formed part of the writer’s plan; but on the other 
hand the writer’s own words in Def. 11 at the beginning of the 
work promise a discussion of the solution of the complete or 
adfected quadratic, and it is clear that he employed his method of 
solution in the later Books, where in some cases he simply states 
the solution without working it out, while in others, where the 
roots are “irrational,” he gives approximations which indicate 
that he was in possession of a scientific method. Pzre quadratics” 
Diophantus regarded as simple equations, taking no account of the 
negative root. Indeed it would seem that he adopted as his 
ground for the classification of quadratics, not the index of the 
highest power of the unknown quantity contained in it, but the 
number of terms \eft in it when reduced to its simplest form. His 
words are!: “If the same powers of the unknown occur on both 
sides, but with different coefficients (μὴ ὁμοπληθῆ δέ), we must 
take like from like until we have one single expression equal to 
another. If there are on both sides, or on either side, any terms ~ 
with negative coefficients (ἐν ἐλλείψεσί τινα εἴδη), the defects must 
be added on both sides until the terms on both sides have: 
none but positive coefficients (ἐνυπάρχοντα), when we must again 
take like from like until there remains one term on each side. 
This should be the object aimed at in framing the hypotheses of 
propositions, that is to say, to reduce the equations, if possible, 
until one term is left equated to one term. But afterwards I will 


1 Dioph. 1. Def. 11, p. 14. 
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show you also how, when two terms are left equal to one term, 
such an equation is solved.” That is to say, reduce the quadratic, 
if possible, to one of the forms ax*= bx, ax*=c, or bx =c; 1 will 
show later how to solve the equation when three terms are left of 
which any two are equal to the third, ze. the complete quadratic 
ax*+ bx +c=0, excluding the case ax?+ dx+c=0. The exclusion 
of the latter case is natural, since it is of the essence of the work 
to find rational and positive solutions. Nesselmann might have 
added that Diophantus’ requirement that the equation, as finally 
stated, shall contain only positive terms, of which two are equated 
to the third, suggests that his solution would deal separately with 
the three possible cases (just as Euclid makes separate cases of the 
equations in his propositions VI. 28, 29), so that the exposition 
might occupy some little space. The suitable place for it would 
be between the first and second Books. There is no evidence 
tending to confirm Nesselmann’s further argument that the six 
Books may originally have been divided into even more than 
seven Books. He argues from the fact that there are often better 
natural divisions in the middle of the Books (eg. at II. 19) than 
between them as they now stand; thus there is no sign of a 
marked division between Books I. and 11. and between Books II. 
and ΠΙ., the first five problems of Book II. and the first four of 
Book III. recalling similar problems in the .preceding Books 
respectively. But the latter circumstances are better explained, 
as Tannery explains them, by the supposition that the first 
problems of Books II. and Il. are interpolated from some ancient 
commentary. Next Nesselmann points out that there are a 
number of imperfections in the text, Book v. especially. having 
been “treated by Mother Time in a very stepmotherly fashion ”; 
thus it seems probable that at Vv. 19 three problems have dropped 
out altogether. Still he is far from accounting for seven whole 
Books; he has therefore to press into the service the lost 
“Porisms” and the tract on Polygonal Numbers. 

If the phrase which, as we have said, occurs three times in 
Book v., “We have it in the Porisms that...,” indicates that the 
“Porisms” were a definite collection of propositions concerning 
the properties of certain numbers, their divisibility into a certain 
number of squares, and so on, it is possible that it was from the 
same collection that Diophantus took the numerous other pro- 
positions which he assumes, either explicitly enunciating them, or 
implicitly taking them for granted. May we not then, says 
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Nesselmann, reasonably suppose the “Porisms” to have formed 
an introduction to the indeterminate and semi-determinate analy- 
sis of the second degree which forms the main subject of the 
Arithmetica, and to have been an integral part of the thirteen 
Books, intervening, probably, between Books 1. and 11.? Schulz, on 
the other hand, considered this improbable, and in recent years 
Hultsch’ has definitely rejected the theory that Diophantus filled 
one or more Books of his Avithmetica exclusively with Porisms. 
Schulz’s argument is, indeed, not conclusive. It is based on the 
consideration that “ Diophantus expressly says that his work deals 
with arithmetical problems®”; but what Diophantus actually says is 
“ Knowing you, O Dionysius, to be anxious to learn the solution 
(or, perhaps, ‘ discovery, εὕρεσιν) of problems in numbers, I have 
endeavoured, beginning from the foundations on which the study is 
built up, to expound (ὑποστῆσαι τεῖο lay down) the nature and 
force subsisting in numbers,” the last of which words would easily 
cover propositions in the theory of numbers, while “ propositions,” 
not “ problems,” is the word used at the end of the Preface, where 
he says, ‘let us now proceed to the propositions (προτάσεις) ..... : 
which have been treated in thirteen Books.” 

On reconsideration of the whole matter, I now agree in the 
view of Hultsch that the Porisms were not a separate portion of 
the Arithmetica or included in the Arithmetica at all. If they had 
been, I think the expression “we have it in the Porisms’’ would 
have been inappropriate. In the first place, the Greek mathe- 
maticians do not usually give references in such a form as this 
to propositions which they cite when they come from the same 
work as that in which they are cited ; as a rule the propositions 
are quoted without any references at all. The references in this 
case would, on the assumption that the Porisms were a portion of 
the thirteen Books, more naturally have been to particular pro- 
positions of particular Books (cf. Eucl. xu. 2, “ For it was proved 


1 Hultsch, /oc. cet. 

2 The whole passage of Schulz is as follows (pref. xxi): ‘‘ Es ist daher nicht unwahr- 
scheinlich, dass diese Porismen eine eigene Schrift unseres Diophantus waren, welche 
vorziiglich die Zusammensetzung der Zahlen aus gewissen Bestandtheilen zu ihrem 
Gegenstande hatten. Kénnte man diese Schrift als einen Bestandtheil des grossen in 
dreizehn Biichern abgefassten arithmetischen Werkes ansehen, so ware es sehr erklarbar, 
dass gerade dieser Theil, der den blossen Liebhaber weniger anzog, verloren ging. Da 
indess Diophantus ausdriicklich sagt, sein Werk behandele arzthmetische Probleme, so hat 
wenigstens die letztere Annahme nur einen geringen Grad von Wahrscheinlichkeit.” 
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in the first theorem of the 1oth Book that...”). But a still vaguer 
reference would have been enough, even if Diophantus had chosen 
to give any at all; if the propositions quoted had preceded those 
in which they are used, some expression like τοῦτο γὰρ προ- 
γέγραπται, “for this has already been proved,” or δέδεικται yap 
τοῦτο, “for this has been shown,” would have sufficed, or, if the 
propositions occurred later, some expression like ws ἑξῆς δειχθήσεται 
or δειχθήσεται ὑφ᾽ ἡμῶν ὕστερον, “as will be proved in due course” 
or “later.” The expression “we have it in the Porisms” (in the 
plural) would have been still more inappropriate if the “Porisms” 
had been, as Tannery supposes’, not collected together as one or 
more Books of the Avithmetica, but scattered about in the work as 
corollaries to particular propositions.» And, as Hultsch says, it is 
hard, on Tannery’s supposition, to explain why the three particular 
theorems quoted from “the Porisms” were lost, while a fair 
number of other additions survived, partly under the title πόρισμα 
(cf. I. 34, I. 38), partly as “lemmas to what follows,” λῆμμα εἰς τὸ 
ἐξῆν (cf. lemmas before Iv. 34, 35, 36, V. 7, 8, VI. 12, 15). On the 
other hand, there is nothing improbable in the supposition that 
Diophantus was induced by the difficulty of his problems to give 
place in a separate work to the “porisms” necessary to their 
solution. 

The hypothesis that the Porisms formed part of the Arithmet- 
wca being thus given up, we can hardly hold any longer to 
Nesselmann’s view of the contents of the lost Books and their 
place in the treatise; and I am now much more inclined to the 
opinion of Tannery that it is the last and the most difficult Books 
which are lost. Tannery’s argument seems to me to be very 
attractive and to deserve quotation in full, as finally put in the 
preface to Vol. 11. of his Diophantus*. He replies first to the 
assumption that Diophantus could not have proceeded to problems 
more difficult than those of Book v. “ But if the fifth or the sixth 
Book of the Arzthmetica had been lost, who, pray, among us would 
have believed that such problems had ever been attempted by the 
Greeks? It would be the greatest error, in any case in which a 


1 Dioph. 11 p. xix. 

* Thus Tannery holds (/oc. czt.) that the solution of the complete quadratic was given 
in the form of corollaries to 1. 27, 30; and he refers the three *‘porisms” quoted in v. 3, 
5, 16 respectively to a second (lost) solution of 111. 10, to ΠῚ. 15, and to IV. 1, 2. 

3 Dioph. II. p. xx. 
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thing cannot clearly be proved to have been unknown to all the 
ancients, to maintain that it could not have been known to some 
Greek mathematician. If we do not know to what lengths 
Archimedes brought the theory of numbers (to say nothing of 
other things), let us admit our ignorance. But, between the 
famous problem of the cattle and the most difficult of Diophantus’ 
problems, is there not a sufficient gap to require seven Books to 
fill it? And, without attributing to the ancients what modern 
mathematicians have discovered, may not a number of the things 
attributed to the Indians and Arabs have been drawn from 
Greek sources? May not the same be said of a problem solved by 
Leonardo of Pisa, which is very similar to those of Diophantus but 
is not now to be found in the Arithmetica? In fact, it may fairly 
be said that, when Chasles made his reasonably probable restitution 
of the Porisms of Euclid, he, notwithstanding the fact that he had 
Pappus’ lemmas to help him, undertook a more difficult task than 
he would have undertaken if he had attempted to fill up seven 
Diophantine Books with numerical problems which the Greeks 
may reasonably be supposed to have solved.” 

On the assumption that the lost portion came at the end of the 
existing six Books, Schulz supposed that it contained new methods 
of solution in addition to those used in Books I. to VI., and in 
particular extended the method of solution by means of the doudle 
equation (διπλῆ ἰσότης or διπλοϊσότης). By means of the double 
equation Diophantus shows how to find a value of the unknown 
which will make two expressions (linear or quadratic) containing it 
simultaneously squares. Schulz then thinks that he went on, in 
the lost Books, to make ¢hree such expressions simultaneously 
squares, 2.6, advanced to a ¢triple equation. But this explanation 
does not in any case take us very far. | 

Bombelli thought that Diophantus went on to solve deter- 
minate equations of the third and fourth degree’; this view, 
however, though natural at that date, when the solution of cubic 
and biquadratic equations filled so large a space in contemporary 
investigations and in Bombelli’s own. studies, has nothing to 
support it. — 

Hultsch? seems to find the key to the question in the fragment 
of the treatise on Polygonal Numbers and the developments to 


1 Cossali, 1. pp. 75, 76. 2 Hultsch, Joc. czt. 
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which it might have been expected to lead. In this he differs 
from Tannery, who says that, as Serenus’ treatise on the sections 
of cones and cylinders was added to the mutilated Comics of 
Apollonius consisting of four Books only, in order to make up a 
convenient volume, so the tract on Polygonal Numbers was added 
to the remains of the Avithmetica, though forming no part of the 
larger work!. Thus Tannery would seem to deny the genuineness 
of the whole tract on Polygonai Numbers, though in his text he 
only signalises the portion beginning with the enunciation of the 
problem “ Given’a number, to find in how many ways it can be 
a polygonal number” as a “vain attempt by a commentator” to 
solve this problem. Hultsch, on the other hand, thinks we may 
conclude that Diophantus really solved the problem. He points 
out moreover that the beginning of the tract is like the beginning 
of Book 1. of the Avithmetica in containing definitions and pre- 
liminary propositions. Then came the difficult problem quoted, 
the discussion of which breaks off in our text after a few pages ; 
and to this it would be easy to tack on a great variety of other 
problems. Again, says Hultsch, the supplementary propositions 
added by Bachet may serve to give an approximate idea of the 
difficulty of the problems which were probably treated in Books ΝΠ]. 
and the following. And between these and the bold combination 
of a triangular and a square number in the Cattle-Problem 
stretches, as Tannery says, a wide domain which was certainly 
not unknown to Diophantus, but was his hunting-ground for the 
most various problems. Whether Diophantus dealt with plane 
numbers, and with other figured numbers, such as prisms and 
tetrahedra, is uncertain. 

The name of Diophantus was used, as were the names of Euclid, 
Archimedes and Heron in their turn, for the purpose of palming 
off the compilations of much later authors. Tannery prints in 
his edition three fragments under the head of “ Diophantus 
Pseudepigraphus.” The first, which is not “from the Arithmetic 
of Diophantus ” as its heading states, is worth notice as containing 
some particulars of one of “two methods of finding the square 
root of any square number”; we are told to begin by writing the 
number “ according to the arrangement of the Indian method,” ze. 
according to the Indian numerical notation which reached us 
through the Arabs. The fragment is taken from a Paris MS. 

1 Dioph. I. p. xviii. + Dioph; 1tip.-3, 3-14: 
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(Supplem. gr. 387), where it follows a work with the title ᾿Αρχὴ 
τῆς μεγάλης καὶ ᾿Ινδικῆς ψηφιφορίας (1.6. ψηφοφορίας), written in 
1252 and raided about half a century later by Maximus Planudes. 
The second fragment? is the work edited by C. Henry in 1879 as 
Opusculum de multiplicatione et divisione sexagesimalibus Diophanto 
vel Pappo attribuendum. The third?, beginning with Διοφάντου 
ἐπιπεδομετρικά, is a compilation made in the Byzantine period out 
of late reproductions of the yewpetpovmeva and στερεομετρούμενα 
of Heron. The second and third fragments, like the first, have 
nothing to do with Diophantus. 


1 Dioph. 11. p. 3, 15-15) 17+ 2 Dioph. 11. p. 15, 18-31, 22. 


CHAPTER. 1] 


THE MSS. OF AND WRITERS ON DIOPHANTUS 


For full details of the various MSS. and of their mutual 
relations, reference should be made to the prefaces to the first and 
second volumes of Tannery’s edition’. Tannery’s account needs 
only to be supplemented by a description given by Gollob? of 
another MS. supposed by Tannery to be non-existent, but actually 
rediscovered in the Library of the University of Cracow (Nr 544). 
Only the shortest possible summary of the essential facts will be 
given here. 

After the loss of Egypt the work of Diophantus long remained 
almost unknown among the Byzantines ; perhaps one copy only 
survived (of the Hypatian recension), which was seen by Michael 
Psellus and possibly by the scholiast to Iamblichus, but of which 
no trace can be found after the capture of Constantinople in 1204. 
From this one copy (denoted by the letter ἃ in Tannery’s table of 
the MSS.) another MS. (a) was copied in the 8th or gth century ; 
this again is lost, but is the true archetype of our MSS. The 
copyist apparently intended to omit all scholia, but, the distinction 
between text and scholia being sometimes difficult to draw, he 
included a good deal which should have been left out. For 
example, Hypatia, and perhaps scholiasts after her, seem to have 
added some alternative solutions and a number of new problems ; 
some of these latter, such as II. I-7, 17, 18, were admitted into the 
text as genuine. 

The MSS. fall into two main classes, the ante-Planudes class, 
as we may call it, and the Planudean. The most ancient and the 
best of all is Matritensis 48 (Tannery’s 41), which was written in 
the 13th century and belongs to the first class; it is evidently a 
most faithful copy of the lost archetype (a). Maximus Planudes 
wrote a systematic commentary on Books I. and 11., and his scholia, 


1 Dioph. I. pp. iii-v, 11. pp. xxii-xxxiv. 
? Eduard Gollob, ‘Ein wiedergefundener Diophantuscodex ” in Zeitschrift fiir Math. 
u. Phystk, XLiv. (1899), hist.-litt. Abtheilung, pp. 137-140. 
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which are edited by Tannery for the first time, are preserved in the 
oldest representative which we possess of the Planudean class, 
namely, Marcianus 308 (Tannery’s 4,), itself apparently copied 
from an archetype of the 14th century now lost, with the exception 
of ten leaves which survive in Ambrosianus Et 157 sup. 


diagram : 


(2) Lost copy of the Hypatian recension. 


(2) Lost copy, of eighth or ninth c. 
(PLANUDEAN CLASS) 


ΩΝ CLASS) 


Tannery shows the relation of the MSS. in the following 


| ne 
1. Matritensis 48 = ἡ, 9. Lost MS. of the 14th c. of which ten leaves 
13th c. are extant in Ambrosianus Et 157 sup. 
2. Vaticanusgr.ig1= V, 10. Marcianus 308= δὶ, 
second half of rs5thc. beginning of rsth c. 
3. Vaticanus gr. 304, 
beginning of 16th c. 11. Guelferbytanus 14... Ambrosianus 
Gudianus 1, 15th c. | Agr sup. 
(1545) 
4. Parisinus 2379=C 12. Palatinus gr. 391, 15. Vaticanus gr. 200 
(after first two end of 16th c. fi 701548) 
Books), | 
middle of 16th c. | 
5. Parisinus 2378=P, 13. Reginensis 128, 16. Scorialensis T-I-11 
middle of 16th c. end of 16th c. (1545) 
| Μὲ 
6. Neapolitanus 4. Parisinus 2379=C 17. Parisinus 2485=X, 
ΤΠ 7; (first two Books) middle of 16th c. 
middle of 16th c. 
18. Scorialensis 
7. Urbinas gr. 74, 20. Taurinensis C III 16 R-III-18, 
end of 16th c. middle of 16th c. 
21. Parisinus Ars. 8406 
8. Oxon. Baroccianus = 19. Ambrosianus 
166 (part of Book I. Q [21 sup. (part of 
only) 22. Scorialensis Q-I-15, Book I.), 
niddle of 6th c. middle of 16th c. 
23. Scorialensis R-II-3, 
end of 16th c. 
ὃ 
24. Oxon. Savilianus, 
end of 16th c. 
eK me 


Auria’s recension made up out of MSS. 2, 3, 15 above 
translation : 


Parisinus 2380= D. 


Ambrosianus E 5 sup. 


and Xylander’s 


27. MS. (Patavinus) of Broscius (Brozek) now at Cracow. 
28. Lost MS. of Cardinal du Perron. 
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The addition of a few notes as regards the most important and 
interesting of the MSS., in the order of their numbers in Tannery’s 
arrangement, will now sufficiently complete the story. 


1. The best and most ancient MS., that of Madrid (Tannery’s 
A), was unfortunately spoiled at a late date by corrections made, 
especially in the first two Books, from some MS. of the Planudean 
class, in such a way that the original reading is sometimes entirely 
erased or made quite illegible. In these cases recourse must be 
had to the Vatican MS. ΙΟΙ. 

2. The MS. Vaticanus graecus 101 was copied from A before 
it had suffered the general alteration by means of a MS. of the 
other class, though not before various other corrections had been 
made in different hands not easily distinguished ; thus V some- 
times has readings which Tannery found to have arisen from some 
correction in A. A appears to have been at Rome for a con- 
siderable period at the time when V was copied; for the librarian 
who wrote the old table of contents! at the beginning of V inserted 
in the margin in one place? the word ἀρξάμενος, which had been 
omitted, direct from the original (4). 

3. Vat. gr. 304 was copied from V, not from A; Tannery 
inferred this mainly from a collation of the scholia, and he notes 
that the word ἀρξάμενος above mentioned is here brought into the 
text by “the erasure. of Some Jetters. “Phis MS. 304, being very 
clearly written, was used thenceforward to make copies from. The 
next five MSS. do not appear to have had any older source. 

4. The MS. Parisinus 2379 (Tannery’s C) was that used by 
Bachet for his edition. It was written by one Ioannes Hydruntinus 
after 1545, and has the peculiarity that the first two Books were 
copied from the MS. Vat. gr. 200 (a MS. of the Planudean class), 
evidently in order to include the commentary of Planudes, while 
the MS. Vat. gr. 304 belonging to the pre-Planudes class was 
followed in the remaining Books, no doubt because it was con- 
sidered superior. Thus the class of which C is the chief repre- 
sentative is a sort of mixed class. 

5, 6. Parisinus 2378=/, and 5: le GF? owere 
copied by Angelus Vergetius. In the latter Vergetius puts the 


1 The MS. V was made up of various MSS. before separated. The old table of 
contents has Διοφάντου ἀριθμητική" ἁρμονικὰ διάφορα. The ἁρμονικὰ include the Zutro- 
duction to Harmony by Cleonides, but without any author’s name. This fact sufficiently 
explains the error of Ramus in saying, Schola mathematica, Bk 1. p. 35, ‘‘Scripserat et 
Diophantus harmonica.” 

3 Dioph. 1. p. 2, 5-6. 
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numbers A, B, Γ, A, E, Z, Η at the top of the pages (as we put 
headlines) corresponding to the different Books, implying that he 
regarded the tract on Polygonal Numbers as Book vii. 

The other MSS. of the first class call for no notice, and we pass 
to the Planudean class. 

9. Tannery, as he tells us, congratulated himself upon finding 
in Ambrosianus Et 157 sup. ten pages of the archetype of the 
class, and eagerly sought for new readings. So far, however, as he 
was able to carry his collation, he found no difference from the 
principal representative of the class (2,) next to be mentioned. 

10. The MS. Marcianus 308 (= £,) of the 15th century formerly 
belonged to Cardinal Bessarion, and was seen by Regiomontanus 
at Venice in 1464. It contains the recension by Planudes with his 
commentary. | 

I1. It seems certain that the Wolfenbiittel MS. Guelferbytanus 
Gudianus I (15th c.) was that which Xylander used for his 
translation; Tannery shows that, if this was not the MS. lent 
to Xylander by Andreas Dudicius Sbardellatus, that MS. must 
have been lost, and there is no evidence in support of the latter 
hypothesis. It is not possible to say whether the Wolfenbiittel 
MS. was copied from Marcianus 308 (4,) or from the com- 
plete MS. of which Ambrosianus Et 157 sup. preserves the ten 
leaves. 

12. Palatinus gr. 391 (end of 16th c.) has notes in German in 
the margin which show that it was intended to print from it; it 
was written either by Xylander himself or for him. It is this MS. 
of which Claudius Salmasius (Claude de Saumaise, 1588-1653) 
told Bachet that it contained nothing more than the six Books, 
with the tract on Polygonal Numbers. 

13. Reginensis 128 was copied at the end of the 16th century 
from the Wolfenbiittel MS. 

14, 15. Ambrosianus A QI sup. and Vaticanus gr. 200 both 
come from δ᾽; as they agree in omitting Vv. 28 of Diophantus, one 
was copied from the other, probably the latter from the former. 
They were both copied by the same copyist for Mendoza in 1545. 
Vat. gr. 200 has headings which make eight Books ; according to 
Tannery the first Book is numbered a’, the fourth 6”; before v. 20 
(in Bachet’s numbering)—should this be Iv. 20?—is the heading 
Διοφάντου ε“", before the fifth Book Διοφάντου s”, before the sixth 
Διοφάντου ἕο", and before the tract on Polygonal Numbers 
Διοφάντου ηϑ" ; this wrong division occurs in the next three MSS. 
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(16, 17, 18 in the diagram), all of which seem to be copied from 
Vat. 200. 

The MSS. numbered 20, 21, 22, 23 in the diagram are of the 
hybrid class derived from Parisinus 2379 (C). Scorialensis Q—I-15 
and Scorialensis R-JI-3, the latter copied from the former, have 
the first Book divided into two (cf. p. 5 above), and so make 
seven Books of the Avithmetica and an gale Book of the 
Polygonal Numbers. 

27. The Cracow MS: has the same division into Books as the 
MSS. last mentioned. According to Gollob, the collation of this 
MS., so far as it was carried in 1899, showed that it agrees in the 
main with A (the best MS.), 8. (Marcianus 308) and C (Parisinus 
2379); but, as it contains passages not found in the two latter, it 
cannot have been copied from either of them. 

25. Parisinus: 2380 appears to be the copy ee Auria’s 
Diophantus mentioned by Schulz as having been in the library of 
Carl von Montchall and bearing the title “ Diophanti libri sex, cum 
scholiis graecis Maximi Planudae, atque liber de numeris poly- 
gonis, collati cum Vaticanis codicibus, et latine versi a Josepho 
8}: 

The first commentator on Diophantus of whom we hear is 
Hypatia, the daughter of Theon of Alexandria 3 she was murdered 
by Christian fanatics in 415 A.D. According to Suidas she wrote 
commentaries on Diophantus, on the Astronomical Canon (sc. of 
Ptolemy) and on the Conics of Apollonius?» Tannery suggests 
that the remarks of Michael Psellus (11th c.) at the beginning of 
his letter about Diophantus, Anatolius, and the Egyptian method 
of arithmetical reckoning were taken bodily from some MS. of 
Diophantus containing an ancient and systematic commentary ; 
and he believes this commentary to have been that of Hypatia. I 
have already mentioned the attractive hypothesis of Tannery that 
Hypatia’s commentary extended only to our six Books, and that 
this accounts for the loss of the rest. 

Georgius Pachymeres (1240 to about 1310) wrote in Greek a 
paraphrase of at least a portion of Diophantus. Sections 25-44 of 


1 Schulz, Diophantus, pref. xliii. 

? Suidas s.v. Ὑπατία: ἔγραψεν ὑπόμνημα els Διόφαντον, <els> τὸν ἀστρονομικὸν κανόνα, 
εἰς τὰ κωνικὰ ᾿Απολλωνίου ὑπόμνημα. So Tannery reads, following the best MSS.; he 
gives ample reasons for rejecting Kuster’s conjecture els Διοφάντου τὸν ἀστρονομικὸν κανόνα, 
viz. (1) that the order of words would have been τὸν Διοφάντου ἀστρονομικὸν κανόνα, 
(2) that there is nothing connecting Diophantus with astronomy, while Suidas mentions, 
5:0. Θέων, a commentary εἰς τὸν Πτολεμαίου πρόχειρον κανόνα. 
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this survive and are published by Tannery in his edition of 
Diophantus*. The chapters lost at the beginning may have con- - 
tained general observations and introductions to the first. two 
paragraphs of Book 1.; section 25 begins with the third paragraph 
(Def. 1), and the rest of the fragment takes us up to the problem 
Fe τι ὶ 

Soon afterwards Maximus Planudes (about 1260-1310) wrote 
a systematic commentary on Books I., Il. This is also included by 
_ Tannery in his edition? 

There are a number of other ancient scholia, very few of which 
seemed to Tannery to be worth publication’. 

But in the meantime, and long before the date of .Georgius 
Pachymeres, the work of Diophantus had become known in Arabia, 
where it was evidently the subject of careful study. We are told 
in the Fzhrzst, the main part of which was written in the year 
987 A.D., (1) that Diophantus was a Greek of Alexandria who 
wrote a book “On the art of algebra‘,” (2) that Abua’l Wafa 
al-Buzjani (940-998) wrote (4) a commentary (¢afsir) on the 
algebra of Diophantus and (4) a book of “proofs to the pro- 
positions used by Diophantus in his book and to that which 
he himself (Abi’l Wafa) stated in his commentary,” (3) that 
Qusta b. Liga al-Ba‘labakki (died about 912) wrote a “com- 
mentary on three and a half Books of Diophantus’ work on 
arithmetical problems®.” Qusta Ὁ. Liga, physician, philosopher, 
astronomer, mathematician and translator, was the author of works 
on Euclid and of an “introduction to geometry” in the form of 
question and answer, and translator of the so-called Books XIV., XV. 
of Euclid; other Arabian authorities credit him with an actual 
_ “translation of the book of Diophantus on Algebra’.” Lastly, we 
‘are told by Ibn abi Usaibi‘a of “marginal glosses which Ishaq b. 
Yiinis (died about 1077), the physician of Cairo, after Ibn al- 
Haitham, added to the book of Diophantus on algebraic problems,” 
The title is somewhat obscure; probably Ibn al-Haitham (about 
965-1039), who wrote several works on Euclid, wrote a commentary 


on the Arithmetica and Ishaq b. Yunis added glosses to this 
commentary®. 

1 Dioph. 11. pp. 78-122. 2 Dioph. Il. pp. 125-255. 

3 The few that he gives are in Vol. 11. pp. 256-260; as regards the collection in 
general cf. Hultsch in Berliner philologische Wochenschrift, 1896, p. 615. 
 & Pehrist, ed. Suter, Ρ. 22. 5 gbzd. p. 39- © sbid. p. 43: 

7 Suter, Die Mathematiker und Astronomen der Araber, 1900, p. 41- 

8 Suter, of. cit, pp. 107-8. Cf. Bibliotheca Mathematica V3, 1903-4, p. 206. 
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To Regiomontanus belongs the credit of being the first to call 
attention to the work of Diophantus as being extant in Greek. 
We find two notices by him during his sojourn in Italy, whither he 
journeyed after the death of his teacher Georg von Peurbach, 
which took place on the 8th April, 1461. In connexion with 
lectures on the astronomy of Alfraganus which he gave at Padua 
he delivered an Ovatio introductoria in omnes scientias mathe- 
maticas', In this he observed: “No one has yet translated from 
the Greek into Latin the fine thirteen Books of Diophantus, in 
which the very flower of the whole of Arithmetic lies hid, the ars 
vet et census which to-day they call by the Arabic name of 
Algebra?” Secondly, he writes to Bianchini, in answer to a letter 
dated 5th February, 1464, that he has found at Venice “Diofantus,” 
a Greek arithmetician, who has not yet been translated into Latin; 
that in his preface Diophantus defines the various powers up to 
the sixth; but whether he followed out all the combinations of 
these Regiomontanus does not know: “for not more than six 
Books are found, though in the preface he promises thirteen. If 
this book, which is really most wonderful and most difficult, could 
be found entire, I should like to translate it into Latin, for the 
knowledge of Greek which I have acquired while staying with my 
most reverend master [Bessarion] would suffice for this....” He 
goes on to ask Bianchini to try to discover a complete copy and, 
in the meantime, to advise him whether he should begin to translate 
the six Books*. The exact date of the Ovatzo is not certain. 
Regiomontanus made some astronomical observations at Viterbo 
in the summer and autumn of 1462. He is said to have spent a 
year at Ferrara, and he seems to have gone thence to Venice. 
Extant letters of his written at Venice bear dates from 27th July, 
1463, to Oth July, 1464, and it may have been from Venice 
that he made his visit to Padua. At all events the Ovatio at 
Padua must have been near in time to the discovery of the 
MS. at Venice. 

Notwithstanding that attention was thus called to the work, it 


1 Printed in the work Rudimenta astronomica Alfragani, Niirnberg, 1537. 

2 As the ars rei et census, the solution of determinate quadratic equations, is not found 
in our Diophantus, it would seem that at the time of the Orato Regiomontanus had only 
looked at the MS. cursorily, if at all. 

3 The letter to Bianchini is given on p. 135 of Ch. Th. v. Murr’s Memorabilia, 
Norimbergae, 1786, and partly in Doppelmayer’s Historische Nachricht von den Niirn- 
bergischen Mathematicis und Kiinstlern (Niimberg, 1730), p. 5, note y. 
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seems to have remained practically a closed book from the date of 
Maximus Planudes to about 1570. Luca Paciuolo, towards the 
end of the 15th c., Cardano and Tartaglia about the middle of the 
16th, make no mention of it. Only Joachim Camerarius, in a 
letter published in 15561, mentions that there is a MS. of 
Diophantus in the Vatican which he is anxious to see. Rafael 
Bombelli was the first to find a MS. in the Vatican and to conceive 
the idea of publishing the work. This was towards 1570, for in his 
Algebra? published in 1572 Bombelli tells us that he had zx the 
years last past discovered a Greek book on Algebra written by “a 
certain Diofantes, an Alexandrine Greek author, who lived in the 
time of Antoninus Pius”; that, thinking highly of the contents of 
the work, he and Antonio Maria Pazzi determined to translate it ; 
that they actually translated five books out of the seven into 
which the MS. was divided; but that, before the rest was finished, 
they were called away from it by other labours. Bombelli did not 
carry out his plan of publishing Diophantus in a translation, but 
he took all the problems of the first four Books and some of those 
of the fifth, and embodied them in his Algebra, interspersing them 
with his own problems. He took no pains to distinguish 
Diophantus’ problems from his own; but in the case of the former 
he adhered pretty closely to the original, so that Bachet admits his 
obligations to him, remarking that in many cases he found 


1 De Graecis Latinisque numerorum notis et praeterea Saracenis seu Indicts, etc. etc., 
studio Joachimi Camerarii, Papeberg, 1556. 

2 Nesselmann tells us that he has not seen this work but takes his information about 
it from Cossali. I was fortunate enough to find in the British Museum one of the copies 
dated 1579 (really the same as the original edition of 1572 except that the title-page and 
date are new, and a dedicatory letter on pp. 3-8 is reprinted; there were not two 
separate editions). The title is L’ Algebra, opera di Rafael Bombelli da Bologna diuisa in 
tre Libri,..... In Bologna, Per Giovanni Rossi, MDILXXIX. The original of the passage 
from the preface is : 

‘*Questi anni passati, essendosi ritrouato una opera greca di questa disciplina nella 
libraria di Nostro Signore in Vaticano, composta da un certo Diofante Alessandrino Autor 
Greco, il quale fi ἃ tempo di Antonin Pio, e havendomela fatta vedere Messer Antonio 
Maria Pazzi Reggiano, publico lettore delle Matematiche in Roma, e giudicatolo con lui 
Autore assai intelligente de’ numeri (ancorche non tratti de’ numeri irrationali, ma solo 
in lui si vede vn perfetto ordine di operare) egli, ed io, per arrichire il mondo di cos} fatta 
opera, ci dessimo a tradurlo, e cinque libri (delli sette che sono) tradutti ne habbiamo; lo 
restante non hauendo potuto finire per gli trauagli auenuti all’ uno, e all’ altro; e in detta 
opera habbiamo ritrouato, ch’ egli assai volte cita gli Autori Indiani, col che mi ha fatto 
conoscere, che questa disciplina appo gl’ indiani prima fll, che a gli Arabi.” The last 
words stating that Diophantus often quotes from Indian authors are no doubt due to 
Bombelli’s taking for part of Diophantus the tract of Maximus Planudes about the Indian 


method of reckoning. 
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Bombelli’s translation better than Xylander’s and consequently 
very useful for the purpose of amending the latter’. 

It may be interesting to mention a few points of notation in 
this work of Bombelli. At the beginning of Book 11. he explains 
that. he uses the word “tanto” to denote the unknown quantity, 
not “cosa” like his predecessors ; and his symbol for it is ὁ, the 
square of the unknown (12) is 2, the cube 2; and so on. ‘For plus 
and minus (212 and meno) he uses the initial letters 2 and m. 
Thus corresponding to +6 we should find in Bombelli 12 2. 6, 
and for #?+ 54-4, 12 p.51m.4. This notation shows, as will be 
seen later, some advance upon that of Diophantus in one important 
TCSDECCT. | 

The next writer upon Diophantus was Wilhelm Holzmann who 
published, under the Graecised form of his name, Xylander, by 
which he is generally known, a work bearing the title: Dzophanti 
Alexandrini Rerum Arithmeticarum Libri sex, quorum primi duo 
adtecta habent Scholia Maxime (ut coniectura est) Planudis. Item 
Liber de Numeris Polygonts seu Multangulis. Opus incomparabile, 
uerae Arithmeticae Logisticae perfectionem continens, paucis adhuc 
wusum. A Guil. Xylandro Augustano incredibili labore Latiné 
redditum, et Commentarits explanatum, inque lucem editum, ad 
L[llustriss. Principem Ludovicum Vuirtembergensem. Bastleae per 
Eusebium Epriscoptum, et Nicolai Fr. haeredes. MDLXXV. Xylander 
was according to his own statement a “public teacher of Aristotelian 
philosophy in the school at Heidelberg’.” He was a man of almost 
universal culture’, and was so thoroughly imbued with the classical 
literature, that the extraordinary aptness of his quotations and his 
wealth of expression give exceptional charm to his writing whenever 
he is free from the shackles of mathematical formulae and techni- 
calities. The Lpzstola Nuncupatoria is addressed to the Prince 
Ludwig, and Xylander neatly introduces it by the line “ Offerimus 
numeros, numeri sunt principe digni.” This preface is very quaint 
and interesting. He tells us how he first saw the name of 
Diophantus mentioned in Suidas, and then found that mention 


: “Sed suas Diophanteis quaestionibus ita immiscuit, ut has ab illis distinguere non 
sit in promptu, neque vero se fidum satis interpretem praebuit, cum passim verba 
Diophanti immutet, hisque pleraque addat, pleraque pro arbitrio detrahat. In multis 
nihilominus interpretationem Bombellii, Xilandriana praestare, et ad hanc emendandam 
me adjuvisse ingenue fateor.” 4d lectorem. 
 “Publicus philosophiae Aristoteleae in schola Heidelbergensi doctor.” 
3 Even Bachet, who, as we shall see, was no favourable critic, calls him ‘‘ Vir omnibus 
disciplinis excultus.”’ 
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had been made of his work by Regiomontanus as being extant 
in an Italian library and having been seen by him. But, as the 
book had not been edited, he tried to think no more of it but, 
instead, to absorb himself in the study of such arithmetical books 
as he could obtain, and in investigations of his own}. Self-taught 
except in so far as he could learn from published works such as 
those of Christoff Rudolff (of the “ Coss”), Michael Stifel, Cardano, 
Nufiez, he yet progressed so far as to be able to add to, modify 
-and improve what he found in those works. As a result he fell 
into what Heraclitus called οἴησιν, ἱερὰν νόσον, that is, into the 
conceit of “being somebody” in the field of Arithmetic and 
“Logistic”; others too, themselves learned men, thought him an 
arithmetician of exceptional ability. But when he first became 
acquainted with the problems of Diophantus (he continues) right 
reason brought such a reaction that he might well doubt whether he 
ought previously to have regarded himself as an object of pity or of 
derision. He considers it therefore worth while to confess publicly his 
own ignorance at the same time that he tries to interest others in 
the work of Diophantus, which had so opened his eyes. Before this 
critical time he was so familiar with methods of dealing with surds 
that he had actually ventured to add something to the discoveries 
of others relating to them ; the subject of surds was considered to 
be of great importance in arithmetical questions, and its difficulty 


1 I cannot refrain from quoting the whole of this passage: ‘‘Sed ciim ederet nemo : 
cepi desiderium hoc paulatim in animo consopire, et eorum quos consequi poteram 
Arithmeticorum librorum cognitione, et meditationibus nostris sepelire. Veritatis porrd 
apud me est autoritas, ut ei coniunctum etiam cum dedecore meo testimonium lubentissimé 
perhibeam. Quod Cossica seu Algebrica (cum his enim reliqua comparata, id sunt quod 
umbrae Homericé in Necya ad animam Tiresiae) ea ergo quod non assequebar modo, 
quanquam mutis duntaxat usus preceptoribus caetera αὐτοδίδακτος, sed et augere, uariare, 
adeoque corrigere in loco didicissem, quae summi et fidelissimi in docendo uiri Christifer 
Rodolphus Silesius, Micaelus Stifelius, Cardanus, Nonius, aliique litteris mandauerant : 
incidi in οἴησιν, ἱερὰν νόσον, ut scité appellauit Heraclitus sapientior multis aliis philoso- 
phis, hoc est, in Arithmetica, et uera Logistica, putaui me esse aliquid: itaque de me 
passim etiam a multis, iisque doctis uiris iudicatum fuit, me non de grege Arithmeticum 
esse. Verum ubi primim in Diophantea incidi: ita me recta ratio circumegit, ut flendusne 
mihi ipsi antea, an uerd ridendus fuissem, haud iniuria dubitauerim. Operae precium est 
hoc loco et meam inscitiam inuulgare, et Diophantei operis, quod mihi nebulosam istam 
caliginem ab oculis detersit, immo eos in coenum barbaricum defossos eleuauit et repur- 
gauit, gustum aliquem exhibere. Surdorum ego numerorum tractationem ita tenebam, 
ut etiam addere aliorum inuentis aliquid non poenitendum auderem, atque id quidem in 
rebus arithmeticis magnum habetur, et difficultas istarum rerum multos a mathematibus 
deterret. Quanto autem hoc est praeclarius, in iis problematis, quae surdis etiam 
numeris uix posse uidentur explicari, rem eo deducere, ut quasi solum arithmeticum 
uertere iussi obsurdescant illi plané, et ne mentio quidem eorum in tractatione ingenio- 
sissimarum quaestionum admittatur.” 
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was even such as to deter many from the study of mathematics. 
“But how much more splendid,” says Xylander, “in the case of 
problems which seem to be hardly capable of solution even with 
the help of surds, to bring the matter to the point that, while the 
surds, when bidden (so to speak) to plough the arithmetic soil, 
become true to their name and deaf to entreaty, they are not so 
much as mentioned in these most ingenious solutions!” He then 
describes the enormous difficulties which beset his work owing 
to the corruptions in his text. In dealing, however, with the 
mistakes and carelessness of copyists he was, as he says, no novice; 
for proof of which he appeals to his editions of Plutarch, Stephanus 
and Strabo.. This passage, which is good reading, but too long 
to reproduce here, I give in full in the note’. Next Xylander 
tells us how he came to get possession of a manuscript of Dio- 
phantus. In October of the year 1571 he made a Journey to 
Wittenberg; while there he had conversations on mathematical 
subjects with two professors, Sebastian Theodoric and Wolfgang 
Schuler by name, who showed him a few pages of a Greek 


1 «14 uerd mihi accidit durum et uix superabile incommodum, quod mirificé deprauata 
omnia inueni, cum neque problematum expositio interdum integra esset, ac passim numeri 
(in quibus sita omnia esse in hoc argumento, quis ignorat?) tam problematum quam 
solutionum siue explicationum corruptissimi. Non pudebit me ingenué fateri, qualem me 
heic gesserim. Audacter, et summo cum feruore potius quam alacritate animi opus ipsum 
initio sum aggressus, laborque mihi omnis uoluptati fuit, tantus est meus rerum arithmeti- 
carum amor. quin et gratiam magnam me apud omnes liberalium scientiarum amatores ac 
patronos initurum, et praeclare de rep. litteraria meriturum intelligebam, eamque rem 
mihi laudi (quam a bonis profectam nemo prudens aspernatur) gloriaeque fortasse etiam 
emolumento fore sperabam. Progressus aliquantulum, in salebras incidi: quae tantum 
abest ut alacritatem meam retuderint, ut etiam animos mihi addiderint, neque enim mihi 
novum aut insolens est aduersus librariorum incuriam certamen, et hac in re militaui, (ut 
Horatii nostri uerbis utar) non sine gloria. quod me non arroganter dicere, Dio, 
Plutarchus, Strabo, Stephanusque nostri testantur. Sed cum mox in ipsum pelagus 
monstris scatens me cursus abripuit : non despondi equidem animum, neque manus dedi, 
sed tamen saepius ad oram unde soluissem respexi, quam portum in quem esset euadendum 
cogitando prospicerem, depraehendique non minus ueré quam eleganter ea cecinisse 
Alcaeum, quae (si possum) Latiné in hac quasi uotiua mea tabula scribam, 

Qui uela uentis uult dare, dum licet, 

Cautus futuri praevideat modum 

Cursus. mare ingressus, marino 

Nauiget arbitrio necesse est. 
Sané quod de Echeneide pisce fertur, eum nauim cui se adplicet remorari, poené credibile 
fecit mihi mea cymba tot mendorum remoris retardata. Expediui tamen me ita, ut facilé 
omnes mediocri de his rebus iudicio praediti, intellecturi sint incredibilem me laborem et 
aerumnas difficilimas superasse : pudore etiam stimulatum oneris quod ultro mihi impos- 
uissem, non perferendi. Paucula quaedam non plané explicata, studio et certis de causis 
in alium locum reiecimus. Opus quidem ipsum ita absoluimus ut neque eius nos pudere 
debeat, et Arithmeticae Logisticesque studiosi nobis se plurimum debere sint haud dubie 
professuri.” 
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manuscript of Diophantus and informed him that it belonged to 
Andreas Dudicius whom Xylander describes as “Andreas Dudicius 
Sbardellatus, hoc tempore Imperatoris Romanorum apud Polonos 
orator.” On his departure from Wittenberg Xylander wrote out 
and took with him the solution of a single problem of Diophantus, 
to amuse himself with on his journey. This he showed at Leipzig 
to Simon Simonius Lucensis, a professor at that place, who wrote to 
Dudicius on his behalf. A few months afterwards Dudicius sent 
the MS. to Xylander and encouraged him to persevere in his 
undertaking to translate the Avithmetica into Latin. Accordingly 
Xylander insists that the glory of the whole achievement belongs 
in no less but rather in a greater degree to Dudicius than to 
himself. Finally he commends the work to the favour of Prince 
Ludwig, extolling the pursuit of arithmetical and algebraical 
science and dwelling in enthusiastic anticipation on the influence 
which the Prince’s patronage would have in helping and advancing 
the study of Arithmetic. This Epzstola Nuncupatoria bears the 
date 14th August, 1574”, Xylander died on the roth of February 
in the year following that of the publication, 1576. 

Tannery has shown that the MS. used by Xylander was 
Guelferbytanus Gudianus I. Bachet observes that he has not been 
able to find out whether Xylander ever published the Greek text, 
though parts of his commentary seem to imply that he had, or at 
least intended to do so. It is now clear that he intended to bring 
out the text, but did not carry out his intention. Tannery observes 
that the MS. Palatinus gr. 391 seems to have been written either by 
Xylander himself or for him, and there are German notes in the 
margin showing that it was intended to print from it. 

Xylander’s achievement has been, as a rule, quite inadequately 
appreciated. Very few writers on Diophantus seem to have studied 
the book itself: a fact which may be partly accounted for by its 
rarity. Even Nesselmann, whose book appeared in 1842, says that 
he has never been able to find acopy. Nesselmann however seems 
to have come nearest to a proper appreciation of the value of the 
work: he says “Xylander’s work remains, in spite of the various 


1 «‘ Hoc non modo tibi, Princeps Illustrissime, honorificum erit, atque gloriosum; sed 
te labores nostros approbante, arithmeticae studium ciim alibi, tum in tua Academia et 
Gymnasiis, excitabitur, confirmabitur, prouehetur, et ad perfectam eius scientiam multi tuis 
auspiciis, nostro labore perducti, magnam hac re tuis in remp. beneficiis accessionem 
factam esse gratissima commemoratione praedicabunt.” 

2 ὁ Heidelberga. postrid. Eidus Sextiles CID 19 LXXIV.” 
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defects which are unavoidable in a first edition of so difficult an 
author, especially when based on only one MS. and that full of 
errors, a highly meritorious achievement, and does not deserve 
the severe strictures which it has sometimes had passed upon it. 
It is true that Xylander has in many places not understood his 
author, and has misrepresented him in others; his translation is 
often rough and un-Latin, this being due to a too conscientious 
adherence to the actual wording of the original; but the result 
was none the less brilliant on that account. The mathematical 
public was - put in possession of Diophantus’ work, and the 
appearance of the translation had an immediate and enormous 
influence on the development and shaping of Algebra.” As a 
rule, the accounts of Xylander’s work seem to have been based 
on what Bachet says about it and about his obligations to it. 
When. I came to read Bachet myself and saw how disparaging, 
as a rule, his remarks upon Xylander were, I could not but suspect 
that they were unfair. His repeated and almost violent repudiation 
of obligation to Xylander suggested to me the very thing which he 
disclaimed, that he was under too great obligation to his predecessor 
to acknowledge it duly. I was therefore delighted at my good 
fortune in finding in the Library of Trinity College, Cambridge, 
a copy of Xylander, and so being able to judge for myself of 
the relation of the later to the earlier work. The result was to 
confirm entirely what I-had suspected as to the unfair attitude 
taken up by Bachet towards his predecessor. I found it every- 
where; even where it is obvious that Xylander’s mistakes or 
difficulties are due only to the hopeless state of his solitary MS. 
Bachet seems to make no allowance for the fact. The truth is that 
Bachet’s work could not have been as good as it was but for the ~ 
pioneer work of Xylander; and it is the great blot in Bachet’s 
otherwise excellent edition that he did not see fit to acknowledge 
the fact. - | | ae 

I must now pass to Bachet’s work itself. It was the first 
edition’ published which contained the Greek text, and appeared 
in 1621 bearing the title: Déophanti Alexandrini Arithmeticorum 
Libri sex, et de numeris multangulis liber unus. Nune primim 
Graecé et Latiné editi, atque absolutissimis Commentarits illustrati. 
Auctore Claudio Gaspare Bacheto Meziriaco Sebusiano, V.C. Lutetiae 
Paristorum, S umplibus Flteronymt Drovart*, via Jacobaea, sub Scuto 


1 Nesselmann, p. 279-80. 
* For “sumptibus Hieronymi Drovart etc.” some copies have “ sumptibus ἜΡΡΕΙ 
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Solart. MDCXXTJ. Bachet’s Greek text is based, as he tells us, 
upon a MS. which he calls “codex Regius,” now in the Bibliotheque 
Nationale at Paris (Parisinus 2379); this MS. is his sole authority, 
except that Jacobus Sirmondus had part of a Vatican MS. (Vat. 
gr. 304) transcribed for him. He professes to have produced a 
good Greek text, having spent incalculable labour upon its emenda- 
tion, to have inserted in brackets all additions which he made to it, 
and to have given notice of all corrections, except those of an 
obvious or trifling nature; a few passages he has left asterisked, in 
cases where correction could not be safely ventured upon. He 
is careful to tell us what previous works relating to the subject he 
had been able to consult. First he mentions Xylander (he spells 
the name as Xzlander throughout), who had translated the whole of 
Diophantus, and commented upon him throughout, “except that 
he scarcely touched a considerable part of the fifth book, the whole 
of the sixth and the treatise on multangular numbers, and even 
the rest of his.work was not very successful, as he himself admits 
that he did not thoroughly understand a number of points.” Then 
he speaks of Bombelli (as already mentioned) and of the Zetetica of 
Vieta (in which the author treats in his own way a large number 
of Diophantus’ problems: Bachet thinks that he so treated them 
because he despaired of restoring the book completely). Neither 
Bombelli nor Vieta (says Bachet) made any attempt to demonstrate 
the difficult porisms and abstruse theorems in numbers which 
Diophantus assumes. as known in many places, or sufficiently 
explained the causes of his operations and artifices. All these 
omissions on the part of his predecessors he thinks he has supplied 
in his notes to the various problems and in the three books of 
“Porisms” which he prefixed to the work’. As regards his Latin 
translation, he says that he gives us Diophantus in Latin from the 
version of Xylander most carefully corrected, in which he would 
have us know that he has done two things in particular, first, 


Cramoisy, via Jacobaea, sub Ciconiis.” The copy (from the Library of Trinity College, 
Cambridge) which I used in preparing my first edition has the former words; a copy in 
the Library of the Athenaeum Clubvhas the latter. 

1 On the nature of some of Bachet’s proofs Nicholas Saunderson (formerly Lucasian 
Professor) remarks in Elements of Algebra, 1740, apropos of Dioph, 111. 15: ‘*M. Bachet 
indeed in the 16th and 17th props. of his second book of Porisms has given us demonstra- 
tions, such as they are, of the theorems in the problem: but in the first place he 
ς΄ demonstrates but one single case of those theorems, and in the next place the demonstra- 
tions he gives are only synthetical, and so abominably perplexed withal, that in each 
demonstration he makes use of all the letters in the alphabet except I and O, singly to 
represent the quantities he has there occasion for.” 
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corrected what was wrong and filled the numerous lacunae, 
secondly, explained more clearly what Xylander had given in 
obscure or ambiguous language; “I confess however,” he says, 
“that this made so much change necessary, that it is almost 
fairer to attribute the translation to me than to Xilander. But if 
anyone prefers to consider it as his, because I have held fast, tooth 
and nail, to his words when they do not misrepresent Diophantus, 
I have no objection!” Such sentences as these, which are no 
rarity in Bachet’s book, are certainly not calculated to increase 
our respect for the author. According to Montucla?, “the historian 
of the French Academy tells us” that Bachet worked at this edition 
during the course of a quartan fever, and that he himself said that, 
disheartened as he was by the difficulty of the work, he would never 
have completed it, had it not been for the stubbornness which his 
malady generated in him. 

As the first edition of the Greek text of Diophantus, this work, 
in spite of any imperfections we may find in it, does its author all 
honour. 

The same edition was reprinted and published with the addition 
of Fermat’s notes in 1670: Dzophanti Alexandrini Arithmeticorum 
Libri sex, et de numeris multangulis liber unus. Cum commentarits 
C. G. Bachett V.C. et obseruationibus 7). P. de Fermat Senatoris 
Tolosant. Accessté Doctrinae Analyticae inuentum nouunt, collectum 
ex varis etusdem 1). de Fermat Epistolis. Tolosae, Excudebat 
Bernardus Bosc, ὁ Regtone Collegi Societatis Jesu. MDCLXX. 
This edition was not published by Fermat himself, but by his 
son after his death. S. Fermat tells us in the preface that this 
publication of Fermat’s notes to Diophantus* was part of an 
attempt to collect together from his letters and elsewhere his 
contributions to mathematics. The “Doctrinae Analyticae In- 
uentum nouum” is a collection made by Jacobus de Billy! 


1 Deinde Latinum damus tibi Diophantum ex Xilandri versione accuratissimé castigata, 
in qua duo potissimum nos praestitisse scias velim, nam et deprauata correximus, hiantesque 
passim lacunas repleuimus: et quae subobscuré, vel ambigué fuerat interpretatus Xilander, 
dilucidius exposuimus; fateor tamen, inde tantam inductam esse mutationem, vt prope- 
modum aequius sit versionem istam nobis quam Xilandro tribuere. Si quis autem potius 
ad eum pertinere contendat, quod eius verba, quatenus Diophanto fraudi non erant, 
mordicus retinuimus, per me licet."’ = 4.3239. 

3. Now published in @uvres de Fermat by P. Tannery and C. Henry, Vol. 1. (1891), 
pp. 289-342 (the Latin original), and Vol. 111. (1896), pp. 241-274 (French translation). 

* Now published in Quvres de Fermat, 111. 323-398 (French translation). De 
Billy had already published in 1660 a book under the title Diophantus geometra sive 
opus contextum ex arithmetica et geometria. 
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from various letters which Fermat sent to him at different times. 
The notes upon Diophantus’ problems, which his son hopes will 
prove of value very much more than commensurate with their 
bulk, were (he says) collected from the margin of his copy of 
Diophantus. From their brevity they were obviously intended 
for the benefit of experts’, or even perhaps solely for Fermat’s 
own, he being a man who preferred the pleasure which he had 
in the work itself to any reputation which it might bring 
him. Fermat never cared to publish his investigations, but was 
always perfectly ready, as we see from his letters, to acquaint 
his friends and contemporaries with his results. Of the notes 
themselves this is not the place to speak in detail. This edition 
of Diophantus is rendered valuable only by the additions in it 
due to Fermat; for the rest it is a mere reprint of that of 1621. 
So far as the Greek text is concerned, it is very much inferior 
to the first edition. There is a far greater number of misprints, 
omissions of words, confusions of numerals; and, most serious of 
all, the brackets which Bachet inserted in the edition of 1621 to 
mark the insertion of words in the text are in this later edition 
altogether omitted. These imperfections have been already noticed 
by Nesselmann% Thus the reprinted edition of 1670 is untrust- 
worthy as regards the text. 

In 1585 Simon Stevin published a French version of the first 
four books of Diophantus*. It was based on Xylander and was 
a free reproduction, not a translation, Stevin himself observing that 
the MS. used by Xylander was so full of mistakes that the text of 


1 Lectori Beneuolo, p. iii: ‘‘Doctis tantum quibus pauca sufficiunt, harum obserua- 
tionum auctor scribebat, vel potius ipse sibi scribens, his studiis exerceri malebat quam 
gloriari; adeo autem ille ab omni ostentatione alienus erat, vt nec lucubrationes suas 
typis mandari curauerit, et suorum quandoque responsorum autographa nullo seruato 
exemplari petentibus vitrd miserit; norunt scilicet plerique celeberrimorum huius saeculi 
Geometrarum, quam libenter ille et quanta humanitate, sua iis inuenta patefecerit.” 

2 «Was dieser Abdruck an dusserer Eleganz gewonnen hat (denn die Bachet’sche 
Ausgabe ist mit dusserst unangenehmen, namentlich Griechischen Lettern gedruckt), das 
hat sie an innerm Werthe in Bezug auf den Text verloren. Sie ist nicht bloss voller 
Druckfehler in einzelnen Worten und Zeichen (z. B. durchgehends π᾿ statt %, 900) 
sondern auch ganze Zeilen sind ausgelassen oder doppelt gedruckt (z. B. ΠΙ. 12 eine 
Zeile doppelt, ιν. 25 eine doppelt und gleich hinterher eine ausgelassen, IV. 52 eine 
doppelt, v. 11 eine ausgelassen, desgleichen V. 14, 25, 33, VI. 8, 13 und so weiter), die 
Zahlen verstiimmelt, was aber das Aergste ist, die Bachet’schen kritischen Zeichen sind 
fast iiberall, die Klammer durchgingig weggefallen, so dass diese Ausgabe als Text des 
Diophant véllig unbrauchbar geworden ists; D283. ied 

3 Included in ZL? Avithmetique de Simon Stevin de Bruges...A Leyde, De I’ Imprimerie 
de Christophle Plantin, CIO .19.LXXXvV. 
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Diophantus could not be given wotd for word’. Albert Girard 
added the fifth and sixth books to the four, and this complete 
version appeared in 1625%. 

In 1810 was published an excellent translation (with additions) 
of the fragment upon Polygonal Numbers by Poselger :. Dzophantus 
von Alexandrien tiber die Polygonal-Zahlen. Uebersetat Ὁ mit Zusitzen 
von F. Th. Poselger. Leipzig, 1810. 

In 1822 Otto Schulz, professor in Berlin, published a very 
meritorious German translation with notes: Dzophantus von 
Alexandria arithmetische Aufgaben nebst dessen Schrift tiber die 
Polygon-Zahlen.. Aus dem Griechischen tibersetzt und mit An- 
merkungen begleitet von Otto Schulz, Professor am Berlinisch- 
Colnischen Gymnasium sum grauen Kloster. Berlin, 1822. In der 
Schlesingerschen Buch- und Mustkhandlung. The work of Poselger 
just mentioned was with the consent of its author incorporated in 
Schulz’s edition along with his own translation and notes upon 
the larger treatise, the Avzthmetica. According to Nesselmann 
Schulz was not a mathematician by profession; he produced, 
however, a thoroughly useful edition, with notes chiefly upon 
the matter of Diophantus and not on the text (with the exception 
of a very few emendations): notes which, almost invariably correct, 
help much to understand the author. Schulz’s translation is based 
upon the edition of Bachet’s text published in 1670. 

Another German translation was published by G. Wertheim 
in 1890: Dre Arithmettk und die Schrift tiber Polygonalzahlen des 
Diophantus von Alexandria. Ubersetzt und mit Anmerkungen 
begleitet von G. Wertheim (Teubner). Though it appeared before 
the issue of Tannery’s definitive text, it is an excellent translation, 
the translator being thoroughly equipped for his task; it is valuable 
also as containing Fermat’s notes, also translated into German, with 
a large number of other notes by the translator elucidating both 
Diophantus and Fermat, and generalising a number of the problems 
which, with very few exceptions, receive only particular solutions 
from Diophantus himself. Wertheim has also included 46 epigram- 
problems from the Greek anthology and the enunciation of the 
famous Cattle-Problem attributed to Archimedes. 


1 See Bibliotheca Mathematica VIIg, 1906-7, p. 59. 

2 L’ Arithmetique de Simon Stevin de Bruges, Reueué, corrigee & augmentee de plusieurs 
traictez et annotation par Albert Girard Samielots Mathematicien. A. Leide, de 
Imprimerie des Elzeviers Cl0.19.cxxv. Reproduced in the edition of Les (μωρός 
Mathematiques de Simon Stevin de Bruges. Par Albert Girard. Leyde, CIO . 19:..:CXxxIv, 
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No description is necessary of the latest edition, by Tannery, 
in which we at last have a definitive Greek text of Diophantus 
with the ancient commentaries, etc., Dzophanti Alexandrini opera 
omnia cum Graecis commentarus. Edidit et Latine interpretatus 
est Paulus Tannery (Teubner). The first volume (1893) contains 
the text of Diophantus, the second (1895) the Pseudepigrapha, 
Testimonia veterum, Pachymeres’ paraphrase, Planudes’ com- 
mentary, various ancient scholia, etc., and 38 arithmetical epigrams 
in the original Greek with scholia. Any further edition will neces- 
sarily be based on Tannery, who has added all that is required in 
the shape of introductions, etc. 

Lastly we hear of other works on iopHaites which, if they 
were ever written, are lost or remain unpublished. First, we find 
it asserted by Vossius (as some have understood him) that the 
Englishman John Pell wrote an unpublished Commentary upon 
Diophantus. John Pell (1611-1685) was at one time professor 
of mathematics at Amsterdam and gave lectures there-on Dio- 
phantus, but what Vossius says about his commentary may 
well be only a recommendation to undertake a commentary, 
rather than a historical assertion of its completion. Secondly, 
Schulz states in his preface that he had lately found a ‘note in 
Schmeisser’s Orthodidakitk der Mathematik that Hofrath Kausler 
by command of the Russian Academy prepared an edition of 
Diophantus!. This seems however to be a misapprehension on the 
part of Schulz. Kausler is probably referring, not to a translation 
of Diophantus, but to his memoir of 1798 published in ova Acta 
Acad. Petropol. ΧΙ. p. 125, which might easily be described as an 
Ausarbeitung of Diophantus’ work. 

I find a statement in the Mew American Cyclopaedia (New York, 
D. Appleton and Company), Vol. VI., that “a complete translation 
of his (Diophantus’) works into English was made by the late 
Miss Abigail Lousada, but has not been published.” 


1 The whole passage of Schmeisser is: ‘‘ Die mechanische, geistlose Behandlung der 
Algebra ist ins besondere von Herrn Hofrath Kausler stark geriigt worden. In der 
Vorrede zu seiner Ausgabe des Uflakerschen Exempelbuchs beginnt er so: ‘ Seit mehreren 
Jahren arbeitete ich fiir die Russisch-Kaiserliche Akademie. der Wissenschaften Diophants 
unsterbliches Werk iiber die Arithmetik aus, und fand darin einen solchen Schatz von 
den feinsten, scharfsinnigsten algebraischen Auflésungen, dass mir die mechanische, 


geistlose Methode der neuen Algebra mit jedem Tage mehr ekelte u.s.w.’” (p. 33). 


CHAPTER ST 
NOTATION AND DEFINITIONS OF DIOPHANTUS 


As it is my intention, for the sake of brevity and _per- 
spicuity, to make use of the modern algebraical notation in giving 
my account of Diophantus’ problems and general methods, it 15 
necessary to describe once for all the machinery which our author 
uses for working out the solutions of his problems, or the notation 
by which he expresses such relations as would be represented in 
our time by algebraical equations, and, in particular, to illustrate 
the extent to which he is able to manipulate unknown quantities. 
Apart, however, from the necessity of such a description for the 
proper and adequate comprehension of Diophantus, the general 
question of the historical development of algebraical notation 
possesses great intrinsic interest. Into the general history of this 
subject I cannot enter in this essay, my object being the elucidation 
of Diophantus ; I shall accordingly in general confine myself to an 
account of his notation solely, except in so far as it is interesting 
to compare it with the corresponding notation of his editors and 
(in certain cases) that of other writers, as, for example, certain of 
the early Arabian algebraists, 

First, as to the representation of an unknown quantity. The 
unknown quantity, which Diophantus defines as containing πλῆθος 
μονάδων ἀόριστον, 2.56. an undefined number of units (def. 2), is 
denoted throughout by what was printed in the editions before 
Tannery’s as the Greek letter > with an accent, thus ς΄, or in the 
form s*. This symbol in verbal description he calls ὁ ἀριθμός, “ the 
number,” z.e., by implication, the number par excellence of the problem 
in question. In the cases where the symbol is used to denote in- 
flected forms, e.g., the accusative singular or the dative plural, the 
terminations which would have been added to the stem of the full 
word ἀριθμός were printed above the symbol ς in the manner of an 
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exponent, thus ς᾽ (for ἀριθμόν, as τὸ for τόν), 5°, the symbol being 
in addition doubled in the plural cases, thus ss, ςςοὔς, 59”, ¢s%5, for 
ἀριθμοί κιτ.ἑ, When the symbol is used in practice, the coefficient 
is expressed by putting the required Greek numeral immediately 
after it, thus ss va corresponds to 11%, ς΄ ἃ to x and so on. 

Tannery discusses the question whether in the archetype (a) of 
the MSS. this duplication of the sign for the plural and this 
addition of the terminations of the various cases really occurred’. 
He observes that any one accustomed to reading Greek MSS. will 
admit that the marks of cases are common in the later MSS. but 
are very frequently omitted in the more ancient. Further, the 
practice of duplicating a sign to express the plural is more ancient 
than that of adding the case-terminations, Tannery concludes that 
the case-terminations (like the final syllables of abbreviations used 
for othér words) were very-generally, if not always, wanting in the 
archetype (a). If this seems inconsistent with the regularity with 
which they appear in our MSS., it has to be remembered that A 
and δ᾽), do not represent the archetype (4) but the readings of a, the 
copyist of which probably took it upon himself to substitute the 
full word for the sign or to add the case-terminations. Tannery’s 
main argument is the frequent occurrence of instances where the 
wrong case-ending has been added, eg., the nominative for the 
genitive; the conclusion is also confirmed by instances in which 
different cases of the word ἀριθμός, e.g. ἀριθμοῦ, ἀριθμόν, and even 
ἀριθμῶν written in full are put by mistake for καί owing to the 
resemblance between the common abbreviation for καί and the © 
sign for ἀριθμός, and of course in such cases the abbreviation would 
not have had the endings. As regards the duplication of the sign 
for the plural, Tannery admits that this was the practice of the 
Byzantines ; but he considers that the evidence is against sup- 
‘posing that Diophantus duplicated the sign; he does not do so 
with any other of his technical abbreviations, those for μονάς, 
δύναμις, etc. Accordingly in his text of Diophantus Tannery has 
omitted the case-endings and written the single sign for ἀριθμός 
whether in the singular or in the plural; in his second volume, 
however, containing the scholia, etc., he has retained the duplicated 
sign. 

On the assumption that the sign was the Greek final sigma, it 
was natural that Nesselmann should explain it by the supposition 


1 Dioph. 11. pp. xxxiv-xxxix. 
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that Diophantus, in search of a convenient symbol for his unknown 
quantity, would select the only letter of the Greek alphabet which 
was not already appropriated as a numeral’. But he made the 
acute observation? that, as the symbol occurred in many places (of 
course in Bachet’s text) for ἀριθμός used in the ordinary un- 
technical sense, and was therefore, as it appeared, not exclusively 
used to designate the unknown quantity, the technical ἀριθμός, it 
must after all be more of the nature of an abbreviation than an 
algebraical symbol like our x. It is true that this uncertainty in 
the use of the sign in the MSS. is put an end to by Tannery, who 
uses it for the technical ὠρεθμός alone and writes the untechnical 
ἀριθμός in full; but, even if Diophantus’ practice was as strict as 
this, I do not think this argues any difference in the nature of the 
abbreviation. There is also a doubt whether the final sigma, s, 
was developed as distinct from the formr a so early as the date of 
the MSS. of Diophantus, or rather so early as the first copy of his 
work, if the author himself really gave the explanation of the sign 
as found in our text of his second definition. These considerations 
suggested to me that the sign was not the final sigma at all, but 
must be explained in some other way. I had to look for con- 
firmation of this to the precise shape of the sign as found in extant 
MSS. The only MS. which I had the opportunity of inspecting 
personally was the MS. of the first ten problems of Diophantus in 
the Bodleian; but here I found strong confirmation of my view in 
the fact that the sign appeared as’, quite different in shape from, 
and much larger than, the final sigma at the end of words in the 
same MS. (There is in the Oxford MS..the same irregularity as 
was pointed out by Nesselmann in the use of the sign sometimes 
for the technical, and sometimes for the untechnical, ἀριθμός.) 
But I found evidence that the sign appeared elsewhere in some- 
what different forms. Thus Rodet in the /ournal Asiatigue of 
January, 1878, quoted certain passages from Diophantus for the 
purpose of comparison with the algebra of Muhammad b,. Misa 
al-Khuwarazmi. Rodet says he ccpied these passages exactly 
from Bachet’s MS.; but, while he generally gives the sign as the 
final sigma, he has in one case YYy* for ἀριθμοί. In this last case 

1 Nesselmann, pp. 290-1. 3 2 ibid. pp. 300-1. 

3 An extreme case is ἔταξα τὸ τοῦ δευτέρου «5» ἀριθμοῦ ἑνός, where the sign (contrary to 
what would be expected) means the untechnical ἀριθμός, and the technical is written in 
full. Also in the definition ὁ δὲ μηδὲν τούτων τῶν ἰδιωμάτων krnodmevos...dapiOuds καλεῖται 


the word ἀριθμός is itself denoted by the symbol, showing that the word and the symbol 
are absolutely convertible. 
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Bachet himself reads 35%. But the same form YY" which Rodet 
gives is actually found in three places in Bachet’s own edition. 
(1) In his note to Iv. 3 he gives a reading from his own MS. which 
he has corrected in his own text and in which the signs ἃ and 
{{{7 occur, evidently meaning ἀριθμὸς ἃ and ἀριθμοὶ ἢ, though the 
sign should have been that for ἀριθμοστόν (= 1/x). (2) In the text of 
IV. 13 there is a sentence (marked by Bachet as interpolated) which 
contains the expression 4YYs, where the context again shows that 
YY is for ἀριθμοί. (3) At the beginning of V. 9 there is a difficulty 
in the text, and Bachet notes that his MS. has pyre ὁ διπλασίων 
αὐτοῦ Y where a Vatican MS. reads ἀριθμόν (Xylander notes that 
his MS. had in this place μήτε ὁ διπλασίων αὐτοῦ ap po a...). 
It is thus clear that the MS. (Paris. 2379) which Bachet used 
sometimes has the sign for ἀριθμός in a form which is at least 
sufficiently like Y to be taken for it. Tannery states that the form 
of the sign found in the Madrid MS. (A) is y, while 4, has it in a 
form (§) nearly approaching Bachet’s reproduction of it. 

It appeared also that the use of the sign, or something like 
it, was not confined to MSS. of Diophantus; on reference to — 
Gardthausen, Griechische Palaeographie, 1 found under the head 
“hieroglyphisch-conventionell” an abbreviation ὁ, G4 for ἀριθμός, 
-ot, which is given as occurring in the Bodleian MS. of Euclid 
(D’Orville 301) of the 9th century. Similarly Lehmann’ notes as 
a sign for ἀριθμός found in that MS. a curved line similar to that 
which was used as an abbreviation for «ait. He adds that the 
ending is placed above it and the sign is doubled for the plural. 
Lehmann’s facsimile is like the form given by Gardthausen, but has 
the angle a little more rounded. The form 4Yy* above mentioned 
is also given by Lehmann, with the remark that it seems to be 
only a modification of the other. Again, from the critical notes to 
Heiberg’s texts of the Avenarius of Archimedes it is clear that the 
sign for ἀριθμός occurred several times in the MSS. in a form 
approximating to that of the final sigma, and that there was the 
usual confusion caused by the similarity of the signs for ἀριθμός 
and καί, In Hultsch’s edition of Heron, similarly, the critical 
notes to the Geodaesia show that one MS. had an abbreviation for 

1 Lehmann, Die tachygraphischen Abhiirzungen der griechischen Handschriften, 1880, 


p. 107: “ Von Sigeln, welchen ich auch anderwarts begegnet bin, sind zu nennen ἀριθμός, 
- das in der Oxforder Euclidhandschrift mit einer der Note καί ahnlichen Schlangenlinie 


bezeichnet wird.” 
2 Cf. Heiberg, Quaestiones Archimedeae, pp. 172,174, 187, 188, 191, 192; Archimedts 


opera omnia, 11.γ pp. 268 544. 
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ἀριθμός in various forms with the case-endings superposed ; some- 
times they resembled the letter ζ, sometimes p, sometimes O and 
once €. Lastly, the sign for ἀριθμός resembling the final sigma 
evidently appeared in a MS. of Theon of Smyrna®. 

All these facts strongly support the assumption that the sign 
was a mere tachygraphic abbreviation and not an algebraical 
symbol like our x, though discharging much the same function. 
The next question is, what is its origin? The facts (1) that the 
sign has the breathing prefixed in the Bodleian MS., which writes 
C5 for ἀριθμός, and (2) that in one place Xylander’s MS. read ap 
tor the full word, suggested to me the question whether it could 
be a contraction of the first two letters of ἀριθμός ; and, on con- 
sideration, this seemed to me quite possible when I found a 
contraction for ap given by Gardthausen, namely cp. It is easy to 
see that a simplification of this in different ways would readily 
produce signs like the different forms shown above. This then 
was the hypothesis which I put forward twenty-five years ago, and © 
which I still hold to be the easiest and best explanation. Two 
alternatives are possible. (1) Diophantus may not have made the 
contraction himself. In that case I suppose the sign to be a cur- 
sive contraction made by scribes ; and I conceive it to have come 
about through the intermediate form S. The loss of the downward 
stroke, or of the loop, would produce a close approximation to 
the forms which we know. (2) Diophantus may have used a sign 
approximately, if not exactly, like that which we find in the MSS. 
For it is from a papyrus of 154 A.D., in writing of the class which 
Gardthausen calls the “Majuskelcursive,” that the contraction oP for 
the two letters is taken. The great advantage of my hypothesis is 
that it makes the sign for ἀριθμός exactly parallel to those for the 
powers of the unknown, eg., 4” for δύναμις and K* for κύβος, and 


to that for the unit μονάς which is denoted by M, with the sole 
difference that the letters coalesce into one instead of being 
written separately. 

Tannery’s views on the subject are, I think, not very con- 
sistent, and certainly they do not commend themselves to me. He 
seems to suggest that the sign is the ancient letter Koppa, perhaps 
slightly modified; he first says that the sign in Diophantus is 
peculiar to him and that, although the word ἀριθμός is very often 


1 Heron, ed. Hultsch, pp. 146, 148, 149, 150. 
2 Theon of Smyrna, ed. Hiller, p. 56, critical notes. 
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represented in mathematical MSS. by an abbreviation, it has much 
oftener the form 3 or something similar, closely resembling the 
ancient Koppa. In the next sentence he seems to say that “on 
the contrary the Diophantine abbreviation is an inverted di- 
gamma”; yet lower down he says that the copyist of a (copied 
from the archetype 4) got the form y by simplifying the more 
complicated Koppa. And, just before the last remark, he has 
stated that in the archetype a the form must have been 5 or very 
like it, as is shown by the confusion with the sign for καί. (If this 
is so, it can hardly have been peculiar to Diophantus, seeing that 
the same confusion occurs fairly often in the MSS. of other 
authors, as above shown.) I think the last consideration (the con- 
fusion with «ai) is very much against the Koppa-hypothesis ; and, 
in any case, it seems to me very unlikely that a sign would be 
used by Diophantus for the unknown which was already appro- 
priated to the number go. And I confess I am unable to see in 
the sign any resemblance to an inverted digamma. 

Hultsch! regards it as not impossible that Diophantus may 
have adopted one of the signs used by the Egyptians for their 
unknown quantity az, which, if turned round from left to right, 
would give ¥; but here again I see no particular resemblance. 
Prof. D’Arcy Thompson? has a suggestion that the sign might be 
the first letter of σωρός, a heap. But, apart from the fact that the 
final sigma (s) is not that first letter, there is no trace whatever 
in Diophantus of such a use of the word σωρός ; and, when 
Pachymeres® speaks of a number being cwpeta μονάδων, he means 
no more than the πλῆθος μονάδων which he is explaining: his 
words have no connexion with the Egyptian aw. 

Notwithstanding that the sign is not the final sigma, I shall 
not hesitate to use s for it in the sequel, for convenience of 
printing. Tannery prints it rather differently as 5. 

We pass to the notation which Diophantus used to express the 
~ different powers of the unknown quantity, corresponding to +’, 2; 
and soon. He calls the square of the unknown quantity δύναμις, 
and denotes it by the abbreviation 4”. The word δύναμις, 
literally “ power,” is constantly used in Greek mathematics for 


1 Art. Diophantus in Pauly-Wissowa’s Aeal-Encyclopadie der classtschen Altertums- 
wissenschaften. 

2 Transactions of the Royal Society of Edinburgh, Vol. XXXVIII. (1896), pp. 607-9. 

3 Dioph. 11. p. 78,4. Cf. Iamblichus, ed. Pistelli, p. 7,73 34.33 81,14, where cwpe(a, 
is similarly used to elucidate πλῆθος. 
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square’. With Diophantus, however, it is not any square, but only 
the square of the unknown; where he speaks of any particular 
square number, it is τετράγωνος ἀριθμός. The higher powers of the 
unknown quantity which Diophantus makes use of he calls κύβος, 
δυναμοδύναμις, δυναμόκυβος, κυβόκυβος, corresponding respectively 
to +, x, 2°, 4% Beyond the sixth power he does not go, having 
no occasion for higher powers in the solutions of his problems. For 
these powers he uses the abbreviations K”, 4 4, AK Khe ree 
spectively. There is a difference between Diophantus’ use of the word 
δύναμις and of the complete words for the third and higher powers, 
namely that the latter are not always restricted like δύναμις to powers 
of the wzknown, but may denote powers of ordinary known num- 
bers as well. This is no doubt owing to the fact that, while there 
are two words δύναμις and τετράγωνος which both signify “square,” 
there is only one word for a third power, namely κύβος. It is 
«important, however, to observe that the abbreviations αὐ, 4” 4, 
AK’, K*K, are, like δύναμις and A”, only used to denote powers 
of the unknown. The coefficients of the different powers of the 
unknown, like that of the unknown itself, are expressed by the 
addition of the Greek letters denoting numerals, eg., AK” κε cor- 
responds to 262°. Thus in Diophantus’ system of notation the signs 
Δ" and the rest represent not merely the exponent of a power like 
the 2 in «ἢ but the whole expression τὸ There is no obvious 
connexion between the symbol 4” and the symbol ς of which it is 
the square, as there is between 2? and x, and in this lies the great 
inconvenience of the notation. But upon this notation no advance 
was made by Xylander, or even by Bachet and Fermat. They wrote 
JV (which was short for Vumerus) for the s of Diophantus, Q (Quad- 
vatus) for Δ΄, C (Cubus) for KY’, so that we find, for example, 
10 -Ὁ 5V = 24, corresponding to 77+ 5%=24. Other symbols were 
however used even before the publication of Xylander’s Diophantus, 
eg.in Bombelli’s Algebra. Bombelli denotes the unknown and its 
powers by the symbols J 2,2, and so on. But it is certain that 
up to this time (1572) the common symbols had been R (Radix 
or Kes), Z (Zensus, te. square), C (Cubus). Apparently the first 
important step towards +*, 23, etc., was taken by Vieta (1540— 


‘In Plato we have δύναμις used for a square number (7Zimacus, 31) and also 
(Theaetetus, 147 Ὁ) for a sguare root of a number which is not a complete square, i.e. for 
a surd; but the commonest use is in geometry, in the form δυνάμει, “in square,” eg. ‘AB 
is δυνάμει double of BC” means ‘4B? = 2BC?.” 
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1603), who wrote Ag, Ac, Agg, etc. (abbreviated for A gquadratus 
and so on) for the powers of A. This system, besides showing the 
con .exion between the different powers, has the infinite advantage 
that by means of it we can use in one and the same solution any 
number of unknown quantities. This is absolutely impossible with 
the notation used by Diophantus and the earlier algebraists. 
Diophantus in fact never uses more than one unknown quantity in 
the solution of a problem, namely the ἀριθμός or ς. 

Diophantus has no symbol for the operation of multiplication ; 
it is rendered unnecessary by the fact that his coefficients are all 
definite numbers or fractions, and the results are simply put down 
without any preliminary step which would call for the use of a 
symbol. On the ground that Diophantus uses only numerical 
expressions for coefficients instead of general symbols, it might 
occur to a superficial observer that there must be a great want 
of generality in his methods, and that his problems, being solved 
with reference to particular numbers only, would possess the 
attraction of a clever puzzle rather than any more general interest. 
The answer to this is that, in the first place, it was absolutely 
impossible that Diophantus should have used any other than 
numerical coefficients, for the reason that the available symbols of 
notation were already employed, the letters of the Greek alphabet 
always doing duty as numerals, with the exception of the final s. 
In the second place, it is not the case that the use of none but 
numerical coefficients makes his solutions any the less general. 
This will be clearly seen when I come to give an account of his 
problems and methods. 

Next as to Diophantus’ expressions for the operations of 
addition and subtraction. For the former no symbol at all is 
used: it is expressed by mere juxtaposition, thus K” ad” wsé- 
corresponds to #°+ 1327+ 5%. In this expression, however, there 
is no absolute term, and the addition of a simple numeral, as 
for instance f, directly after é the coefficient of s, would cause 
confusion. This fact makes it necessary to have some expression 
to distinguish the absolute term from the variable terms. For this 
purpose Diophantus uses the word μονάδες, or units, and denotes 


them after his usual manner by the abbreviation 47. The xumber 
of units is expressed as a coefficient. Thus corresponding to 
the expression 2 + 1347+5%+2 we should find in Diophantus 


Kad se MB. As Bachet uses the sign + for addition, he ~ 
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has no occasion for a distinct symbol to mark an absolute term. 
He accordingly writes 1¢+13Q0+5N+2. It is worth observing, 
however, that the Italians do use a symbol in this case, namely VV 
(Vumero), the first power of the unknown being with them Δ᾽ 
(Radice). Cossali1 makes an interesting comparison between the 
terms used by Diophantus for the successive powers of the unknown 
and those employed by the Italians after their instructors, the 
Arabians. He observes that Fra Luca (Paciuolo), Tartaglia, and 
Cardano begin their scale of powers from the power o, not from the 
power I, as does Diophantus, and he compares the scales thus: 


Scala Diofantea. Scala Araba., 
doe tewsetavesvor tee ΠΝ 1. Numero.,..il Noto. 
x 1. Numero...|’ Ignoto. 2. Cosa, Radice, Lato. 
x 4: Podesta: 3. Censo. 
x3.” Cube; 4. Cubo, 
xt 4. Podesta-Podesta. 5. Censo di Censo. 
x5 5. Podesta-Cubo. 6. Relato 1°. 
x® 6. Cubo-Cubo. 7. Censo di Cubo, o Cubo di Censo. 
ie Sheree Wied hat ΩΝ ἐν δ γίνε 8. Relato 2° 
Be BSD Sours shiandyaess eden τ y. Censo di Censo di Censo. 
BP MEQ i sav soises sic eet es to. Cubo di Cubo., 


and so on. So far, however, as this is meant to be a comparison 
between Diophantus and the early Arabian algebraists themselves 
(as the title “Scala Arvada” would seem to imply), there appears to 
be no reason why Cossali should not have placed some term to 
express Diophantus’ μονάδες in the same line with Vumero in the 
Arabian scale, and moved the numbers 1, 2, 3, etc. one place 
upwards in the first scale, or downwards in the second. As 
Diophantus does not go beyond the sixth power, the last three 
places in the first scale are left blank. An examination of these 
two scales will show also that the evolution of the successive 
powers differs in the two systems. The Diophantine terms for 
them are based on the addition of exponents, the Arabic on 


1 Upon Wallis’ comparison of the Diophantine with the Arabian scale Cossali 
remarks : ‘‘ma egli non ha riflettuto a due altre differenze tra le scale medesime. La 
prima si é, che laddove Diofanto denomina con singolarita Mmero il numero ignoto, 
denominando Monade il numero dato di comparazione: gli antichi italiani degli arabi 
seguaci denominano questo il Mumero; e Radice, o Lato, ο Cosa il numero sconosciuto. 
La seconda é, che Diofanto comincia la scala dal numero ignoto; e Fra Luca, Tartaglia, 
Cardano la incominciano dal numero noto. Ecco le due scale di rincontro, onde meglio 
risaltino all’ occhio le differenze loro”’, 1. p. 195. 
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their multiplication’. Thus the “cube-cube” means in Diophantus 
#*, while the Italian and Arabian system uses the expression “ cube 
of cube” and applies it to 2°. The first system may (says Cossali) 
be described as the method of representing each power by the 
product of the two lesser powers which are the nearest to it, the 
method of multiplication; the second the method of elevation, 1.6. the 
method which forms by the process of squaring and cubing all 
powers which can be so formed, as the 4th, 6th, 8th, gth, etc. 
The intermediate powers which cannot be so formed are called 
in Italian Re/atz. Thus the fifth power is Relato 1°, 2’ is 
Relato 2°; 2 1s:Censo di Relato 17,42" 1s: Relato 1, and so on: 
Another name for the Relati in use among European algebraists in 
the 16th and 17th centuries was sursolida, with the variants super- 
solida and surdesolida. 

It is interesting to compare with these systems the Egyptian 
method described by Psellus% The next power after the fourth 
(δυναμοδύναμις), 1.6. 2°, the Egyptians called “ the first undescribed ” 
(ἄλογος here apparently meaning that of which no account can 
be given), because it is neither a square nor a cube; alternatively 
they called it “the fifth number,” corresponding to the fifth power 
of x. The sixth power they apparently called “cube-cube”; but 
the seventh was “the second undescribed” (ἄλογος δεύτερος), as 
being the product of the square and the “ first undescribed,” or, 
alternatively, the “seventh number.” The eighth power was the 
“quadruple-square” (τετραπλῆ δύναμις), the ninth the “extended 
cube” (κύβος ἐξελικτός). Thus the “first undescribed” and the 
“second undescribed ” correspond to “ Relato 1°” and “Relato 2°” 
respectively, but the “quadruple-square” exhibits the additive 
principle. 

For subtraction Diophantus uses a symbol. His full term for 
negation or wanting is λεῖψις, corresponding to ὕπαρξις which 
denotes the opposite. The symbol used to denote it in the MSS., 
and corresponding to our — for mznus, is (Def. 9 καὶ τῆς λείψεως 
σημεῖον Ψ ἐλλιπὲς κάτω νεῦον, A) “an inverted VY with the top 

1 This statement of Cossali’s needs qualification however. There isat least one Arabian 
algebraist, al-Karkhi (died probably about 1029), the author of the Hakhzi, who uses the 
Diophantine system of powers of the unknown depending on the addition of exponents. 
Al-Karkhi, namely, expresses all powers of the unknown above the third by means of 
mal, his term for the square, and £a‘d, his term for the cube of the unknown, as follows. 
The fourth power is with him ma? mai, the fifth wal ka‘'b, the sixth a‘d ζξα' ὁ, the seventh 
mal mal ka‘b, the eighth mal ka‘b ka'b, the ninth 4a’b ka‘b ka‘b, and so on. Among the 


Italians too there was an exception, Leonardo of Pisa, who proceeded on the additive 
principle (Bibliotheca Mathematica, V13, 1905-6, p. 310). 2 Dioph. 11. p. 37-38. 
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shortened, A.” As Diophantus uses no distinct sign for +4, it 
is clearly necessary, in order to avoid confusion, that all the 
negative terms in an expression should be placed together 
after all the positive terms. And so in fact he does place them. 
Thus corresponding to 1 -- 527+ 8x*—1, Diophantus would write 


KR ιηλά τ Μὰ With respect to this curious sign, given in 
the MSS. as T and described as an inverted truncated Ψ' I believe 
that I was the first to suggest that it could not be what it is 
represented as being. Even when, as in Bachet’s edition, the 
sign was printed as » I could not believe that Diophantus used 
so fantastic a sign for mzuus as an inverted truncated VW. In 
the first place, an inverted V seems too far-fetched; to one who 
was looking for a symbol to express mznus many others more 
natural and less fantastic than #» must have suggested themselves. 
Secondly, given that Diophantus used an inverted V, why should he 
truncate it? Surely that must have been unnecessary ; we could 
hardly have expected it unless, without it, confusion was likely 
to arise; but # could not well have been confused with anything. 
This very truncation itself appears to throw doubt on the description 
of the symbol as we find it in the MS. I concluded that the con- 
ception of this symbol as an inverted truncated VY was a mistake, ; 
and that the description of it as such is not Diophantus’ description, 
but an explanation by a scribe of a symbol which he did not 
understand. I believe that the true explanation is the following. 
Diophantus here took the same course as in the case of the other 
symbols which we have discussed (those for ἀριθμός, δύναμις, etc.). 
As in those cases he took for his abbreviation the first letter of the 
word with such an addition as would make confusion with numbers 
impossible (namely the second letter of the word, which in each of 
the cases happens to come later in the alphabet than the corre- 
sponding first letter), so, in seeking an abbreviation for λεῖψες 
and cognate inflected forms developed from λίπ, he began by 
taking the initial letter of the word. The uncial? form is A.. 
Clearly A by itself would not serve his purpose, since it denotes 
a number. Therefore an addition is necessary. The second letter 
is E, but AE is equally anumber. The second letter of the stem 

1 IT am not even sure that the description can be made to mean all that it is intended 
to mean. ἐλλιπὲς scarcely seems to be sufficiently precise. Might it not be applied to 
# with any part cut off, and not only the top? 

2 I adhere to the uncial form above for clearness’ sake. If Diophantus used the 


‘‘ Majuskelcursive” form, the explanation will equally apply, the difference of form being 
for our purpose negligible, 
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Aur is 1, but Al is open to objection when so written. Hence 
Diophantus placed the | zwstde the A, thus, A. Of the possibility 
of this I entertain no doubt, because there are undoubted cases 
of combination, even in uncial writing, of two letters into one sign. 
I would refer in particular to X, which is an uncial abbreviation for 
TAAANTON. Now this sign, A, is an inverted and truncated Ψ 
(written in the uncial form, y); and we can, on this assumption, 
easily account for the explanation of the sign for szzus which is 
given in the text. 

The above suggestion, made by me twenty-five years ago, 
seems to be distinctly supported by what Tannery says of the form 
in which the sign appears in the Μ55.: Thus he remarks (1) that 
the sign in the MSS. is often made to lean to the right so that it 
resembles the letter Lambda, (2) that Planudes certainly wrote Χ as 
if he meant to write the first letter of λείψει, and (3) that the 
letter A appears twice in A where it seems to mean λοιπός. Yet 
in his edition of Diophantus Tannery did not adopt my explanation 
or even mention it, but explained the sign as being in reality 
adapted from the old letter Sampi (23), the objection to which 
suggestion is the same as that to which the identification of ¢ with 
Koppa is open, namely that ὃ represented the number goo, as ? 
represented 90. Tannery however afterwards? saw reason to 
abandon his suggestion that-the symbol was originally an archaic 
form of the Greek Sampi rather than “un monogramme se 
rattachant a la racine de Neus.” The occasion for this change 
of view was furnished by the appearance of the same sign in the 
critical notes to Schéne’s edition of the Metrica of Heron’, which 
led Tannery to re-examine the evidence of the MSS. of Diophantus 
as to the sign and as to the exact word or words which it re- 
presented in different places, as well as to search for any similar 
expressions denoting subtraction which might occur in the works 
of other Greek mathematicians. In the MSS. of Diophantus, 
when the sign is resolved by writing a full word instead of it, 
it is generally resolved into λείψει, the dative of λεῖψες ; in such 
cases the only grammatical possibility is to construct it with the 
genitive case of the quantity subtracted, the meaning then being 
“with the wanting, or deduction, of ...”. But the best MS. (A) 


i: Dioph: 11: p- xii. 

2 Bibliotheca Mathematica V3, 1904-5, pp- 5-8. 

3 Heronis Alexandrini opera, Vol. 111.,) 1903, pp, 156, 8, 10. The MS. reading is 
μονάδων 05 Tc’ 5’, the meaning of which is 74 -- τίς" 
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has in some places the nominative λεῖψες, while in others it has the 
symbol instead of parts of the verb λείπειν, namely λιπών or 
λείψας and once even λέπωσι; hence we may conclude that in the 
cases where A and B, have λείψει followed by the accusative (which 
is impossible grammatically) the sign was wrongly resolved, and 
the full word should have been a participle or other part of the 
verb λείπειν governing the accusative. The question therefore 
arises whether Diophantus himself used the dative λείψει at all 
or whether it was introduced into the MSS. later. Certain it is 
that the use is foreign to Classical Greek ; but, even if it began 
with Diophantus, it did not finally hold the field before the time of 
Planudes. No evidence for it can be found in Greek mathe- 
maticians before Diophantus. Ptolemy has in two places λεῖψαν 
and λείπουσαν respectively, followed by the accusative, and in 
one case τὸ ἀπὸ τῆς TA λειφθὲν ὑπὸ τοῦ ἀπὸ τῆς ΖΓ (where the 
meaning is ΖΓ -- ΓΛ2). Consequently we cannot suppose that the 
sign where it occurs in the Metrica of Heron represents the dative. 
λείψει; it must rather stand for a participle, active or passive. 
Tannery suggests that the full expression in that passage was 
μονάδων οδ λειφθέντος τεσσαρακαιδεκάτου, the participle being 
passive and the construction being the genitive absolute; but I 
think a perhaps better alternative would be μονάδων 08 λειψασῶν 
τεσσαρακαιδέκατον, where the active participle would govern 
the accusative case of the term subtracted. From all this we 
may infer that the sign had no exclusive reference to the sub- 
stantive λεῖψιες, still less to the dative case of that substantive, but 
was a conventional abbreviation associated with the root of the 
verb λείπειν. In these circumstances I think I may now fairly 
claim Tannery as, substantially, a convert to my view of the 
nature of the sign. 

For division it often happens that no symbol is necessary, 
2.6. in the cases where the divisor divides the dividend without 
a remainder. In other cases the quotient has to be expressed 
as a fraction, whether the divisor is a specific number or contains 
the variable. The case of division comes then under that of 
fractions. 

Fractions are represented in different ways according as they are 
submultiples (fractions with unity as numerator) or not. In the 
case of submultiples the Greeks did not write the numerator, but 
only the denominator, distinguishing the submultiple from the 
cardinal number itself by affixing a certain sign. In more recent 
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MSS. a double accent was used for this purpose: thus γ΄ -- 2. 
Diophantus follows this plan in the hypothesis and analysis of his 
problems, though in the solutions he seems to have written the 
numerator a and assimilated the notation to that used for other 
fractions. The sign, however, added to the cardinal number to 
express the submultiple takes somewhat different forms in A: 
sometimes it is a simple accent, sometimes more elaborate, as Δ 
above the letter and to the right, or actually forming a continuation 
of the numeral sign, eg. &=4. Tannery adopts as the genuine 
mark in Diophantus the affix Χ in place of the accent: thus y* = }. 
For $ he writes £’ as being most suitable for the time of Diophantus, 
though A has ~, sometimes without the dot. 

Of the other class of fractions (numerator not unity) 3 stands by 
itself, having a peculiar sign of its own ; curiously enough it occurs 
only four times in Diophantus. A has a sign for it which was 
confused with that for ἀριθμός in one place; Tannery judges from 
the Greek mathematical papyrus of Achmim! that its original form 
was 4; he himself writes in his text the common form δ. In the 
rare cases where the first hand in the oldest MS. (A) has fractions 
as such with numerator and denominator written in full, the 
denominator is written above the numerator. Tannery therefore 
adopts, in his text, this way of writing fractions, separating the 

ἐς 
numerator and denominator by a horizontal line: thus peas. 
pen 
It is however better to omit the horizontal line (cf. p in Kenyon 
Papyri 11. No. cclxv. 40; also the fractions in Schdne’s edition 
of Heron’s Wetrica). Once we find in the same MS. (A) in the first 
hand the form ve®=15. In this latter method of writing fractions 
the denominator is written as we write exponents; and this is the 
method adopted by Planudes and by Bachet in his edition. 
Another alternative is to write the numerator first, and then the 
denominator after it in the same line, marking the denominator with 
the submultiple sign in some form; thus Ὁ δ΄ would mean #; this is 
the most convenient method for purposes of printing. Or the de- 
nominator may be written as an abbreviation for the ovdzza/ number, 
and the case-termination may be added higher up; eg. v xy*”= 50 
twenty-thirds. But the denominators are nearly always omitted 


1 Published by Baillet in Mémoires publiés par les Membres de la Mission archéologique 
francaise au Catre, T. |x, Fascicule 1, pp. 1-88. Paris, 1892. 
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altogether in the first hand of A ; in the first two Books 4, and the 
second hand of A give the denominator in the place in which we write 
an exponent, following the method of Planudes; in the last four 
Books both MSS. almost invariably omit the denominator. In 
some cases the omission is not unnatural, z.e. where the denominator 
has once been given, and it is almost superfluous to repeat it 
in other fractions immediately following which have the same 
denominator; in other cases it was probably omitted because the 
superposed denominator was taken by the copyist to be an inter- 
linear scholium. A few examples of fractions from Diophantus 
may be added: 


TS) I φιβ a.oa 
Rees 24 £5358. 
ic = pe (V. 10); Buys =—=— a ay. 28); ,eTyn = aol (ν; 0}; 
rye atieane 
γ. SXKa = a (IVC Ἰο } pKa" a@noe = ee {τὸ 20); 


eee 
al! Ὁ 3893 (2). 
[2 
Diophantus however often expresses fractions by putting ἐν 
μορίῳ or μορίου between the numerator and denominator, ze. he 


I ------ ...ὄ..... 
says one number divided by another. Cf. ζρν. ζ᾽ ὃπδ μορίου 


δῷ 
cs. βρμὲ = 1507984/262144 (IV. 28), where of course 77 = μυριάδες 
(tens of thousands); β. εχ ἐν μορίῳ ρκβ. axe = 25600/1221025 
(V. 22). As we said, the most orthodox way of writing a sub- 
multiple was. to omit the numerator (unity) and use the denominator 
with a distinguishing sign attached, eg. s* or s’=4. But in his 
solutions Diophantus often uses the form applicable to fractions 
t 
other than submultiples; eg. he writes "ἢ for aE {πὸ 58} 


Numbers partly integral and partly fractional, where the 
fraction is a submultiple or the sum of submultiples, are written 
much as we write them, the fraction simply following the integer ; 
eg.ay*=14; in the Lemma to v. 8 we have BL’ ς΄ =244 or 28, 
where 2 is ΣΕ ΤΑ ΝΣ into submultiples as in Heron. Cf. also 
(III. 11) τοξ ts* = 37044, 

Before leaving the subject of numerical notation, it may be 
convenient to refer to the method of writing large numbers. 


- 
Myriads (tens of thousands) are expressed by 77, myriads to the 
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second power by MM”. or, in words, δευτέρα μυριάς. The de- 
nominator 187474560 in Vv. 8 would thus be written μορίου δευτέρας 


pupiados a καὶ μυριάδων πρώτων ηψμῖ καὶ M δῳφξ, and the fraction 
131299224/1629586560 would be written δευτέρα pupias ἃ πρώται 


(μυριάδες) γρκθ M θσκδ μορίου δευτέρων μυριάδων is πρώτων 


(μυριάδων) β΄ Av M (bel. 
_ But there is another kind of fraction, besides the purely 
numerical one, which is continually occurring in the Arithmetica, 
such fractions namely as involve the unknown quantity in some 
form or other in their denominators. The simplest case is that in 
which the denominator is merely a power of the unknown, s. 
Concerning fractions of this kind Diophantus says (Def. 3): “As 
fractions named after numbers have similar names to those of the 
numbers themselves (thus a third is named from three, a fourth 
from four), so the fractions homonymous with the numbers just 
defined are called after them; thus from ἀριθμός we name 
the fraction ἀριθμοστόν [1.. I/x from x], τὸ δυναμοστόν from 
δύναμις, τὸ κυβοστόν from κύβος, τὸ δυναμοδυναμοστόν from: 
δυναμοδύναμις, τὸ δυναμοκυβοστόν from δυναμόκυβος, and τὸ 
κυβοκυβοστόν from κυβόκυβοςς And every such fraction shall 
have, above the sign for the homonymous number, a line to 
indicate the species.” Thus we find, for example, Iv. 3, οὶ ἢ cor- 
responding to 8/x and, IV. 15, 9% Xe for 35/%. Cf. A” σν for 250/22. 
Where the denominator is a compound expression involving the 
unknown and its powers, Diophantus uses the expedient which he 
often adopts with numerical fractions when the numerators and 
denominators are large numbers, namely the insertion of ἐν μορίῳ 
or μορίου between the expressions for the numerator and de- 
nominator. Thus in VI. 12 we have 


Ay EM βφκίὲἐν μορίῳ) Δ A ΜΔ 4 Ὲ 
= (60%? + 2520)/(24 + 900 — 6072”), 
and in VI. 14 


A” eh MX ἐν μορίῳ Δ΄ Δαμχελ A* iB 
Keer = (1527 — 36)/(a4+ 36 -- 122%). 


For ἔσος, equal, connecting the two sides of an equation, the 
sign in the archetype seems to have been ε΄; but copyists intro- 


1 Hultsch, Joc. εἴ. 
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duced a sign which was sometimes confused with the sign Y for 
ἀριθμὸς ; this was no doubt the same abbreviation y as that shown 
(with terminations of cases added above) in the list given at 
the end of Codex Parisinus 2360 (Archimedes) of contractions 
found in the “very ancient” MS. from which it was copied and 
which was at one time the property of Georgius Valla’. 

Diophantus evidently put down his equations in the ordinary 
course of writing, ze. they were written straight on, as are the 
steps in the propositions of Euclid, and not put in separate lines for 
each step in the process of simplification. In the scholia of 
Maximus Planudes however we find conspectuses of the problems 
with steps in separate lines which, except for the slightly more 
cumbrous notation, make the work scarcely more difficult to follow 
than it is in our notation®» Though in the MSS. we have the 
abbreviation ἐσ to denote equality, Bachet makes no use of any 
symbol for the purpose in his Latin translation. He uses 
throughout the full Latin word. It is interesting however to observe 
that in the notes to his earlier translation (1575) Xylander had 
already used a symbol to denote equality, namely ||, two short 
vertical parallel lines. Thus we find, for example (p. 76), 

10+12||10+6NV +9, 
which we should express by 2* + 12 =2*+ 6%4+ 9. 

Now that we have described in detail Diophantus’ method of 
expressing algebraical quantities and relations, it is clear that it is 
essentially different in its character from the modern notation. 
While in modern times signs and symbols have been developed 


1 Heiberg, Quaestiones Archimedeae, p. 115. 

2 One instance will suffice. On the left Planudes has abbreviations for the words 
showing the nature of the steps or the operations they involve, e.g. ἔκθ. = ἔκθεσις (setting- 
out), TeTp. Ξετετραγωνισμός (Squaring), σύνθ. = σύνθεσις (adding), ἀφ. -Ξ ἀφαίρεσις (subtrac- 
tion), ep. = μερισμός (division), tr.= ὕπαρξις (resulting fact). 


Dioph. I. 28. 
Planudes. Modern equivalent. 

K o7 [Given numbers] 20, 208 
ἔκθ. sa mot pot A sa Put for the numbers ++ 10, 1Ο -- αὶ 
rerp. A assk pp A¥ pop Ass Squaring, we have x*+ 20x + I00, 

x*-+ 100 -- 20%. 
σύνθθ. Δβμος i poy Adding, 2x? + 200= 208. 
ag. 4 73 ἐδ yon Subtracting, 2x7=8. 
μερ. 4 ἴα if yd Dividing, x*= 4. 
$a [7 μο 8 ζΖΞΞ2. 
ὕπ. μοιβ pon Result: [the numbers are] 12, 8. 
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which have no intrinsic relationship to the things which they 
represent, but depend for their use upon convention, the case 
is quite different in Diophantus, where algebraic notation takes 
the form of mere abbreviation of words which are considered as 
pronounced or implied. 

In order to show in what place, in respect of systems of 
algebraic notation, Diophantus stands, Nesselmann observes that 
we can, as regards the form of exposition of algebraic operations 
and equations, distinguish three historical stages of development, 
well marked and easily discernible. (1) The first stage Nessel- 
mann represents by the name Rhetorical Algebra or “reckoning by 
complete words.” The characteristic of this stage is the absolute 
want of all symbols, the whole of the calculation being carried on 
by means of complete words, and forming in fact continuous prose. 
As representatives of this first stage Nesselmann mentions Iambli- 
chus (of whose algebraical work he quotes a specimen in his fifth 
chapter) “and all Arabian and Persian algebraists who are at 
present known.” In their works we find no vestige of algebraic 
symbols; the same may be said of the oldest Italian algebraists 
and their followers, and among them Regiomontanus. (2) The 
second stage Nesselmann proposes to call the Syxcopated Algebra. 
This stage is essentially rhelorical, and therein like the first in 
its treatment of questions; but we now find for often-recurring 
operations and quantities certain abbreviational symbols. To 
this stage belong Diophantus and, after him, all the later 
Europeans until about the middle of the seventeenth century 
(with the exception of Vieta, who was the first to establish, 
under the name of Logtstica speciosa, as distinct from Logzsteca 
numerosa, a regular system of reckoning with letters denoting 
magnitudes and not numbers only). (3) To the third stage 
Nesselmann gives the name Symbolic Algebra, which uses a com- 
plete system of notation by signs having no visible connexion 
with the words or things which they represent, a complete language 
of symbols, which supplants entirely the retortcal system, it being 
possible to work out a solution without using a single word of the 
ordinary written language, with the exception (for clearness’ sake) 
of a connecting word or two here and there, and soon’. Neither 


1 It may be convenient to note here the beginnings of some of our ordinary algebraical 
symbols. ' The signs + and — first appeared in print in Johann Widman’s arithmetic 
(1489), where however they are scarcely used as regular symbols of operation ; next they 
are found in the Rechenbuch of Henricus Grammateus (Schreiber), written in 1518 but 
perhaps not published till 1521, and then regularly in Stifel’s drithmetica integra (1544) 
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is it the Europeans from the middle of the seventeenth century 
onwards who were the first to use symbolic forms of Algebra. 
In this they were anticipated by the Indians. 

Nesselmann illustrates these three stages by three examples, 
quoting word for word the solution of a quadratic equation 
by Muhammad Ὁ. Misa as an example of the first stage, and 
the solution of a problem from Diophantus as representing the 
second. 


First Stage. Example fron Muhammad b. Misa (ed. Rosen, 
p. 5). “A square and ten of its voots are equal to nine and thirty 
dirhems, that is, if you add ten voots to one square, the sum is equal 
to nine and thirty. The solution is as follows. Take half the number 
of voots, that is in this case five; then multiply this by itself, and 
the result is five and twenty. Add this to the nine and thirty, 
which gives sixty-four; take the square root, or eight, and subtract 
from it half the number of voots, namely five, and there remain 
three: this is the root of the square which was required, and the 
square itself is sze}.” 

Here we observe that not even are symbols used for numbers, 
so that this example is even more “rhetorical” than the work of 
Iamblichus who does use the Greek symbols for his numbers. 


=< 


as well as in his edition of Rudolff’s Coss (15353). Vieta (1540-1603) has, in addition, 
= for ~. Robert Recorde (1510-1558) had already in his Algebra (Zhe Whetstone of 
Witte, 1557) used =(but with much longer lines) to denote equality (‘‘ bicause noe.2. 
thynges, can be moare equalle”’). Harriot (1560-1621) denoted multiplication by a dot, 
and also by mere juxtaposition of letters; Stifel (1487-1567) had however already 
expressed the product of two magnitudes by the juxtaposition of the two letters represent- 
ing them. Oughtred (1574-1660) used the sign x for multiplication. Harriot also 
introduced the signs > and < for greater and less respectively. -+ for division is found 
in Rahn’s Algebra (1659). Descartes introduced in his Geometry (1637) our method of 
writing powers, as ὧδ, αὐ etc. (except a2, for which he wrote aa); but this notation was 
practically anticipated by Pierre Hérigone (Cours mathématique, 1634), who wrote a2, a3, 
a4, etc., and the idea is even to be found in the Rechenbuch of Grammateus above 
mentioned, where the successive powers of the unknown are denoted by pri, se, ter, etc. 
The use of x for the unknown quantity began with Descartes, who first used z, then y, and 
then x for this purpose, showing that he intentionally chose his unknowns from the last 
letters of the alphabet. ,/ for the square root is traceable to Rudolff, with whom it had 
only two strokes, the first (down) stroke being short, and the other relatively long. 
2 Thus Muhammad b. Misi states in words the following solution. 


x* + lox = 39, 
x? + 1ox+25=64; 
therefore’ x+5=8, 


x= 3. 
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Second Stage. As an example of Diophantus I give a trans- 
lation word for word of 11.8. Soas to make the symbols correspond 


exactly I use S (Square) for A’ (δύναμις), V (Number) for ς, U 


(Units) for M (μονάδες). 

“To divide the proposed square into two squares. Let it be 
proposed then to divide 16 into two squares. And let the first be 
supposed to be 1S; therefore the second will be 16 U-1S. Thus 
16U—1S must be equal to a square. I form the square from any 
number of V’s minus as many U’s as there are in the side of 
16 U’s. Suppose this to be 2V—4U. Thus the square itself will 
be 4S16U—16N. These are equal to 16U—1S. Add to each 
the negative term (ἡ λεῖψιες, the deficiency) and take likes from 
likes. Thus 5S are equal to'16Z, and the J is 16 fifths. One 
[square] will be 288, and the other 444, and the sum of the two 
makes up 429, or 16 U, and each of the two is a square.” 

Of the third stage any exemplification is unnecessary. 

To the form of Diophantus’ notation is due the fact that he 
is unable to introduce into his solutions more than one unknown 
quantity. This limitation has made his procedure often very dif- 
ferent from our modern work. In the first place we can begin 
with any number of unknown quantities denoted by different 
symbols, and eliminate all of them but one by gradual steps in the 
course of the work; Diophantus on the other hand has to perform 
all his eliminations beforehand, as a preliminary to the actual 
work, by expressing every quantity which occurs in the problem 
in terms of only one unknown. This is the case in the great 
majority of questions of the first Book, which involve the solu- 
tion of determinate simultaneous equations of the first degree 
with two, three, or four variables; ail these Diophantus expresses 
in terms of one unknown, and then proceeds to find it from a 
simple equation. Secondly, however, this limitation affects much of 
Diophantus’ work injuriously ; for, when he handles problems which 
are by nature indeterminate and would lead with our notation to an 
indeterminate equation containing two or three unknowns, he is 
compelled by limitation of notation to assume for one or other of 
these some particular number arbitrarily chosen, the effect of the 
assumption being to make the problem a determinate one. How- 
ever, it is but fair to say that Diophantus, in assigning an arbitrary 
value to a quantity, is careful to tell us so, saying, “for such and 
such a quantity we put any number whatever, say such and such a 


4—2 


52 INTRODUCTION 


number.” Thus it can hardly be said that there is (as a rule) any 
loss of generality. We may say, then, that in general Diophantus is 
obliged to express all his unknowns in terms, or as functions, of 
- one variable. He compels our admiration by the clever devices 
by which he contrives so to express them in terms of his single 
unknown, s, as to satisfy by that very expression of them all 
conditions of the problem except one, which then enables us to 
complete the solution by determining the value of ς. Another 
consequence of Diophantus’ want of other symbols besides ς to 
express more variables than one is that, when (as often happens) 
it is necessary in the course of a problem to work out a subsidiary 
problem in order to obtain the coefficients etc. in the functions of ¢ 
which express the numbers to be found, the unknown quantity 
which it is the object of the new subsidiary problem to find is also 
in its turn denoted by the same symbol s; hence we often have 
in the same problem the same variable ς used with two different 
meanings. This is an obvious inconvenience and might lead to 
confusion in the mind of a careless reader. Again we find two 
cases, II. 28 and 29, where for the proper working-out of the 
problem two unknowns are imperatively necessary. We should of 
course use x and y; but Diophantus calls the first ¢ as usual; the 
second, for want of a term, he agrees to call “one unit,” te. 1. 
Then, later, having completed the part of the solution necessary to 
find s, he substitutes its value, and uses ς over again to denote 
what he had originally called “1”—the second variable—and so 
finds it. This is the most curious case of all, and the way in which 
Diophantus, after having worked with this “1” along with other 
numerals, is yet able to put his finger upon the particular place 
where it has passed to, so as to substitute ς for it, is very remark- 
able. This could only be possible in particular cases such as those 
which I have mentioned; but, even here, it seems scarcely possible 
now to work out the problem by using # and 1 for the variables 
as originally taken by Diophantus without falling into confusion. 
Perhaps, however, in working out the problems before writing them 
down as we have them Diophantus may have given the “1” which 
stood for a variable some mark by which he could recognise it 
and distinguish it from other numbers. 

Diophantus will have in his solutions no numbers whatever 
except “rational” numbers; and in pursuance of this restriction he 
excludes not only surds and imaginary quantities, but also negative 
quantities. Of a negative quantity fer se, 2.2. without some positive 
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quantity to subtract it from, Diophantus had apparently no con- 
ception. Such equations then as lead to surd, imaginary, or 
negative roots he regards as useless for his purpose: the solution 
is in these cases ἀδύνατος, impossible. So we find him (v. 2) 
describing the equation 4=4%+20 as ἄτοπος, absurd, because it 
would give x=—4. Diophantus makes it his object throughout 
to obtain solutions in rational numbers, and we find him frequently 
giving, as a preliminary, the conditions which must be satisfied in 
order to secure a result rational in his sense of the word. In the 
great majority of cases, when Diophantus arrives in the course of 
a solution at an equation which would give an irrational result, he 
retraces his steps and finds out how his equation has arisen, and 
how he may, by altering the previous work, substitute for it . 
another which shall give a rational result. This gives rise, in 
general, to a subsidiary problem the solution of which ensures 
a rational result for the problem itself. Though, however, Dio- 
phantus has no notation for a surd, and does not admit surd 
results, it is scarcely true to say that he makes no use of quadratic 
equations which lead to such results. Thus, for example, in v. 30 
he solves such an equation so far as to be able to see to what 
integers the solution would approximate most nearly. 


CHAPTER IV 


DIOPHANTUS’ METHODS OF SOLUTION 


BEFORE I give an account in detail of the different methods 
which Diophantus employs for the solution of his problems, so far 
as they can be classified, it is worth while to quote some remarks 
which Hankel has made in his account of Diophantus'. Hankel, 
writing with his usual brilliancy, says in the place referred to, “The 
reader will now be desirous to become acquainted with the classes 
of indeterminate problems which Diophantus treats of, and with 
his methods of solution. As regards the first point, we must observe 
that included in the 130 (or so) indeterminate problems, of which 
. Diophantus treats in his great work, there are over 50 different 
classes of problems, strung together on no recognisable principle 
of grouping, except that the solution of the earlier problems facili- 
tates that of the later. The first Book is confined to determinate 
algebraic equations; Books II. to Vv. contain for the most part 
indeterminate problems, in which expressions involving in the first 
or second degree two or more variables are to be made squares or 
cubes. Lastly, Book vI. is concerned with right-angled triangles 
regarded purely arithmetically, in which some linear or quadratic 
function of the sides is to be made a square or a cube. That is all 
that we can pronounce about this varied series of problems without 
exhibiting singly each of the fifty classes. Almost more different 
in kind than the problems are their solutions, and we are completely 
unable to give an even tolerably exhaustive review of the different 
turns which his procedure takes. Of more general comprehensive 
methods there is in our author no trace discoverable: every 
question requires a quite special method, which often will not 
serve even for the most closely allied problems. It is on that 


1 Zur Geschichte der Mathematik in Alterthum und Mittelalter, Leipzig, 1874, 
pp. 164-5. 
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account difficult for a modern mathematician even after studying 
100 Diophantine solutions to solve the ro1st problem; and if we 
have made the attempt, and after some vain endeavours read 
Diophantus’ own solution, we shall be astonished to see how 
suddenly he leaves the broad high-road, dashes into a side-path 
and with a quick turn reaches the goal, often enough a goal with 
reaching which we should not be content; we expected to have 
to climb a toilsome path, but to be rewarded at the end by an 
extensive view; instead of which our guide leads by narrow, 
strange, but smooth ways to a small eminence; he has finished! 
He lacks the calm and concentrated energy for a deep plunge 
into a single important problem; and in this way the reader also 
hurries with inward unrest from problem to problem, as in a 
game of riddles, without being able to enjoy the individual one. y 
Diophantus dazzles more than he delights. He is in a wonderful 
-measure shrewd, clever, quick-sighted, indefatigable, but does not 
penetrate thoroughly or deeply into the root of the matter.” As 
his problems seem framed in obedience to no obvious scientific 
necessity, but often only for the sake of the solution, the solution 
itself also lacks completeness and deeper signification. He is a 
brilliant performer in the art of indeterminate analysis invented by 
him, but the sczezce has nevertheless been indebted, at least directly, 
to this brilliant genius for few methods, because he was deficient 
in the speculative thought which sees in the True more than the 
Correct. That is the general impression which I have derived from 
a thorough and repeated study of Diophantus’ arithmetic.” 

It might be inferred from these remarks of Hankel that 
Diophantus’ object was less to teach methods than to obtain a 
multitude of mere results. On the other hand Nesselmann 
observes! that Diophantus, while using (as he must) specific 
numbers for numbers which are “given” or have to be arbitrarily 
assumed, always makes it clear how by varying our initial as- 
sumptions we can obtain any number of particular solutions of 
the problem, showing “that his whole attention is directed to 
the explanation of the method, to which end numerical examples 
only serve as means”; this is proved by his frequently stopping 
short, when the method has been made sufficiently clear, and 
the remainder of the work is mere straightforward calculation. 
The truth seems to be that there is as much in the shape of general 


1 Algebra der Griechen, pp. 308-9. 
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methods to be found in Diophantus as his notation and the nature 
of the subject admitted of. On this point I can quote no better 
authority than Euler, who says?: “ Diophantus himself, it is true, 
gives only the most special solutions of all the questions which he 
treats, and he is generally content with indicating numbers which 
furnish one single solution. But it must not be supposed that his 
method was restricted to these very special solutions. In his 
time the use of letters to denote undetermined numbers was not 
yet established, and consequently the more general solutions which 
we are now enabled to give by means of such notation could not 
be expected from him. Nevertheless, the actual methods which he 
uses for solving any of his problems are as general as those which 
are in use today; nay, we are obliged to admit that there is 
hardly any method yet invented in this kind of analysis of which 
there are not sufficiently distinct traces to be discovered in Dio- 
phantus.” 

In his 8th chapter, entitled “ Diophantus’ treatment of equations?,” 
Nesselmann gives an account of Diophantus’ solutions of (1) Deter- 
minate, (2) Indeterminate equations, classified according to their 
kind. In chapter 9, entitled “Diophantus’ methods of solution3,” 
he classifies these “methods” as follows4: (1) “ The adroit assump- 
tion of unknowns,” (2) “Method of reckoning backwards and 
auxiliary questions,” (3) “Use of the symbol for the unknown in 
different significations,” (4) “Method of Limits,” (5) “Solution by 
mere reflection,” (6) “Solution in general expressions,” (7) “Arbi- 
trary determinations and assumptions,” (8) “Use of the right- 
angled triangle.” 

At the end of chapter 8 Nesselmann observes that it is not 
his solutions of equations that we have to wonder at, but the art, 
amounting to virtuosity, which enabled Diophantus to avoid such 
equations as he could not technically solve. We look (says Nessel- 
mann) with astonishment at his operations, when he reduces the 
most difficult problems by some surprising turn to a quite simple 


1 Novi Commentarii Academiae Petropolitanae, 1756-7, Vol. vi. ( 1761), p. 155 = Com- 
mentationes arithmeticae collectae (ed. Fuss), 1849, 1. p- 103: 

* “*Diophant’s Behandlung der Gleichungen.” 

3 “ Diophant’s Auflésungsmethoden.” 

4 (1) ‘*Die geschickte Annahme der Unbekannten,” (2) ‘f Methode der Zuriick- 
rechnung und Nebenaufgabe,” (3) ‘“Gebrauch des Symbols fiir die Unbekannte in 
verschiedenen Bedeutungen,” (4) ‘‘ Methode der Grenzen,” (5) “" Auflosung durch blosse 
Reflexion,” (6) ‘* Auflésung in allgemeinen Ausdriicken,” (7) ‘“ Willkithrliche Bestim- 
mungen und Annahmen,” (8) ‘Gebrauch des rechtwinkligen Dreiecks.” 
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equation. Then, when in the 9th chapter Nesselmann passes to the 
“methods,” he prefaces it by saying: “To give a complete picture 
of Diophantus’ methods in all their variety would mean nothing else 
than copying his book outright. The individual characteristics of 
almost every problem give him occasion to try upon it a peculiar 
procedure or found upon it an artifice which cannot be applied to 
any other problem....Meanwhile, though it may be impossible to 
exhibit all his methods in any short space, yet I will try to describe 
some operations which occur more often or are particularly re- 
markable for their elegance, and (where possible) to bring out 
the underlying scientific principle by a general exposition and by 
a suitable grouping of similar cases under common aspects or 
characters.” Now the possibility of giving a satisfactory account of 
the methods of Diophantus must depend largely upon the meaning 
we attach to the word “method.” Nesselmann’s arrangement seems 
to me to be faulty inasmuch as (1) he has treated Diophantus’ 
solutions of equations, which certainly proceeded on fixed rules, 
and therefore by “method,” separately from what he calls “methods 
of solution,’ thereby making it appear as though he did not 
look upon the “treatment of equations” as “methods”; (2) the 
classification of the “Methods of solution” seems unsatisfactory. 
Some of the latter can hardly be said to be methods of solution at 
all; thus the third, “Use of the symbol for the unknown in different 
significations,” might be more justly described-as a “hindrance to 
the solution”; it is an zuconventence to which Diophantus was 
subjected owing to the want of notation. Indeed, on the as- 
sumption of the eight “methods,” as Nesselmann describes them, 
it is really not surprising that no complete account of them 
could be given without copying the whole book. To take the 
first, “the adroit assumption of unknowns.” Supposing that a 
number of essentially different problems are proposed, the differences 
make a different choice of an unknown in each case absolutely 
necessary. That being so, how could a rule be given for all cases? 
The best that can be done is to give a number of typical instances. 
Precisely the same remark applies to “methods” (2), (5). (6); (7). 
The case of (4), “Method of Limits,” is different; here we have 
a “method” in the true sense of the term, Ζ.6. in the sense of an 
instrument for solution. And accordingly in this case the method 
can be exhibited, as I hope to show later on; (8) also deserves 
to some extent the name of a “method.” 


,ὰ. INTRODUCTION 


In one particular case, Diophantus formally states a method or 
rule; this is his rule for solving what he calls a “ double-equation,” 
and will be found in IJ. 11, where such an equation appears for the 
first time. Apart from this, we do not find in Diophantus’ work 
statements of method put generally as book-work to be applied to 
examples. Thus we do not find the separate rules and limitations 
for the solution of different kinds of equations systematically 
arranged, but we have to seek them out laboriously from the 
whole of his work, gathering scattered indications here and there, 
and to formulate them in the best way that we can. 

I shall now attempt to give a short account of those methods 
running through Diophantus which admit of general statement. 
For the reasons which I have stated, my arrangement will be 
different from that of Nesselmann; I shall omit some of the heads 
in his classification of “methods of solution”; and, in accordance 
with his remark that these “methods” can only be adequately 
described by a transcription of the entire work, I shall leave them 
to be gathered from a perusal of my reproduction of Diophantus’ 
book. 

I shall begin my account with 


I. DIOPHANTUS’ TREATMENT OF EQUATIONS. 


This subject falls naturally into two divisions: (A) Determinate 
equations of different degrees, (B) Indeterminate equations. 


(A) Determinate equations. 


Diophantus was able without difficulty to solve determinate 
equations of the first and second degrees; of a cubic equation we 
find in his Arithmetica only one example, and that is a very 
special case. The solution of simple equations we may pass over; 
we have then to consider Diophantus’ methods of solution in the 
case of (1) Pure equations, (2) Adfected, or mixed, guadratics. 


(1) Pure determinate equations. 


By pure equations I mean those equations which contain only 
one power of the unknown, whatever the degree. The solution is 
effected in the same way whatever the exponent of the term in the 
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unknown; and Diophantus treats pure equations of any degree 
as if they were simple equations of the first degree. 

He gives a general rule for this case without regard to the 
degree!: “If a problem leads to an equation in which any terms 
are equal to the same terms but have different coefficients, we must 
take like from like on both sides, until we get one term equal to 
oneterm. But, if there are on one side or on both sides any negative 
terms, the deficient terms must be added on both sides until all the 
terms on both sides are positive. Then we must take like from like 
until one term is left on each side.” After these operations have 
been performed, the equation is reduced to the form 4z”= Βὶ and 
is considered solved. The cases which occur in Diophantus are 
cases in which the value of x is found to be a rational number, 
integral or fractional. Diophantus only recognises one value of x 
which satisfies this equation; thus, if #z is even, he gives only the 
positive value, excluding a negative value as “impossible.” In the 
same way, when an equation can be reduced in degree by dividing 
throughout by any power of x, the possible values, +=0, thus 
arising are not taken into account. Thus an equation of the form 
2? = ax, which is of common occurrence in the earlier part of the 
book, is taken to be merely equivalent to the simple equation r=a. 

It may be observed that the greater proportion of the problems 
in Book I. are such that more than one unknown quantity is sought. 
Now, when there are two unknowns and two conditions, both 
unknowns can easily be expressed in terms of one symbol. But, 
when there are three or four quantities to be found, this reduction 
is much more difficult, and Diophantus shows great adroitness in 
effecting it: the ultimate result being that it is only necessary 
to solve a simple equation with one unknown quantity. 


(2) Mixed quadratic equations. 


After the remarks in Def. 11 upon the reduction of equations 
until we have one term equal to another term, Diophantus 
adds?: “But we will show you afterwards how, in the case also 
when two terms are left equal to a single term, such an equation 
can be solved.” That is to say, he promises to explain the 
solution of a mixed quadratic equation. In the Arzthmetica, 
as we possess the book, this promise is not fulfilled. The first 


Δ] δι τι: 


2 ὕστερον δέ σοι δείξομεν καὶ πῶς δύο εἰδῶν ἴσων ἑνὶ καταλειφθέντων τὸ τοιοῦτον λύεται. 
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indications we have on the subject are a number. of cases in which 
the equation is given, and the solution written down, or stated to 
be rational, without any work being shown. Thus 


(ιν. 22) x*=4% — 4, therefore x= 2; 
(IV. 31) 32527 =3%+ 18, therefore x = 38 or of; 
(νι. 6) 8427+ 7x=7, whence x= |; 
(VI. 7) 8453 -- 7x=7, hence x=}; 
(VI. 9) 6302? — 73x=6, therefore + = # ; 
and (VI. 8) 630%?.+ 73x =6, and ~ is rational. 


These examples, though proving that Diophantus had somehow 
arrived at the result, are not in themselves sufficient to show that 
he was necessarily acquainted with a regular method for the 
solution of quadratics; these solutions might (though their variety 
makes it somewhat unlikely) have been obtained by mere ¢rzal. 
That, however, Diophantus’ solutions of mixed quadratics were not 
merely empirical is shown by instances in v. 30. In this problem 
he shows that he could approximate to the root in cases where it is 
not “rational.” As this is an important point, I give the substance 
of the passage in question: “This is not generally possible unless 
we contrive to make + >4(4*-—60) and «ξΚ (53 -- ὁ) Let then 
x* — 60 be > 54, but 27 -—60< 8%. Since then z*?— 60> 57, let 60 be 
added to both sides, so that 2? > 5% + 60, or 27= 5% -+some number 
> 60; therefore x must not be less than 11.” In like manner 
Diophantus concludes that “x? = 8r+ some number less than 60; 
therefore x must be found to be not greater than 12.” 

Now, solving for the positive roots of these two equations, we 
have | 

#>4$(5+/265) and +<4+/76, 
or ΣΟΥ and τς 127177... 


It is clear that x may be <1I1I or >12, and therefore Dio- 
phantus’ limits are not strictly accurate. As however it was 
doubtless his object to find zzzegral limits, the limits 11 and 12 
are those which are obviously adapted for his purpose, and are 
a fortiori safe. 

In the above equations the other roots obtained by prefixing 
the negative sign to the radical are negative and therefore would 
be of no use to Diophantus, In other cases of the kind occurring 
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in Book v. the equations have both roots positive, and we have to 
consider why Diophantus took no account of the smaller roots in 
those cases. 
We will take first the equations in Vv. 10 where the inequalities 
to be satisfied are 
OE DPM ke τὰ W Meee δ (ΕΣ 


fe AG USE oak, ap £0 ΜΒ ΡΨ (2). 
Now, if a, 8 be the roots of the equation 
xv*—px+q=0 (2, φ both positive), 
and if a>, then 


(a) in order that χ -- px +g may be >o 
we must have >a or < Bf, 


and (0d) in order that “2 -- px +q may be <o 
we must have 2 <a and >8. 
(1) The roots of the equation 
17” —72*4+17=0 


30 aaa that is, 


are 


Gri ere Se 4 
17 17 
and, in order that 17%? — 72%+17 may be <o, we must have 
Z 67°73. 
17 


ΟΣ 


x but > ———_-.. 
17 


(2) The roots of the equation 
1913-- 724+ 19 ΞΟ 


are 30 #933 * that is, 


60°577... 5 ἢ ca 
19 19 
and, in order that 1922 — 72% + 19 may be >0, we must have 


= OORT fae: ae 5.422.... 
19 19 

Diophantus says that x must not be greater than $7 or less than 
$6. These are again doubtless intended to be a fortior« limits ; 
but $$ should have been $§,and the more correct way of stating the 
case would be to say that, if x is not greater than $4 and not less 
than 67, the given conditions are a fortiori satished. j 

Now consider what alternative (if any) could be obtained, on 
Diophantus’ principles, if we used the lesser positive roots of the 


“4 
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equations. If, like Diophantus, we were to take a@ fortiori limits, 


we should have to say 
4< 5 but > +5, 


which is of course an impossibility. Therefore the smaller roots 
are here useless from his point of view. : 
This is, however, not so in the case of another pair οἵ in- 
equalities, used later in V. 30 for finding an auxiliary x, namely 
x? + 60> 222%, 
x* + 60 < 24%. 
The roots of the equation 
χ -- 224+ 60=0 
are 11+ 61; that is, 18°81... and 3°18...; 
and the roots of the equation +? — 244% +4+60=0 
are 12 +. 82> that is, 2116... and 2°83... 
In order therefore to satisfy the above inequalities we must have 
Ease ta Iho aro IMEC) tae dee te ho 
and Pa θυ DUE S283, 


Diophantus, taking @ fortzor: integral limits furnished by the 
greater roots, says that x must not be less than 10 but must be 
less than 21. But he could also have obtained from the smaller 
roots an integral value of x satisfying the necessary conditions, 
namely the value x= 3; and this would have had the advantage 
of giving a smaller value for the auxiliary x than that actually 
taken, namely 20. Accordingly the question has been raised? 
whether we have not here, perhaps, a valid reason for believing 
that Diophantus only knew of the existence of roots obtained by 
using the positive sign with the radical, and was unaware of the 
solution obtained by using the negative sign. But in truth we 
can derive no certain knowledge on this point from Diophantus’ 
treatment of the particular equations in question. Thus, eg., if he 
chose to use the first of the two equations 

72% >172°+ 17, 
72% < 19%" + 10, 
for the purpose of obtaining an upper limit ov/y, and the second 

1 This is remarked by Loria (Ze scienze esatte ΩΡ antica Grecia, V. p. 128). 
But in fact, whether we take 20 or 3 as the value of the auxiliary unknown, we get 
the same value for the original x of the problem. For the original x has to be found 
from x?-60=(x-m)? where m is the auxiliary x; and we obtain «=114 whether we 
put «*-60=(x%- 20)? or x? -60=(x -- 3)3. 

2 Loria, op. czt. p. 129. 
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for the purpose of obtaining a lower limit ovly, he could only use 
the values obtained by using the positive sign. Similarly, if, with 


the equations 
x*+ 60 > 22%, 


x* + 60 < 24%, 
he chose to use the first in order to find a lower limit oz/y, and 
the second in order to find an upper limit ozly, it was not open to 
him to use the values corresponding to the negative sign’. 

For my part, I find it difficult or impossible to believe that 
Diophantus was unaware of the existence of two real roots in 
such cases. The numerical solution of quadratic equations by the 
Greeks immediately followed, if it did not precede, their geometrical 
solution. We find the geometrical equivalent of the solution of 
a quadratic assumed as early as the fifth century B.c., namely by 
Hippocrates of Chios in his Quadrature of lunes*, the algebraic form 
of the particular equation being 27+ /3.ar=a* The complete 
geometrical solution was given by Euclid in VI. 27-29: and the 
construction of VI. 28 corresponds in fact to the megatzve sign 
before the radical in the case of the particular equation there 
solved, while a quite obvious and slight variation of the con- 
struction would give the solution corresponding to the posz¢zve sign. 
In VI. 29 the solution corresponds to the positive sign before the 
radical; in the case of the equation there dealt with the other sign 
would not give a “real” solution’. It is true that we do not find 
the negative sign taken in Heron any more than in Diophantus, 
though we find Heron‘ stating an approximate solution of the 
equation 

#(14—4#)=6720/144, 
without showing how he arrived at it; x is, he says, approximately 
equal to 84. It is clear however that Heron already possessed 
a scientific method of solution. Again, the author of the so-called 
Geometry of Heron® practically states the solution of the equation 


11 42 Da 
417? 4+ 287 = 212 


AW ATS4 212-1 841) = 20 
II ; 


in the form x 


1 Enestrém in Bibliotheca Mathematica 1X3, 1908-9, pp. 71-2. 

2 Simplicius, Comment. in Aristot. Phys., ed. Diels, p. 64, 18; Radio, Der Bericht 
des Simplicius tiber die Quadraturen des Antiphon und des Hippokrates, 1907, p. 58, 8-11. 

3 The Thirteen Books of Euclid’s Elements, Cambridge, 1908, Vol. 11. pp. 257-267. 

4 Heron, MZetrica, ed. Schone, pp. 148-151. The text has 8 as the approximate solu- 
tion, but the correction is easy, as the inference immediately drawn is that 14 —-x=5}. 

δ Heron, ed. Hultsch, p. 133, 10-23. See M. Cantor, Geschichte der Math. 13, p. 405. 
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showing pretty clearly the rule followed after the equation had 
been written in the form 
1214? + 638% = 212 X 154. 

We cannot credit Diophantus with less than a similar uniform 
method; and, if he did not trouble to give two roots where both 
were real, this seems quite explicable when it is remembered that he 
did not write a text-book of algebra, and that his object through- 
out is to obtain a single solution of his problems, not to multiply 
solutions or to show how many can be found in each case. 

In solving. such an equation as 

ax* — bx +c¢=0, 
it is our modern practice to divide out by a in order to make the 
first term a square. It does not appear that Diophantus divided 
out by a; rather he multiplied by @ so as to bring the equation 
into the form | 
ax — abe +ac=0; 
then, solving, he found 
αλ τ ἐδ Ἐν (th —ac), 


and wrote the solution in the form 
pat tv Goad) 
a ’ 


SS 
wherein his method corresponds to that of the Pseudo-Heron above 


referred to. 7 

From the rule given in Def. 11 for removing by means of addition 
any negative terms on either side of an equation and taking equals 
from equals (operations called by the Arabians a/jabr and almuka- 
bala) it is clear that, as a preliminary to solution, Diophantus so 
arranged his equation that all the terms were positive. Thus, 
from his point of view, there are three cases of mixed quadratic 
equations. | 


Case 1. Form mz*+pxr=q; the root is 


ae Peteeeay 


72 


according to Diophantus. An instance is afforded by VI. 6. Dio- 
phantus namely arrives at the equation 627+ 3x =7, which, if it ‘is 
to be of any service to his solution, should givé a rational value 
of x; whereupon he says “the square of half the coefficient! of x 


1 For “coefficient” Diophantus simply uses πλῆθος, multitude or number; thus 
‘‘number of ἀριθμοί" = coeff. of x. The absolute term is described as the “units.” 
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together with the product of the absolute term and the coefficient 
of 23 must be a square number; but it is not,” 242. 42° + mg, or in 
this case (3)?+ 42, must be a square in order that the root may be 
rational, which in this case it is not. 


Case 2. Form mz*=px+q. Diophantus takes 


pa 22: VG P+ mg) 


722 


An example is IV. 39, where 227>6r+4+18. Diophantus says: 
“To solve this take the square of half the coefficient of x, ze. 9, and 
the product of the absolute term and the coefficient of x, ze. 36. 
Adding, we have 45, the square root! of which is not?< 7. Add 
half the coefficient of x, [and divide by the coefficient of 2*]; whence 
xis not <5.” Here the form of the root is given completely; and 
the whole operation of finding it is revealed. Cf. IV. 31, where 
Diophantus remarks that the equation 527= 37+ 18 “is not rational. 
But 5, the coefficient of 2’, is a square plus 1, and it is necessary 
that this coefficient multiplied by the 18 units and then added to 
the square of half the coefficient of ἃ; namely 3, that is to say 24, 
shall make a square.” 


Case 3. Form mz?+q=per. Diophantus’ root is 


BP + V(4P* — 1,4) 


722 


Cf. in v. 10 the equation already mentioned, 172° + 17 < 7271. 
Diophantus says: “ Multiply half the coefficient of x into itself and 
we have 1296; subtract the product of the coefficient of 2? and the 
absolute terrn, or 289. The remainder is 1007, the square root of 
which is not? > 31. Add half the coefficient of 2, and the result is 
not >67. Divide by the coefficient of 2°, and x is not >67/17.” 
Here again we have the complete solution given. Cf. VI. 22, where, 
having arrived at the equation 1724 = 3362+ 24, Diophantus 
remarks that “this is not always possible, unless half the coefficient 
of x multiplied into itself, #zus the product of the coefficient of χ᾽ 
and the units, makes a square.” 
For the purpose of comparison with Diophantus’ solutions of 

quadratic equations we may refer to a few of his solutions of 

1 The ‘square root” is with Diophantus πλευρά, or ‘‘side.” 

2», though not accurate, is clearly the nearest integral limit which will serve the 


purpose. 
3 As before, the nearest z#¢egra/ limit. 


Η. Ὁ. 5 
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(3) Simultaneous equations involving quadratics. 
Under this heading come the pairs of equations 


ξ τ ἡ (I. 27.) 
: ree ᾿ (1. 28.) 
ea (I. 30.) 


I use Greek letters to distinguish the numbers which the 
problem requires us to find from the one unknown which Dio- 
phantus uses and which I shall call ~. 

In the first two of the above problems, he chooses his # thus. 
Let, he says, 3 
E-n=2x (&>7). 

Then it follows, by addition and subtraction, that 

E=a+%, n=a-x. 
Consequently, in 1. 27, — 
ξη Ξε (α -- χ) (α -- 2) Ξξ αϑ --- 23- 8, 

and x is found from this “pure” quadratic equation. 

If we eliminate & from the original equations, we have 

η3 —2an+ B=0, | 
which we should solve by completing the square (a —7)*, whence 
| (ὦ -- η)}}Ξ-  -- 8, 

which is Diophantus’ ultimate equation with a — ἡ for x. 

Thus Diophantus’ method corresponds here again to the ordi- . 
nary method of solving a mixed quadratic, by which we make it 
into a pure quadratic with a different x. : 

In 1..30 Diophantus puts &+ = 24, and the solution proceeds 
in the same way as in I. 27. 

In I. 28 the resulting equation in x is 


ξ' ηΞ (α -- χ)}}- (α -- χ)5- 2 (α3 -- χἢ Ξε 8. 
(4) Cubic equation. 


There is no ground for supposing that Diophantus was acquainted 
with the algebraical solution of a cubic equation. It is true that there 
is one cubic equation to be found in the Arithmetica, but it is only 
a very particular case. In vI. 17 the problem leads to the equation 


B+ 24+ 3=2°4+ 34 -- 327-1, 
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and Diophantus says simply “whence + is found to be 4.” All 
that can be said of this is that, if we write the equation in true 
Diophantine fashion, so that all the terms are positive, 
B+ x= 477+ 4. 
This equation being clearly equivalent to 
x(a? + 1)=4 (+1), 

Diophantus no doubt detected the presence of the common factor 
on both sides of the equation. The result of dividing by it 
is «= 4, which is Diophantus’ solution. Of the other two roots 
+=++(-—1) no account is taken, for the reason stated above. 

It is not possible to judge from this example how far Dio- 
phantus was acquainted with the solution of equations of a degree 
higher than the second. 

I pass now to the second general division of equations. 


(B) Indeterminate equations. 


As I have already stated, Diophantus does not, in his 
Arithmetica as we have it, treat of indeterminate equations of the 
first degree. Those examples in Book I. which would lead to such 
equations are, by the arbitrary assumption of a specific value for 
one of the required numbers, converted into determinate equations. 
Nor is it likely that indeterminate equations of the first degree 
were treated of in the lost Books. For, as Nesselmann observes, 
while with indeterminate quadratic equations the object is to obtain 
a rational result, the whole point in solving indeterminate simple 
equations is to obtain a result in zztegral numbers. But Diophantus 
does not exclude fractional solutions, and he has therefore only to 
see that his results are positive, which is of course easy. Inde- 
terminate equations of the first degree would therefore, from 
Diophantus’ point of view, have no particular significance. We 
take therefore, as our first division, indeterminate equations of 
the second degree. 


(2) Indeterminate equations of the second degree. 


The form in which these equations occur in Diophantus is 
invariably this: one or two (but never more) functions of the 
unknown quantity of the form Aaz*?+4x+C or simpler forms 
are to be made rational square numbers by finding a suitable 
value for x. Thus the most general case is that of solving one or 


two equations of the form 42°+ 85 -- ( - γ. 
S=—=2 
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(1) Szngle equation. 

The single equation takes special forms when one or more of 
the coefficients vanish or satisfy certain conditions. It will be well 
to give in order the different forms as they can be identified in 
Diophantus, premising that for “= y*” Diophantus simply uses the 
formula ἔσον τετραγώνῳ, “is equal to a square,” or ποιεῖ τετράγωνον, 
“ makes a square.” 


1. Equations which can always be solved rationally. This is 
the case when 4 or C or both vanish. 

Form 4x=y%. Diophantus puts for y? any arbitrary square 
number, say m*. Then x = m?/B. 

Ex. ll, 5: 2% = 97,97 is assumed to be 16, and z= 8. 


Form 5x+ ΟΞ 3. Diophantus puts for y? any square m?, and 
4+=(m—C)/B. He admits fractional values of x, only taking 
care that they are “rational,” ze. rational and positive. 

ἘΣ πο Ort Pay = 191, say, and .= 20, 


Form 4.15- Βχ τε 7, Diophantus substitutes for y any multiple 


m | 7713 , | 
of x, as - τ whence Ax++ δ: ae the factor x disappearing and 
the root + =o being neglected as ἜΤΕΙ Thus eee a, 

= m? ai An? ‘ 


ὃς 


Exx, IL 21: 44+ 37=y = (34), say, and +=. 
Il. 33: το. Ὁ 74 =y'=(52), say, and +=§. 
2. Equations which can only be rationally solved if certain 
conditions are fulfilled. 
The cases occurring in Diophantus are the following. 
Form 477+C=y*%, This can be rationally solved according to 
Diophantus 
(«) When 4 is positive and a square, say a. 
Thus a’2*+C=y*. In this case 7* is put =(axr +m); 


therefore ae+ C=(art my, 
as 2 

and =e C-m ; 
2ma 


(m and the doubtful sign being always assumed so as to give x 
a positive value). 


(8) When C is positive and a square number, say οἷ 
Thus Ax? +c?=y*, Here Diophantus puts y = (mx +0); 
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therefore Axt+cec=(mxtcy, 
2726 
and 4=> 2 4; ° 
~ A —wn? 


(y) When one solution is known, any number of other 
solutions can be found. This is enunciated in the Lemma to VI. 15 
thus, though only for the case in which C is negative: “Given two 
numbers, if, when one is multiplied by some-square and the other 
is subtracted from the product, the result is a square, then another 
square also can be found, greater than the aforesaid square which 
has the same property.” It is curious that Diophantus does not 
give a general enunciation of this proposition, inasmuch as not 
only is it applicable to the cases εὐ but also to the 
general form Az’?+ Br+ C=y7’". 

Diophantus’ method of finding other greater values of # satisfy- 
ing the equation Az? — C=," when one such value is known is as 
follows. 

Suppose that x, is the value already known and that g is the 
corresponding value of 7. 

Put +=%x,+& in the original expression, and equate it to 
(φ — RE), where & is some integer. 


Since A (% + &P-— (- (φ-- Ἐξ, 
it follows (because by hypothesis A,?— ( =g’) that 
2& (Ax + hq) = ξ (6 — A), 


Ne (Ax + 44) 
whence E= aoe ae 
2(Ax+@) 
and ΜΗ ΞΞ + Ve = A = 


In the second Lemma to VI. 12 Diophantus does prove that the 
equation Ax*+C=y* has an infinite number of solutions when 
A+C is a square, ze. in the particular case where the value r=1 
satisfies the equation. But he does not always bear this in mind; 
for in III. 10 the equation 5217+ 12 =? is regarded as impossible of 
solution although 52 + 12 =64, a square, and a rational solution is 
therefore possible. Again in 1Π. 12 the equation 2662? — 10 =y’ is 
regarded as impossible though + = 1 satisfies it. 

The method used by Diophantus in the second Lemma to 
VI,. 12: is- like. that of the- Lemma -to: VL.15- 

Suppose that 4 + C= @’. 

Put 1+€ for x in the original expression 4.15 + C, and equate it 
to (¢ —#€)?, where & is some integer. 
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Thus A(1+ &?+C=(q — k€y, 
and it follows that 2&(A - 29) τ ὃ (43 -- 4). © 
_ 2(A+4¢) 
so that amen” ay τῇ 
2(A +49) 
and hak πον sy” 


It is of course necessary to choose 4? such that #?> A. 


It is clear that, if #=0 satisfies the equation, C is a square, and 
therefore this case (vy) includes the previous case (8). 
It is to be observed that in νι. 14 Diophantus says that a rational 
solution of the equation 
A#—-C@=%7 
is impossible zzless A is the sum of two squares. 
[In fact, if x=f/g satisfies the equation, and “4.3 -- c=, 


we have Ap =¢ + 43", 
or A= 4) + (2 ᾿ 
& | 2 1 


Lastly, we have to consider 
Form Az*+ Br+C=9 
This equation can be reduced by means of a change of variable 
to the preceding form wanting the second term. For, if we put 


ieee ς the transformation gives 
AALC. sae 
4A 
Diophantus, however, treats. this form of the equation quite 


separately from the other and less fully. According to him the 
rational solution is only possible in the following cases. 


-Azgrt+ 


(2) When 4 is positive and a square, or the equation is 
C+ Br+-C=y7. 
Diophantus then puts y? = (ax — m)?, whence 
= τς. (Exx. II. 20, 22 etc.) 
(8) When C is positive and a square, or the equation is 
Av + Br+e=y, 
Diophantus puts γ =(c — mx), whence 
Ὁ ren Bet B 
m— A” 


(Exx. IV..§;.69 etc.) 
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(y) When 48? -AC is positive and a square number. Dio- 
phantus never expressly enunciates the possibility of this case; 
but it occurs, as it were unawares, in IV. 31. In that problem 


34+ 18-2? 
is to be made a square. To solve this Diophantus assumes 
3x4 + 18 -- 13 τ 413, 


which leads to the quadratic 35 +18 -- σχἤτε ο; but “the equation 
is not rational.” Accordingly the assumption 47? will not do; 
“and we must find a square [to replace 4] such that 18 times 
(this square + 1) + (3)? may be a square.” Diophantus then solves 
the auxiliary equation 18 (7222 - 1) Ὁ 35 -- γ5, finding m=18. He 
then assumes 37 + 18 — eee chien gives 3257? — 3% — 18 =0, 
“and x= 358, that is 44.” 


1 With this solution should be compared the much simpler solution of this case given 
by Euler (A/gedra, tr. Hewlett, 1840, Part 11. Arts. 50-53), depending on the separation 
of the quadratic expression into factors. (Curiously enough Diophantus does not separate 
quadratic expressions into their factors except in one case,‘VI. 19, where however his 
purpose is quite different : he has made the sum of three sides of a right-angled triangle 
4x? + 6x+2, which has to be a cube, and, in order to simplify, he divides throughout by 
x +1, which leaves 4x+2 to be made a cube.) 

Since 48? - AC is a square, the roots of the quadratic 4x*+ Bx+C=o are real, and 
the expression has two real linear factors. Take the particular case now in question, 
where Diophantus actually arrives at 3x+18-.? as the result of multiplying 6—.+ and 
3+, but makes no use of the factors. 


We have 3x + 18 -2x2=(6-x) (3+). 
Assume then (6 -- x) (3+) =f (6 - x)2, 
and we have 23(6-- x) =97(34+-), 
oes 


where 2, g may be any numbers subject to the condition that 225: φῇ. If f?=9, g?=16, 


we have Diophantus’ solution ae 


In general, if Axi+ Bx+C= a ) (A+x), 
we can put (f+ex) (A+2x) = 7 Lg ee | 
whence P(kt+kx) =f? , +gx), 

IPT 
and A he — gp" 


This case, says Euler, leads to a fourth case in which 4x°+ Bx+C=y’ can be solved, 
though neither 4 nor C is a square, and though S*— 4AC is not a square either. The 
fourth case is that in which 4x?+ Bx+C is the sum of two parts, one of which is a square 
and the other is the product of two factors linear in x. For suppose 


Axt+ Bet C=HZ°+XY, 
where’ Z=dx+e, X=fxt+g, Y=hxth. 
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It is worth observing that from this example of Diophantus we 
can deduce the reduction of this general case to the form 
Aa C= 
wanting the middle term. 
Assume, with Diophantus, that 4.13- Br+C=m?x?: therefore 
by solution we have 
—4B4ViB?- AC+ Cm? 
an Α--»ῷ ‘ 
and + is rational provided that | B?- AC + Cm?*is a square. This 
condition can be fulfilled if }2?-— AC is a square, by the pre- 


2 
We can then put 2+x¥=(z+2 x) ς 
τα 
whence γε σιν, 
σου τ 
p 2 
ΟΥ̓ λει edie φ τῶι 
that is, x(p2f+ 2Xp¢d -- g*h) = hg? -- 2pge - pg. 
Ex. 1. Equation 2x?- 1=y?. : 
Put 2x? —-r=x24+(x+1)(x-1)= {+3 eta) : 
2 
Therefore x- r=ae et FZ (x4 I), 
ae ἡ 
and (25 2p9 - 4 = - (p? +9). 


As x? is alone found in our equation, we can take either the positive or negative sign 
and we may put 
Ἐπ 23 ΞῈ ὩΣ 
a - φ᾿᾿ 
Ex. 2. Equation 22°+2=y". 
Here we put 2a*+2=44+2(x+1) (x1). 


2 
Equating this to ᾳ τι (. Ὁ of ’ 


2 
we have a(x) =4F +5 (et τ): 


or x(p?-29°)= — (297+ 429 +f"), 
.-.2 1 426 29? 
Kee cao το 


It is to be observed that this method enables us to solve the equation 


and 


Axt-?2A= 5 
whenever it can be solved rationally, z.e. whenever 4 is the sum of two squares (d@? + 62, 
say). For then 
Ax? — A= dx? + (ex —c) (ex+c). 

In cases not covered by any of the above rules our only plan is to try to discover one 
solution empirically. If one solution is thus found, we can find any number of others; if 
we cannot discover such a solution by trial (even after reducing the equation to the 
simplest form 4’x'?+ C=y/%), recourse must be had to the method of continued fractions 
elaborated by Lagrange (cf. Ocupres, 11. pp. 377-535 and pp. 655—726; additions to 
Euler’s Algebra). . 


~ 
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ceding case. If }4*—AC is not a square, we have to solve 
(putting, for brevity, D for 5.85 -- AC) the equation 

D + Cr? = y', 
and the reduction is effected. 


(2) Double-equation. 


By the name “double-equation” Diophantus denotes the pro- 
blem of finding one value of the unknown quantity which will make 
two different functions of it simultaneously rational square numbers. 
The Greek term for the “double-equation” occurs variously as διπλοῖ- 
corns, διπλῆ ἰσότης or διπλῆ ἴσωσις. We have then to solve the 
equations 

Mx*4+a*%+a=0 

μπῶ Bxrt+b= es 
in rational numbers. The necessary preliminary condition is that 
each of the two expressions can severally be made squares. This 
is always possible when the first term (in 2?) is wanting. This is 
the simplest case, and we shall accordingly take it first. 


1. Double-equation of the first degree. 


Diophantus has one general method of solving the equations 
ar+a=uv 
βχ-τ δε εἰ ; 
taking slightly different forms according to the nature of the 
coefficients. 


(a) First method of solution of 
ax+az= ΠΝ 
βχ- τε εὐ} 
This method depends upon the identity 
13 (2 + 9)}? ὦ "ΞΖ 


If the difference between the two expressions in x can be separated 
into two factors 2, g, the expressions themselves are equated 
to {ἐ (2 : Φ)}" respectively. Diophantus himself (II. 11) states his 
rule thus. 

“Observing the difference [between the two expressions], seek 
two numbers such that their product is equal to this difference; 
then equate either the square of half the difference of the two 
factors to the lesser of the expressions or the square of half the 
sum to the. greater.” 
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We will take the general case and investigate to what particular 
classes of cases the method is applicable, from Diophantus’ point 
of view, remembering that his cases are such that the final quadratic 
equation in x always reduces to a simple equation. 

Take the equations 

ar+a=v 
Bxt+b= ι : 
Subtracting, we have 
(α -- β).1:- (α -- ὁ) Ξξ τε --- w* 

We have then to separate (α -- β).1 -- (α --- ὁ) into two factors; 

let these be 2, ((α -- β).1: -- (ἃ -- 4)}/p. 


We write accordingly 


ΓΞ τι 
P 
“u+w=p. 
Thus waar pant {eB eten ts 
therefore [(α -- β)κ τα -- ὁ - 23} Ξ 425 (ar+a), 


or (α -- β)3χ3- 21 {(a -- B) (α -- ὁ -ἰ- 23) — 225 α) + (« -- b+") -- 4apf’=0, 
that is, (α -- β)Ῥὲπ" 25 [|(α -- β)(α -- δ) --2᾽ (α - β)) 
+ (α -- bf --2Ῥ, (a+ ὁ) -- 25 Ξ ο. 
Now, in order that this equation may reduce to a simple 
equation, either 
(1) The coefficient of 2* must vanish, so that 


a= , 
or (2) The absolute term must vanish, that is, 
2, — 225 (a+ 6)+(a— bP =0, 
or {23 — (a+ b)}? = 4ad, 
so that ad must be a square number. 

Therefore either ὦ and ὁ are both squares, in which case we 
may substitute οὗ and @? for them respectively, 2 being then equal 
to c+d, or the ratio of @ to ὁ is the ratio of a square to a square. 

With respect to (1) we observe that on one condition it is not 
necessary that a—£ should vanish, 2.6. provided we can, before 
solving the equations, make’ the coefficients of + the same in both 
expressions by multiplying either equation or both equations by 
some square number, an operation which does not affect the 
problem, since a square multiplied by a square is still a square. 
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In other words, it is only necessary that the ratio of a to 8 should 
be the ratio of a square to a square’. 

Thus, if a/8=m/n® or an? = Bm, the equations can be solved 
by multiplying them respectively by x? and m’; we can in fact 
solve the equations 

amex - ἃ ΞΞ τ 
; avx+b=w 
like the equations 
te ἃ ΞΕ," 
ar δ = 7p? 
in an infinite number of ways. 
Again, the equations under (2) 


ar+ C= 
brie = τ 

can be solved in two different ways according as we write them in 
this form or in the form 

adz+ ced? =n" 

poz ca? = a 
obtained by multiplying them respectively by d@?, 2, in order that 
the absolute terms may be equal. 

I shall now give those of the possible cases which we find solved 

in Diophantus’ own work. These are equations 


(1) of the form 
αὐ τ ὥξθη 
avxt+b=w 


1 Diophantus actually states this condition in the solution of Iv. 32 where, on arriving 
at the equations 
S=2 70 
8-3x4=0"| * 
he says: “And this is not rational because the coefficients of « have not to one another 
the ratio which a square number has to a square number.” 

Similarly in the second solution of 111. 15 he states the same condition along with an 
alternative condition, namely that a has to ὁ the ratio of a square to a square, which is 
the second condition arrived at under (2) above. On obtaining the equations 

4x+3=2' 
63x + 5 -- τοῦ Ϊ 
Diophantus observes ‘‘ But, since the coefficients in one expression are respectively greater 
than those in the other, neither have they (in either case) the ratio which a square number 
has to a square number, the hypothesis which we took is useless.” 
Cf. also Iv. 39 where he says that the equations 
8x+4= a 
6x+4=w? 
are possible of solution because there is a square number of units in each expression. 
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a case which includes the more common one where the coefficients 
of x in both are equal; 
(2) of the form 
axr+ Cf=2n') 
Bet+d= zw? F 
solved in two different ways according as they are written in this 
form or in the alternative form 
ad?z+ Ad? = 4 
Bex+ Cd? = ca ; 


General solution of Form (1) or 
αλλ Ἐπ i. 
αγὃἜχ -- ὦ τε εὐ) 
Multiply by #?, 113 respectively, and we have to solve the 
equations 


annrs + an® {5 
am nx + bm = εὐ} 
The difference is az*—6m?; suppose this separated into two 
factors 2, Φ. 


Let ut w' =f, 
iw = 7% Ἢ 
therefore wr=t(p+gy, τοῦ -- "(2 -- φ), 
and amntc + an=4( p+)’, 
or am nx + bu? = 1 (2 -- φ). 


Either equation gives the same value of x, and 
_F(P+@)—} (ant bm) 


am-*n? 


τ αἱ 


since pg = an? — bm’. 
Any factors 2, g may be chosen provided that the resulting 


value of x is positive. 
Ex. from Diophantus : 


65— 6r+= # 

65 -- 241:Ξ:Ξ «ὦ ᾿ ; (Iv. 35) 
therefore 260 -- 244 = 3 

65 — 24% = τοῦ 


The difference =195 = 15 . 13, say: 
therefore $(15—13)=65 — 247; that is, 241:- 64, and a= §. 
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General solution (first method) of Form (2), or 
ae WY ate 7 fe 
Bx+a?= oi 
In order to solve by this method, we multiply by 425, δ᾽ 
respectively and write 


αα755 -ἰ (613 Ξε τῷ ᾿ 
Bex + ead? =w*)’ 
wz being supposed to be the greater. 
The difference =(ad?— Bc*)x. Let the factors of this be fx, g. 
Therefore w=1(pr+q), 
w= 3(pr—gy. 
Thus # is found from the equation 
ad’a+cCd?=4(prt+ay. 
This equation gives 
2223 4+ 24 (29 — 2ad?) -ἰ φῇ — 40°d? =0, 
or, since pg = (ad? — Bc"), 
2223 — 2x (ad? + Bc) +¢q-—4cd*?=0. 

In order that this may reduce to a simple equation, as Dio- 
phantus requires, the absolute term must vanish, 
or ὑ πε ἃ 
and p= 2a: 

Thus our method in this case furnishes us with only ove solution 
of the double-equation, φ being restricted to the value 2cd, and the 
solution is 

shale (ad? + Bc?) = 8c? a? (ad? + Bc*) 
a3 (ad? — Ber? 

Ex. from Diophantus. This method is only used in one par- 
ticular case (IV. 39), where c?=@? as the equations originally stand, 
the equations being 


8.1. ae mar i 
oS ge oy. Ξ 7d 
The difference is 2%, and q is necessarily taken to be 24/4, or 4; 
the factors are therefore 44, 4. | 
Therefore 8r+4=4(444+4), 
and #= 112, 


General solution (second method) of Form (2) or 
axt+ C= / 
Bred Ξε δ). 
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The difference =(a— 8) x+(C— @”). 

Let the factors of this be 2, {(α -- 8) ++ c?—a*}/p. 

Then, as before proved (p. 74), 2 must be equal to (¢ + @). 
Therefore the factors are 


α--β = 
πὸ τὺ ctd, 
and we have finally 
I /a—B Εν ᾿ 
enon (ane ine ΤῈ 
ar+c sleqgttetatesd 
I (α --β : 
=7 (ort). 
i λοι Cae os ee δ 
Therefore (1:9) 4 τα] ἘΠ a =O; 


which equation gives two possible values for x Thus in this case 
we can find by our method ¢wo values of x, since one of the factors 
2 may be either (c+ d) or (c—@). 

Ex. from Diophantus. To solve the equations 


poe ee (111. 15.) 


51: 4 ΞΞ τὴ 

The difference is here 54+ 5, and Diophantus chooses as the 

factors 5, *+1. This case therefore corresponds to the value 
c+dofp. The solution is given by 


($x + 3)? = τοῦ + 9, whence + = 28. 


The other value, ¢c—d, of 2 is in this case excluded, because it 
would lead to a negative value of x. 

The possibility of deriving any number of solutions of a double- 
equation when one solution is known does not seem to have been 
noticed. by Diophantus, though he uses the principle in certain 
cases of the single equation (see above, pp. 69, 70). Fermat was the 
first, apparently, to discover that this might always be done, if one 
value α of #4 were known, by substituting ++ a for + in the equa- 
tions. By this means it is possible to find a positive solution, even 
if a@ is negative, by successive applications of the principle. 

But, nevertheless, Diophantus had certain peculiar artifices by 
which he could arrive at a second value. One of these artifices 
(which is made necessary in one case by the unsuitableness of the 
value of x found by the ordinary method) gives a different way of 
solving a double-equation from that which has been explained, and 
is used only in one special case (IV. 39). 
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(8) Second method of solving a double-equation of the first 
degree. 
Consider only the special case 
hk+n?= 20, 
(A+f)x+nv?=w. 
Take these expressions, and “52, and write them in order of 
magnitude, denoting them for convenience by A, B, C. 
A=(A4+/f/)*4+”, B=hetn, στε 
Therefore ae =f and ao vee : 
Suppose now that s#r+2=(y+n); 


therefore hx = 7" + 2ny, 
and A-B =F (3 + 2ny), 

pana 2 Ἴ 2 ‘ 
or ἀπ 7). + 2ny); 


thus it is only necessary to make this expression a square. 
Assume therefore that 
(1 62)» 1 on (24 1.71 33 τ (py—ny; 
and any number of values for y, and therefore for x, can be found, 
by varying 2. 
Ex. from Diophantus (the only one), IV. 39. 


In this case there is the additional condition of a limit to the 
value of x The double-equation 


8. - 4 ΞΞ τῷ 
όχ -- 4 -ΞΞ τῦῦ 
85. to be solved in such a manner that + < 2. 
Here ἬΝ 4, and B is taken? to be (7 + 2)%. 
Therefore 4 --δ᾽΄ -:1()»-. 42); 
therefore A=43(P+4y)+P+4y+4 
=3P TES αι, 


which must be made a square. 


1 Of course Diophantus uses the same variable x where I have for clearness used y. 
Then, to express what I have called m later, he says: ‘‘I form a square from 3 minus 
some number of x’s, and x becomes some number multiplied by 6 and then added to 12, 
divided by the difference by which the square of the numéber exceeds 3.” 
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If we multiply by 8, we must make 
3y° + 12} +9 =a square, 
where y must be < 2. 
Diophantus assumes 
ΕΘ 7), 
6m.+ 12 


whence asa gee 3 


’ 


and the value of m is then taken such as to make y < 2. 
It is in a note on this problem that Bachet shows that the 


double-equation 

α - ὦ ΞΞ 23 

βχ-τδπε ‘1 
can be rationally solved by a similar method provided that the 
coefficients satisfy either of two conditions, although none of the 
coefficients are squares and neither of the ratios a: @ and a: is 
equal to the ratio of a square toa square. Bachet’s conditions are: 


(1) That, when the difference between the two expressions 
is multiplied or divided by a suitably-chosen number, and the 
expression thus obtained is subtracted from the smaller of the 
original expressions, the result is a square number, or 


(2) That, when the difference between the two expressions 
is multiplied or divided by a suitably- -chosen number, and the 
smaller of the two original expressions is subtracted from the 
expression obtained by the said multiplication or division, the 
result is a number bearing to the multiplier or divisor the ratio 
of a square to a square}. 


1 Bachet of course does not solve equations in general expressions (his notation does 
not admit of this), but illustrates his conditions by equations in which the coefficients are 
specific numbers. I will give one of his illustrations of each condition, and then set the 
conditions out more generally. 


Case (1). Equations 2χ Ἐ13Ξ | 
x+ raat} 
difference “χα 6 


The suitably-chosen number (to divide by in this case) is 2 ; 
34 (difference) =x + 3, 
and (lesser expression) ~ 4 (difference) =x + 7 -- («+ 3)=4, that is, a square. 
We have then to find two squares such that 
their difference = 2 (difference between lesser and 4). 
Assume that the lesser=(y-+ 2)", 2 being the square root of 4. 
Therefore (greater square) = 3 (lesser) — 8 


Ξε 375. 12y+4. 
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2. Double-equation of the second degree, 


or the general form 
- ἘΣ ΡΣ =a 
δ Bat Caw : 


These equations are much less thoroughly treated in Diophan- 
tus than those of the first degree. Only such special instances 


To make 377+ 12y+4 a square we put 


39° + tay + 4=(2—py)?, 
where 2 must lie between certain limits which have next to be found. The equation gives 


Ἔ Oe YY 
Ses 
In order that y may be positive, 22 must be >3; and in order that the second of the 
original expressions, assumed equal to (y+2)?, may be greater than 7 (it is in fact x+7), 
we must have (y+ 2) >2# (an ἃ fortiori limit, since 22>.,/7), or y> 8. 


Therefore 4pt+ 12> $(f?- 3), 

or (62 Ὁ 57: 327. 
Suppose that 3p? = 166+ 53%, which gives = 78. 
Therefore p<73, but 2533. 


Put p=3 in the above equation ; therefore 
37 + Lay+4=(2 - 33)" 


and yr. 
Therefore x=(y+ 2)? -7=29. 
Case (2). Equations 6x425= : 
1 ΞΡ 
difference 4χ 


The suitable-number (again to avzde by) in this case is 2; 
4 (difference) =2x+ 11, 
and ἃ (difference) — (lesser expression) =8=2. 4, 
where 2 is the divisor used and 4 is the ratio of a square to a square. 
Hence two squares have to be found such that 
(their difference) = 2 (sum of lesser and 8). 
If the lesser is y*, the greater is 377+ 16=(4— fy), say. 
Bachet gives, as limits for 2, 
prt, P>3; 
and puts =3. This gives y=4, so that r=6$. 
Let us now state Bachet’s conditions generally. 
Suppose the equations to be 
ax+a=u 
Bxt+b=w| ἢ 
The difference is (a — β) x«+(a—- ὃ). 


This has to be multiplied by which is the ‘‘suitable” factor in this case, and, if 


ae 
we subtract the product from B+, we obtain 
59 " αὖ —aB 
b con δ), or ae 
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occur as can be easily solved by the methods which we have 
described for equations of the first degree. 
The following types are found. 
(1) τ εἰ 
px+ βζ -- ὃ - εὖ 
The difference is (α -- β) 1 - (α -- ὁ), and, following the usual 
course, we may, ég., resolve this into the factors 


(1) The first of Bachet’s conditions is that 
α-β 

(2) The second condition is that 
ap-ab_p 8B 


Gop 7 Ὁ 8 
aB -- αὖ 


ΟΥ̓ acne =a ratio of a square to a square. 


=a square = 77/9”, say. 


It is to be observed that the first of these conditions can be obtained by considering 

the equation 
(a — B)?x? + 2% {(a -- β) (α -- ὁ) -- 2" (a + B)} + (α -- δ)" — 2p?(a + δ) + pt=0, 
obtained on page 74 above. 

Diophantus only considers the cases in which this equation reduces to a simple 
equation; but the solution of it as a #zxed quadratic gives a rational value of x provided 
that 

| (a - 8) (a— ὃ) - p%(a+)}2-- (α - B)4(a~ 4)? ~ 2p? (a Ὁ δ) +f4} is a square, 


that is, if Ἢ 
2 {(a+ B)? -- (a -- B)?} + 2f7{ (a+ d)(a -- B)? -- (a? -- B?)(a -- 4)! is a square, 
which reduces to app’ +(a = 8) (ab—@B) = a Square... csscsessveds cuss ce το (A). 
This can be solved (cf. p. 68 above), if 
—F is a square. (Bachet’s first condition.) 
Again take Bachet’s second condition 
αβ -- ab 


re 
=a square = 3 say, 
§ 


and substitute 872/s? for aB — αὖ in the equation (A) above. 


Therefore abe? -- (a -- β)β a a square, 
or αβ2" -- (a — B) B=a square. 


This is satisfied by f’=1; therefore (p. 69) any number of other solutions can 
be found. 
The second condition can also be obtained directly by eliminating x from the equations 


ax+a=n? 
Bxt+b=w?| ’ 
: α αβ -- αὖ 
for the result is BY -- ee a ae 
which can be rationally solved if 
ap -- αὖ 


~=a square. 


B 
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(a6) ἘΞ δ κα rt 


a—b 
as usual, we put 


24-2 =7 (8 = Ὶ 

ρα" ταχτα ᾿ ἘΞ te Oi; 

or pit + Bvt b=2 (2-841 εν 
Rey / 


In order that 2 may be rational a condition is necessary; thus 
Δ is rational if 
a—B 


a 


p= 


tO | = 


S 


This is the case in the only instance of the type where a is not 
equal to ὦ, namely (III. 13) 

42° 4+ 15r= im 

4.53 -- 2. --- 4 Ξξ το; 


) 


΄ 


the difference is 165 -- 4, and the resolution of this into the factors 
4, 41. 1 solves the problem. 

In the other cases of the type a=4; the difference is then 
(a — 8) x, which is resolved into the factors 


Ξε ΕΗ 
2ρ 
: 1/a—B ; 
and we put pert+tart+a τ᾿ Στ 2px) 
: "Ἢ I /a=— 2 
or pit + Br tan] [ΠΡ ape), 
whence "τς “ΡΞ Ξ - ey. a. 
| 2 4ρ 
E}xx. from Diophantus: 
41 Ἐ2-ι τὴ Ε 
eae Ψ᾿ {{ν 28} 
and A+ I4et+i=7 
es ie 1.55} 


(2) The second type found in Diophantus? is 


aie 
Br+a=w')’ 


where one equation has no term in τ΄, and p=1,a=0. 


1 It is perhaps worth noting that the method of the ‘‘ double-equation ” has a distinct 
advantage in this type of case. The alternative is to solve by the method of Euler (who 
does not use the ‘‘ double-equation ”’), z.e. to put the linear expression equal to 23 and then, 
substituting the value of x (in terms of 2) in the quadratic expression, to solve the 


6—2 
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The difference +? + (a — 8) x is resolved into the factors 
x(++a—B8); 
and we put Bxt+a=}(a—- 8), 
which gives *. 


resulting equation in 2. But the difficulties would generally be great. Take the case of 
vi. 6 where 
x47 
I4xt+I 
If tae, 2S (F Ξ tes 
τ): 
17: 
or 23 - 2p? + 197 =a square. 
This does not admit of solution unless we could somehow discover empirically ome 
value of which would satisfy the requirement, and this would be very difficult. 
Let us take an easier case for solution by this method, 
Δ oil oe 
Ce oe a a 


have to be made squares. 


therefore +1 has to be made a square, 


which is solved by Euler (A/gedra, Part 11. Art. 222), and let us compare the working of 
the two methods in this case. 


I. Lulers method. Assuming x+1=7" and substituting 22 -- 1 for x in the quadratic 

expression, we have 
pi -2p?+2=a square. 

This can only be solved generally if we can discover one possible value of 2 by trial ; 
this however is not difficult in the particular case, for Z=1 isan obvious solution. 

To find others we put 1+ g instead of 2 in the expression to be made a square; this 
gives 

1+ 497+ 493+ g!=a square. 
This can be solved in several ways. 


1. Suppose 1+49°+493 +9'=(1+9°)?; 
thus 49° +49°= 29%, whence y= --, pas and x= --3. 
4 
2. Suppose + 497+ 49 +94=(1-9?)?; 
thus 497° +49°= -- 2g", and φ- -Ξ, p=-- and «= --3, 
4 
3. Suppose 1+497+ 49% + 9!=(1+ 29+ 97)?; 
and we find, in either case, that g= -- 2, so that = — 1, x=0. 
4. Suppose 1+ 49? +49 +gt=(1 + 29)? ; 


o\a 
and we have Tr gait We aoe Ui whence {- pat and x= (1) = pte 
3 

This value of x satisfies the conditions, for 


2 2 
x+1=(2) : ae δ ΞΞ (5) : 
3 81 9 
The above five suppositions therefore give only two serviceable solutions 
πε 5.5 ee eed 
4 9 


To find another solution we take one of the values of g already found, say g= -<, and 
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Exx. from Diophantus : 
35 -τ 12 τῷ μ3 
61. —12 = τυ 


{ν51) 


ΞΕ ΊΞΞΞΩΣ 
por αν: ἢ (1: 6ὴ 
x? — 61444 + 1048576=4 
pee CVI 2222) 


: I age I : ; , 
substitute 7 — κ forg. This gives f=1+g=rt+ τὶ and we substitute this value for 2 in the 
expression 2 -- 27+ 2. 


25 I 

We have then 3 - 3 ae r*+273+44 to be made a square, or 
25 — 247 — 877 + 3273 + 1674=a square. 

1. We take 5+/r+47 for the root, so that the absolute term and the term in 7 


may disappear. We can make the term in 7 disappear also by putting 10/= -- 24 or 
12 


= a We then have 
— 872 + 3272 = 77 ( f? + 40) + 8/7*. 
(2) The upper sign gives 
~8+32r=404/?+ 8/7, 


and rs (f+ 48)/(32-8/) = 
th ls _— 2 - 56: 
us 2 "ἢ and χε 2" --ἰ oa 


(ὁ). The lower sign gives 
—8+32r= - 40+ f7- 87), 


and r=(f?- 32)[(32+ 8/)=—- ἔξ; 
thus p=- a , and peers as before. 
20 400 
2 2 
We have therefore x+1= (35) ,and +4 = (2) ; 
20 400 


2. Another solution is found by assuming the root to be 5+ /r+g7* and determining 
fand g so that the absolute term and the terms in 7, 7* may vanish ; the result is 


Ce © Ce sf Sam aes eee C7 
ae se ay Oe 861 ' 
- 2 
whence p= ων Ν PL IEE τ r= (2232) 
1722 2965284 1722 
2 
and εις (36.366) : 
2965284 
Il. Method of “ double-equation.” 
xt+ =u, 
tla. 


The difference =x? -- x. 
(1) If we take as factors x, x—1 and, as usual, equate the square of half their 


: I 
difference, or —, to x+1, we have 
4 


or t=-— 
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The absolute terms in the last case are made equal by multiply- 
ing the second equation by (128)? or 16384. 


(3) One separate case must be mentioned which cannot be 
solved, from Diophantus’ standpoint, by the foregoing method, 
but which sometimes occurs and is solved by a special artifice. 


The form of double-equation is 


Ce ae Sates ΤΥ 8 aes Ch); 
ΒΝ SU in τ το νοι Ταῖς eal renee) 
Diophantus assumes 22 = mix? 
whence, by (1), + =a/(m — a), 


(2) If we take Τα, 2Χ -- 2, as factors, half the sum of which is ox I, so that the 


absolute terms may disappear in the resulting equation, we have 


ΠΕ eae 
2 gt 2 χες x2, 
16 
ae peas 
16 2 
ο 
and ἀνὲξ τον 
9 


(3) To find another value by means of the first, namely τ - 3 , we substitute ae 


for x in the original expressions. We then have to solve 


y2 3 i 28 — 72 
oes 
7 Ὲ ἢ = τυ 
4 ‘ 
Multiply the latter by 7 so as to make the absolute terms the same, and we must have 
ρα τσ eae 
᾿ ΣΡ τῇ το 
Subtract from the first expression, and the difference is yp ysy υ- Fi ee 
4 
equating the square of half the difference of the factors to the smaller expression, 
we have 
2 LIL 
4 @ ) ἘΣ a6? 
so that 961 = 4007 + 100. 
Therefore 
᾿ 2 2 
pee , and x=y-3= apr » «+ 1=(£) eee (23) : 
400 4 400 20 .\ 400 


(4) If we start from the known value - and put aa for x in the equations, we 


obtain Euler’s fourth value of x, namely 2047:2. 
2965284 
Thus all the four values obtained by Euler are more easily obtained by the method of 
the ‘‘ double-equation.” 
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and, by substitution in (2), we derive that 


a ‘3 ba 
++ must be a squar 
8 (= - ;) mt? — a i ita 


2 : Y fea 
or 5 ὍΤΕ square. 
We have therefore to solve the equation 
abu? + a(aB —ab)= γ3, 
and this form can or cannot be solved by the methods already 
given according to the nature of the coefficients'. Thus it can 
be solved if (@8—aéd)/a is a square or if a/b is a square. 


Exx. from Diophantus: 


Or SA 7 
Or 434 -— “ : et) 
647 — 62 = 
ἀρ Ξ δ ἐν ᾽ (VI. 14.) 


(ὁ). Lndeterminate equations of a degree higher than the second. 


(1) Single equations. 

These are properly divided by Nesselmann into two classes ; 
the first comprises those problems in which it 15 required to make 
a function of 2, of a degree higher than the second, a square; the 
second comprises those in which a rational value of x has to be 
found which will make any function of x, not a square, but a higher 
power of some number. The first class of problems requires the 
solution in rational numbers of 

Aa Bae ot Ae =, - 
the second the solution of 

Ax®*+ Bem +..0.4+-Ke4+ Lay, 
for Diophantus does not go beyond making a certain function of 
xacube. In no instance, however, of the first class does the index 
n exceed 6, while in the second class does not (except in a 
special case or two) exceed 3. 


1 Diophantus apparently did not observe that the above form of double-equation can 
be reduced to one of the first degree by dividing by x? and substituting y for 1/x, when it 


becomes 
atay=u”, 


B+by=w". 
Adapting Bachet’s second condition, we see that the equations can be rationally solved 
if (8a — ad)/a is a square, which is of course the same as one of the conditions under which 
the above equation am?+a (αβ — ad) can be solved. 
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First Class. Equation 
4χη- Ber 4...4+Kx4+ L=F¥. 


The forms found in Diophantus are as follows: 


I. Equation Axi + Be+Cr+@=y. 

Here, as the absolute term is a square, we might put for y 
the expression mx+d, and determine mm so that the coefficient 
of x in the resulting equation vanishes. In that case 

ia = Cand = Cad: 
and we obtain, in Diophantus’ manner, a simple equation for +, 
giving Ws C+ 4B 
~ 4434. * 

Or we might put for y the expression m*x?+mnx-+d, and deter- 
mine #2, 2 so that the coefficients of 2, x? in the resulting equation 
both vanish, in which case we should again have a simple equa- 
tion for x. Diophantus, in the only example of this form of 
equation which occurs (VI. 18), makes the first supposition. The 
equation is 

τότ a ae Uae J 
and Diophantus assumes y = $+ + 1, whence x = 22, 


2. Equation Ax‘t+ Br'+Cx?+ Dr+ Ε Ξ 
In order that this equation may be solved by Diophantus’ 
method, either A or & must be a square. If A is a square and 
equal to a, we may assume Sa arid 7, determining 2 so 
that the term in +? vanishes. If & is a square (=), we may write 
D poe eats 
Die Men Nee, determining m so that the term in +? in the 


resulting equation may vanish. We shall then, in either case, 
obtain a simple equation in x. 
The examples of this form in Diophantus are of the kind 
Cx + Bx? + Cx? + Dep F=yz, 
where we can assume y=+axr?+x +e, determining ἃ so that in 
the resulting equation the coefficient of +? or of + may vanish ; 
when we again have a simple equation. 
Ex. from Diophantus (Iv. 28): 
ox! — 4x24 6x?-—12r4+1=7". 
Diophantus assumes y = 34? — 6x + I, and the equation reduces to 
3251" — 36x*=0, whence x= ὃ. 
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Diophantus is guided in his choice of signs in the expression 
+ ax*+ kx +e by the necessity for obtaining a “rational” result. 

Far more difficult to solve are those equations in which, the 
left-hand expression being bi-quadratic, the odd powers of + are 
wanting, ze. the equations Ax4+ Cx?+H=y and 4.5: - 7», 
even when 4 or £& is a square, or both are so. These cases 
Diophantus treats more imperfectly. 


3. Equation Ax'+ Cx?+ B=¥, 
Only very special cases of this form occur. The type is 
axt—-Cxrr+e=y, 
which is written 
e? ; 
ti stare Αἱ, | 
Here y’ is assumed to be ax or e/x, and in either case we have 
a rational value for x. 
Exx. from Diophantus: 


25.3--Ο Ὁ ἘΣ = γ3, ἐν: 27 
This is assumed to be equal to 25.1.3 
arta 25 +a, ἵν: 28.) 


where 7? is assumed to be equal to 20,415 


4. Equation AX pi Ξε. 

The case occurring in Diophantus is 74+ 97 Ξ »" (V. 29). Dio- 
phantus tries one assumption, y = x? — 10, and finds that this gives 
x? = ὃ» which leads to no rational result. Instead, however, of 
investigating in what cases this equation can be solved, he simply 
drops the equation 74+ 97 =7* and seeks, by altering his original 
assumptions, to obtain, in place of it, another equation of the same 
type which can be solved in rational numbers. In this case, by 
altering his assumptions, he is able to replace the refractory equa- 
tion by a new one, 74+ 337=y%, and at the same time to find a 
suitable substitution for y, namely y=x?— 25, which brings out 
a rational result, namely x=12. This is a good example of his 
characteristic artifice of “ Back-reckoning',” as Nesselmann calls it. 


5. Equation of sixth degree in the special form 
48§— Azxi+ Bert+ce=y. 


1 “ Methode der Zuriickrechnung und Nebenaufgabe.” 
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It is only necessary to put y =2*+c, and we have 
—Ax?+ B= γα", 
— B re 
A + 2c’ 


which gives a rational solution if B/(A + 2c) is a square. 


or - Ei 


6. If, however, this last condition does not hold, as in the case 
occurring IV. 18, χ'--τ6χ3- (1, τ 64- γ, Diophantus employs his 
usual artifice of “back-reckoning,” which enables him to replace 
the equation by another, 2° — 28.1.3 - 5. -- 4006 -- 7%, where the 
condition is satisfied, and, by assuming vy =2*°+ 64, x is found to 
be 34. 

Second Class. Equation of the form 

Ae thei. PALS 
Except for such simple cases as Ax*= 9°, Axt = 7°, where it is only 
necessary to assume y = mx, the only cases occurring in Diophantus 
are of the forms 
Axv+ Br+C=y*, 
Ax + B+ Cr+ Day 


1. Equation Ax + Be+C=%7". 

There are only two examples of this form. First, in vi. 1 the 
expression 7” — 4% + 4 is to be made a cube, being already a square. 
Diophantus naturally assumes + —2=a cube number, say 8, and 
x =10. 

Secondly, in Wi-17 a-pecitliar case occurs: .A ‘cube-1s to be 
found which exceeds a square by 2. Diophantus assumes (* — 1) 
for the cube and (v+1) for the square, and thus obtains the 
equation 

i Be γ᾽ βγῆ oe, 

or 25 +4 = 40? + 4, 

previously mentioned (pp. 66-7), which is satisfied by x=4. 
The question arises whether it was accidentally or not that this 
cubic took so simple a form. Were x—1, ++1 assumed with 
knowledge and intention? Since 27 and 25 are, as Fermat 
observes!, the only integral numbers which satisfy the conditions, 
it would seem that Diophantus so chose his assumptions as to lead 
back to a known result, while apparently making them arbitrarily 
with no particular reference to the end desired. Had this not 


1 Note on vi. 17, Oeuvres, 1. pp. 333-4) Il. p. 434. The fact was proved by Euler 
(Algebra, Part 11. Arts. 188, 193). See note on vi. 17 infra for the proof. 
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been so, we should probably have found him, here as elsewhere 
in the work, first leading us on a false tack and then showing us 
how we can correct our assumptions. The fact that he here 
makes the right assumptions to begin with makes us suspect that 
the solution is not based on a general principle but is empirical 
merely. 


2. Equation AL + BA? 4 CHAD = of. 
If A or D is a cube number, this equation is easy of solution. 
For, first, if A =a’, we have only to write y=ar+ aah? and we 


obtain a simple equation in ~x. 
& “+d. 

If the equation is a*xr*+ Bx? + Cr+a*?=y', we can use either 
assumption, or we may put y=axr-+d, obtaining a simple equation 
as before. 

Apparently Diophantus used the last assumption only; for 
in IV. 27 he rejects as impossible the equation 

64) = 474821 = 7, 
because y = 2%—1I1 gives a negative value +=— 2, whereas either 


11? 
of the other assumptions gives a rational value’. 


secondly, if D=a*, we puty = 


(2) Double-equations. 


There are a few examples in which, of two functions of x, one 
is to be made a square, and the other a cube, by one and the same 
rational value of x. The cases are for the most part very simple; 
e.g. in VI. 19 we have to solve 


4r+2= 7" 
27+ 1=2? 


thus 77 = 227, and z= 2. 
A rather more complicated case is VI. 21, where we have the 
double-equation 
213 + 21 =y7" 
B+ 2χ3-Ἐ1-:Ξ a 
Diophantus assumes y = mx, whence + = 2{[(522 — 2), and we have 


2 y+2/ 2 + ae 
(= FN igs 55} egypt ap > Fe 
2m! ᾿- 

σῇ: 


1 There is a special case in which C and D vanish, 4.χ5- Bx?=y%. Here y is put | 
equal to mx, and «=B/(m— A). Cf. Iv. 6, 28 (2). 


or oe 
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To make 2m! a cube, we need only make 2m a cube or put 
m=4. This gives r=}. 
The general case 
A+ Bei+Cr=8 
ὀχ τ cx = a 
would, of course, be much more difficult; for, putting y= mx, we 
have 


x= c/(m — δ), 


and we have to solve 


A( 3) τ (55 “τοί, a) Ὁ 


or Cem! + ¢(Be— 26C) m? + bc (60 — Bc) + AP Ξε τῷ, 


of which equation the above corresponding equation is a very 
particular case. 


Summary of the preceding investigation. 


1. Diophantus solves completely equations of the first degree, 
but takes pains to secure beforehand that the solution shall be 
positive. He shows remarkable address in reducing a number of 
simultaneous equations of the first degree to a single equation in 
one variable. 


2. For determinate equations of the second degree he has 
a general method or rule of solution. He takes, however, in the 
Arithmetica, no account of more than one root, even where both 
roots are positive rational numbers. But, his object being simply 
to obtain some solution in rational numbers, we need not be 
surprised at his ignoring one of two roots, even though he knew 
of its existence. 


3. No equations of a degree higher than the second are solved 
in the book except a particular case of a cubic. 


4. Indeterminate equations of the first degree are not treated 
of in the work. Of indeterminate equations of the second degree, 
as Ax’? + Bx+C=~y’, only those cases are fully dealt with in which 
A or C vanishes, while the methods employed only enable us to 
solve equations of the more general forms 


Azv?+C=y and Azv?+Br4+C=y7 
when 4, or C, or 122 —- AC is positive and a square number, or (in 
the case of Ax? + C=y*) when one solution is already known. 
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5. For double-equations of the second degree Diophantus has 
a definite method when the coefficient of x? in both expressions 
vanishes ; the applicability of this method is, however, subject to 
conditions, and it has to be supplemented in one or two cases by 
another artifice. Of more complicated cases we find only a few 
examples under conditions favourable for solution by his method. 


6. Diophantus’ treatment of indeterminate equations of degrees 
higher than the second depends upon the particular conditions of 
the problems, and his methods lack generality. 


7. More wonderful than his actual treatment of equations are 
the clever artifices by which he contrives to avoid such equations 
as he cannot theoretically solve, eg. by his device of “back- 
reckoning,” instances of which would have been out of place in 
this chapter and can only be studied in the problems themselves. 


I shall not attempt to class as “methods” certain headings 
in Nesselmann’s classification of the problems, such as (a) “ Solution 
by mere reflection,” (4) “ Solution in general expressions,” of which 
there are few instances definitely so described by Diophantus, or 
(c) “Arbitrary determinations and assumptions.” The most that 
can be done by way of describing these “methods” is to quote 
a few characteristic instances. This is what Nesselmann has 
done, and he regrets at the end of his chapter on “ Methods of 
Solution” that it must of necessity be so incomplete. To under- 
stand and appreciate the various artifices of Diophantus it is in 
fact necessary to read the problems themselves in their entirety. 

With regard to the “ Use of the right-angled triangle,” all that 
can be said of a general character is that only “rational” right- 
angled triangles (those namely in which the three sides can all be 
represented by rational numbers) are used in Diophantus, and 
accordingly the introduction of the “right-angled triangle” is 
merely a convenient way of indicating the problem of finding 
two square numbers, the sum of which is also a square number. 
The general form used by Diophantus (except in one Case, VI. 19, 
g.v.) for the sides of a right-angled triangle is (a*+ 0), (@— 6), 
2ab, which expressions clearly satisfy the condition 

(a? + BY = (a? — 3) + (246) 
The expression of the sides of a right-angled triangle in this form 
Diophantus calls “forming a right-angled triangle from the 
numbers a and ὁ. His right-angled triangles are of course 
formed from particular numbers. “Forming ἃ right-angled 
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triangle from 7, 2” means taking a right-angled triangle with sides 
(7° + 2°), 7 =2'), 2.7.2, or $3, 45, 28. 


II. METHOD OF LIMITS. 


As Diophantus often has to find a series of numbers in 
ascending or descending order of magnitude, and as he does not 
admit negative solutions, it is often necessary for him to reject 
a solution which he has found by a straightforward method 
because it does not satisfy the necessary condition; he is then — 
very frequently obliged to find solutions which lie wzthin certain 
limits in place of those rejected. 

1. A very simple case is the following: Required to find 
a value of « such that some power of it, 2”, shall lie between two 
given numbers. Let the given numbers bea, J. Then Diophantus’ 
method is to multiply both a and ὦ by 2”, 3”, and so on, successively, 
until some zth power is seen which lies between the two products. 
Thus suppose that c” lies between af” and 4p”; then we can put 
x=c/p, in which case the condition is satisfied, for (c/p)" lies 
between a and ὁ. 

Exx. In IV. 31 (2) Diophantus has to find a square between 
Iz and 2. He multiplies both by a square, 64; this gives 80 and 
128, and 100 is clearly a square which lies between them; there- 
fore (42)? or 24 satisfies the prescribed condition. 

Flere, εν course, Diophantus might have multiplied by any 
other square, as 16. In that case the limits would have become 
20 and 32; between these lies the square 25, which gives the same 
square 23 as that before found. 

In a 21 a sixth power (‘“cube-cube”) is sought which shall 
lie between 8 and 16. The sixth powers of the first four natural 
numbers are I, 64, 729, 4096. Multiply 8 and 16 by 25 or 64, and 
we have as limits 512 and 1024, between which 729 lies. There- 
fore 42% is a sixth power satisfying the given condition. To 
multiply by 729 in this case would not give us a solution. 


2. Sometimes a value of x has to be found which will give 
some function of x a value intermediate between the values of two 
other functions of x. 


Ex. 1. In Iv. 25 it is necessary to find a value of x such that 
8/(#* +4) shall lie between x and x +1. 
The first condition gives 8 > 2° + 2°, 
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Diophantus accordingly assumes that 
8a (xt ZPaertertirt yA, 
which is greater than +? + x2. 
Thus x =§ satisfies one condition. It is also seen to satisfy 


the second condition, or 


ery <z+1. Diophantus, however, says 


nothing about the second condition being satisfied; his method is, 
therefore, here imperfect. 


πο Τῇ V. 30a value of x has to be found which shall make 
x>4 (2-60) but <1(2?—60), 


that is, x*—60> 5x 
x? —60< 84) 


Hence, says Diophantus, x is not less than 11 and not greater 
than 12. We have already spoken (p. 60 544.) of his treatment 
of such cases. | 

Next, the problem in question requires that 2*—60 shall be 
a square. Assume then that 


x? —60 = (x — m2)’, 
and we have x = (m* + 60) 2771. 


Since, says Diophantus, x is greater than 11 and less than 12, 
it follows that 
m+60>22m but < 24m; 


and mm must therefore lie between τὸ and 21 (cf. p. 62 above). 
He puts 2 = 20, and so finds x= 114. 


III. METHOD OF APPROXIMATION TO LIMITS. 


We come, lastly, to a very distinctive method called by 
Diophantus παρισότης or παρισότητος aywyy. The object of this 
is to solve such problems as that of finding two, or three, square 
numbers the sum of which is a given number, while each of them 
approximates as closely as possible to one and the same number. 

This method can be best exhibited by giving Diophantus’ two 
instances, in the first of which ¢wo such squares, and in the second 
three, are required. In cases like this the principles cannot be 
so well indicated with general symbols as with concrete numbers, 
which have the advantage that their properties are immediately 
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obvious, and the separate expression of conditions is rendered 
unnecessary. 
Ex. 1. Divide 13 into two squares each of which >6 (V. 9). 
Take half of 13, or 64, and find what small fraction 1/¥? added 
_ to it will make it a square: thus 


I I 
64 Ha or 26+ γ3 , must be a square. 


Diophantus assumes 


I By 
26.4 = ( +2), or 26%+1= +1), 
γ 5 ἢ γ {τ} 1) 


whence 7 = 10 and 1/y?= τίσ, or I/a?= 4,7; and 
δὲ + tp = a Square, (34). 

[The assumption of (5y+ 1)? is not arbitrary, for assume 
2677+ 1 =(py+1), and y is then 2f/(26—7*); since 1/y should be 
a small proper fraction, 5 is the most suitable and the smallest 
possible value for 2, inasmuch as 26 — 23 < 29 or 233 Ὁ 29+ 1 > 27.] 

It is now necessary, says Diophantus, to divide 13 into two 
squares the sides of which are both as near as possible to 34. 

Now the sides of the two squares into which 13 is naturally 
decomposed are 3 and 2, and ss 


315» δ by “ὃ, 
2 15. « 84 by 1. 
But, if 3 -- ὃς, 2+44 were taken as the sides of two squares, the 
sum of the squares would be 


which is > 13. 

Accordingly Diophantus puts 3 -- 9%, 24+ 11% for the sides of 
the required squares, where therefore x is not exactly j but 
near. 1 


Thus (3 -- 9x)? +(24+ 114 = 13, 
and Diophantus obtains #= zh. 


The sides of the required squares are 257, 258, 

[It is of course a necessary condition that the original number, 
here 13, shall be a number capable of being expressed as the sum 
of two squares. | 
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Ex. 2. Divide 10 into three squares such that each of them 
is 34 V; 11 

[The original number, here 10, must of course be expressible 
as the sum of three squares.] 

Take one-third of 10, or 34, and find what small fraction of the 


form 1/2? added to 3} will make a square; 2.5. we have to make 


30 + 2, a square, or 307+ I a square, where 3/x = I/y. 


Diophantus assumes 


3077 + 1 = (Sy + 1), 


whence y = 2 and therefore 1/2? = 44; and 34+ =421, a square. 


[As before, if we assume 307? = (py + 1)2, y = 2p/(30—f*); and, 
since 1/y must be a small proper fraction, 30 -- 23 should be < 2, 
or ~#?+2f+1>31. Accordingly Diophantus chooses 5 for 2 as 
being the smallest possible integral value.] 


We have now, says Diophantus, to make aa of the sides 
of our required squares as near as may be to 4) 
NOY Ἰο το ΕΞ ta Ts 
and 3, 3, 4 are the sides of three squares the sum of which is Io. 
Bringing (3, 2, 4) and 44 to a common denominator, we have 
38, ἐδ, 86) and $$. 
And 3 Sd 80 by 35 
ὃ «δὲ by 
ὁ «3 by 30. 
If now we took 3 -- 38, 3- 37, 4. Ὁ ὃ: for sides of squares, the 
sum of the squares would be 3 (4)? or 383, which is > 10. 
Accordingly Diophantus assumes as the sides of the three 
required squares | 
3-354, $+ 37%, ¢ + 314, 
where x must therefore be not exactly J; but near it. 
Solving © Gi 354) ab 370) dpe St 10 
or IO— 116% + 35554?=10, 
we find a= Ps | 
the required sides are therefore 
PAL, ARE, BBS, 
and the required as 


ASST Ἀν» SOSEDT 
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Other instances of the application of the method will be found 
in V. 10, 12, 13, 14, where, however, the squares are not required to 
be nearly equal, but each of them is subject to limits which may 
be the same or different; eg. sometimes each square is merely 
required to be less than a given number (10, say), sometimes the 
squares lie respectively between different pairs of numbers, some- 
times they are respectively greater than different numbers, while 
they are always subject to the condition that their sum is a given 
number. 

As it only lies within the scope of this Introduction to explain 
what we actually find in Diophantus, I cannot do more than give 
a reference to such investigations as those of Poselger in his 
“Beitrage zur unbestimmten Analysis” published in the Adhand- 
lungen der Koniglchen Akademie der Wissenschaften zu Berlin aus 
dem Jahre 1832, Berlin, 1834. One section of this paper Poselger 
entitles “ Annaherungs-methoden nach Diophantus,” and obtains 
in it, on Diophantus’ principles, a method of approximation to the 
value of a surd which will furnish the same results as the method 
of continued fractions, with the difference that the “ Diophantine 
method” is actually quicker than the method of continued frac- 
tions, so that it may serve to expedite the latter. 


CHAPTERS Vv 
THE PORISMS AND OTHER ASSUMPTIONS IN DIOPHANTUS 


I HAVE already mentioned (in Chapter I.) the three explicit refer- 
ences made by Diophantus to “The Porisms” and the possibility 
that, if these formed a separate work, it may have been from that 
work that Diophantus took a number of other propositions relating 
to properties of numbers which he enunciates or tacitly takes for 
granted in the Arzthmetica. 

I begin with the three propositions for which he expressly 
refers to: “ The Eorisms. 


Porism 1. In V. 3 he says, “We have it in the Porisms that, 
‘If each of two numbers and their product when severally added to 
the same given number produce squares, the squares with which 
they are so connected are squares of two consecutive numbers}.’” 

That is to say, if r+a=m, y+a=, and if zy+a is also a 
square, then m~2= 1. 

The theorem is not correctly enunciated, for it would appear 
that #~n2=1 is not the only condition under which the three 
expressions may be simultaneously squares. 

For suppose 

x+a=m', yta=n, για. 
By means of the first two equations we have 
ay +a=m'n—a(m +n —1)+a 
In order that | 
mn? —a(nP+nw—1)+a* - 
may be a square certain conditions must be satisfied. One suff- 


cient condition is 
7723 - 722 — 1 = 2mn, 


or ma~n=H+I, 
which is Diophantus’ condition. 
1 Literally ‘‘(the numbers) arise from two consecutive squares” (γεγόνασιν ἀπὸ δύο 


τετραγώνων τῶν κατὰ TO éf7js). 
ἼΞΞΞΩ 
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But we may also regard 
mn --- α (77,3 -ἰ »3 --- 1) αὐ ΞΞ 23 
as an indeterminate equation in 72: of which we know one solution, 
namely m=n+1. 

Other solutions are then found by substituting z+ (# + 1) for 

m, whence we obtain the equation 
(σ:3 --- α) 55 - 2 {» (σε Ἐ 1) -- ἃ (σε Ἐ 1)} 2 
Ἱ (3 --- αγί(σι : 1} -- α (γι -- 1)- =P’, 
or (m2 -- 4) 43 -Ὁ 2 ("3 -- α)(σ! Ἐ 1). - (π (σε Ἐ 1) -- α)}" =f’, 
which is easy to solve in Diophantus’ manner, since the absolute 
term is a square. 

But in the problem v. 3 ¢krvee numbers are required, such that 
each of them, and the product of each pair, when severally added 
to a given number, produce squares. Thus if the third number be 
z, three additional conditions have to be satisfied, namely 


ΞΕ Βα ΞΕ ΡῈ aw". 
The two last conditions are satisfied, if #+1=, by putting 
g=2(r+y)— l1=4m'+ 4m+1— 4a, 
when xe+a={m(2m - 1) -- 2a}? 
and ye+a={(m+1)(2m+1)—2a}?; ; 
and perhaps this means of satisfying the conditions may have 
affected the formulation of the Porism?’. 


The problem v. 4 immediately following assumes the truth of 
the same Porism with — a substituted for +a. 


Porism 2. Inv. 5 Diophantus says, “ Again we have it in the 
Porisms that, ‘Given any two consecutive squares, we can find in 
addition a third number, namely the number greater by 2 than.the 
double of the sum of the two squares, which makes the greatest of 
three numbers such that the product of any pair of them added to 
either the sum of that pair or the remaining number gives a square.” 

That is, the three numbers 


7,25, (m+1)*, 4(m+m 4+ 1) 


1 Euler has a paper describing and illustrating a general method of finding such 
‘‘porisms”’ the effect of which is to secure that, when some conditions are satisfied, the 
rest are simultaneously satisfied (‘‘De problematibus indeterminatis quae videntur plus 
quam determinata”-in Movi Commentarit Acad. Petropol. 1756-57, Vol. vi. (1761), 
p- 85 sqq.=Commentationes arithmeticae collectae, 1. pp. 245—259). This particular 
porism of Diophantus appears as a particular case in § 13 of the paper. 
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have the property that the product of any two plus either the sum 
of those two or the remaining number gives a square. In fact, if 
X, Y, Z denote the numbers respectively, 


XAV4+X+V=( m+ m+), XV+Z=( m+ m+2)3, 
YZ+V+Z=(2m'+ 3m+ 3), VYZ+X =(2m'+ 3m + 2)’, 
ZX+Z24+X=(2m?+ m+2),, ZX+V=(2m*+ m+1)% 


_ Porism 3 occurs in V. 16. Unfortunately the text is defective 
and Tannery has had to supply three words!; but there can be no 
doubt that the correct statement of the Porism here in question is 
“The difference of any two cubes is also the sum of two cubes,” 
z.é. can be transformed into the sum of two cubes, or two cubes can 
be found the sum of which is equal to the difference between any 
two given cubes. Diophantus contents himself with the enuncia- 
tion of the proposition and does not show how to prove it or how 
he effected the transformation in practice. The subject of the 
transformation of sums and differences of cubes was investigated 
by Vieta, Bachet and Fermat. 
Vieta (Zetetica, IV. 18-20) has three problems on the subject. 


(1) Given two cubes, to find in rational numbers two other 
cubes such that their sum is equal to the difference of the given 
cubes’. 

As a solution of a— = +? + 7’, he finds 

α (αϑ -- 26°) eo) 
ae ae ae 


σ΄ 


1 ἔχομεν δὲ ἐν τοῖς Πορίσμασιν ὅτι “᾿πάντων δύο κύβων ἡ ὑπεροχὴ κύβων «δύο σύνθεμά 
ἐστιν >.” 
2 The solution given by Vieta is obtainable thus. The given cubes being αὖ, ὁδ, where 
a> ὦ, we assume x -- 6, a— kx as the sides of the required cubes. 
Thus (x -- 6)3 + (a -- kx)? =a3 - 8, 
whence x3 (1 — 23) + 3.x? (ak? -- δ) + 3x (62 -- αΞ 4) ΞΞ ο. 
This reduces to a simple equation if we assume 
b2-—a®k=0, or ὁ =62/a?, 
in which case ; 
3(6-ak?) 5αϑό 
τσ ee 
and the sides of the cubes are therefore 
b(2a3-— 83) a(a- 263) 
a+ ” a+ ° 
Vieta’s second problem is similarly solved by taking a+, ἔχ --ὖ as the sides of the 
requized cubes, and the third problem by taking x- ὁ, 4x —a as the sides of the required 
cubes respectively. 
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(2) Given two cubes, to find in rational numbers two 
others such that their difference is equal to the sum of the given 


cubes. 
Solving a + δ᾽ = χϑ — 3%, we find that 


_ a(a+26) _ b(2a8 + δ) 
tS ae Oe ae 


(3) Given two cubes, to find in rational numbers two cubes 
such that their difference is equal to the difference of the given 
cubes. 

For the equation a -- ὅλ = 2 — γ", Vieta finds 

ἘΞ πεῖρα ee) 
a+ & a+ 3 


as a solution}. 


In the solution of (1) x is clearly negative if 24? > a*; therefore, 
in order that the result may be “rational,” a? must be > 20% But 
for a “rational” result in (3) we must, on the contrary, have a’ < 28. 
Fermat was apparently the first to notice that, in consequence, the 
processes in (1) and (3) exactly supplement each other, so that by 
employing them successively we can effect the transformation 
required in (1) even when a’ is not > 20%. : ; 

The process (2) is always possible; therefore, by a suitable 
combination of the three processes, the transformation of a sum 
of two cubes into a difference of two cubes, or of a difference of 
two cubes into a sum or a difference of two other cubes is always 


1 Vieta’s formulae for these transformations give any number of very special solutions 
(in integers and fractions) of the indeterminate equation 23 + 73 + 23=v3, including solutions 
in which one of the first three cubes is negative. These special solutions are based on 
the assumption that the values of two of the unknowns are given to begin with. Euler 
observed, however, that the method does not give all the possible values of the other two 
even in that case. Given the cubes 33 and 43, the method furnishes the solution 
33 + 43+ (5) = (t2Y’, but not the simpler solution 33+ 43+53=63. Euler ac- 
cordingly attacked the problem of solving the equation x3+3+23=v> more generally. 
He began with assuming only one, instead of two, of the cubes to be given, and, on that 
assumption, found a solution much more general than that of Vieta. Next he gave a 
more general solution still, on the assumption that soe of the cubes are given to begin 
with. Lastly he proceeded to the problem 70 find all the sets of three integral cubes the 
sum of which is a cube and showed how to obtain a very large number of such sets 
including sets in which one of the cubes is negative (Mout Commentarit Acad. Petropol- 
1756-57, Vol. vi. (1761), p. 155 sq.=Commentationes arithmeticae, 1. pp. 193—207). 
The problem of solving x3+ 78=23+473 in integers in any number of ways had occupied 
Frénicle, who gave a number of solutions (Oeuvres de Fermat, 111. pp. 420, 535); but the 
method by which he discovered them does not appear. 
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practicable’. Fermat showed also how, by a repeated use of the 
several processes as required, we can transform a sum of two cubes 
into a sum of two other cubes, the latter sum into the sum of two 
others and so on ad infinitum. 


Besides the “Porisms” there are many other propositions 

assumed or implied by Diophantus which are not definitely called 
1 Fermat (note on Iv. 2) illustrates by the following case : 

Given two cubes 125 and 64, to transform their difference into the sum of two other 


cubes. 
Here a=5, 5=4, and so 263>a3; therefore we must first apply the third process 


by which we obtain 
= are Lon Gets kp Vipera (eas ee 
edie Σς 63 


3 3 
As (φ ) >2 (ἐ) , we can, by the first process, turn the difference between the 


63 
3 3 
cubes (3°) and ( 5 | into the sum of two cubes. 
63 63 


“In fact,” says Fermat, ‘‘if the three processes are used in turn and continued 
ad infinitum, we shall get a succession ad infinitum of two cubes satisfying the same 
condition ; for from the two cubes last found, the sum of which is equal to the difference 
of the two given cubes, we can, by the second process, find two more cubes the difference 
of which is equal to the sum of the two cubes last found, that is, to the difference 
between the two original cubes; from the new difference between two cubes we can 
obtain a new sum of two cubes, and so on ad infinitum.” 

As a last illustration, to show how a difference between cubes can be transformed into 
the difference between two other cubes even where the condition for process (3) is not 
satisfied, Fermat takes the case of 8-1, z.e. the case where 


a=2, d=1 and a>26, 


First use process (1) and we have 


OOF 
3 3 
Then use process (2), and 


(5)'+ (3)'~ Gas) - Gas) 
Se 5 = Eee) (gees Vee 
3 3 183 183 
2 Suppose it required to solve the fourth problem of transforming the sum of two cubes 
into the sum of two other cubes. 


Let it be required so to transform 23+ 13 or 9. 
First transform the sum into a difference of two cubes by process (2). This gives 


7 7 


The latter two cubes satisfy the condition for process (3) and, applying that process, 


we get 
(22) (22) fe (79)! δι (26822) 
7 1... \ 90391 90391 
The cubes last found satisfy the condition for process (1), and accordingly the difference 


between the said last cubes, and therefore the sum of the original cubes, is at last trans- 
formed into the sum of two other cubes. 
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porisms, though some of them are of the same character as the 
three porisms above described. 
Of these we may distinguish two classes. 


1. The first class of theorems or facts assumed without ex- 
planation by Diophantus are more or less of the nature of zdentical 
Jormulae. Some are quite simple, eg. the facts that the expressions 
{4(a+6)}*-—ab and a(a+1)?+a*+(a+1)? are respectively 
squares, that the expression a(a’—a@)+a+(a?— a) is always a 
cube, and the like. 

Others are more difficult and betoken a certain facility in work- 
ing with quasi-algebraical expressions. Examples of this kind are 
the following: 

(2) If Y=a%+ 2a, Y=(a+1)?*+2(a+ 1), or, in other words, 
if eX +1=(ar+1)2 eY+1={(a+1)¢+1}%, then YV41 is a 
square [IV. 20] Asa matter of fact, 

XV+1={a(a+1)*+(2a+ 1)}" 
(8) 8 times a triangular number f/ws 1 gives a square [IV. 38]. 


tavtact..8 ᾿ς ἐπ eae ens 


(y) If Xta=n?, Via=(m+1)%, and 2 2ΟΧῈ Y)-1, 
then the expressions y Z+a, ZX +a, XV +a are all squares. 
(The upper signs refer to the assumption in V. 3, the lower to that 
1) 

Τὴ fact; ΥΖ +a={(m+ 1)(2m 4+ 1) F 24)", 

ZX ta={m(2m +1) F 2a}?, 
XV+a=|m(m+1)F a}? 

(δ) If X¥=m?+2, Va(m+1)?+ 2, Z=2{m?+(m+1) + 1} +2, 

then the six expressions 
VZ=(¥4Z), 2X (242), XV-(X+Y) 
YZ—X, ZX—Y, ΧΥ͂--Ζ 

are all squares [V. 6]. 

In fact, 

YZ—(V+Z)=(2m'+ 3m+3)*, VZ—-X =(2m+ 3m + 4), εἴς. 


2. The second class is much more important, consisting of a 
number of propositions in the Theory of Numbers which we find 
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first stated or assumed in the Arithmetica. It was, in general, in 
explanation or extension of these that Fermat’s most famous notes 
were written. How far Diophantus possessed scientific proofs of 
the propositions which he assumes, as distinct from a merely 
empirical knowledge of them, must remain to a great extent 
matter of speculation. 


(4) Theorems in Diophantus respecting the composition of num- 
bers as the sum of two squares. 


(1) Any square number can be resolved into two squares in 
any number of ways, II. 8. 


(2) Any number which is the sum of two squares can be 
resolved into two other squares in any number of ways, II. 9. 

N.B. It is implied throughout that the squares may be frac- 
tional as well as integral. 


(3) Lf there are two whole numbers each of which ts the sum of 
two squares, their product can be resolved into the sum of two squares 
in two ways, III. 19. 


The object of III. 19 is to find four rational right-angled triangles 
having the same hypotenuse. The method is this. Form two 
right-angled triangles from (a, 4) and (c¢, 4) respectively, ze. let 
the sides of the triangles be respectively 


e+e, a— ὦ, 2ab, 
and c+ d*, c?—ad?, 2cd. 


Multiplying all the sides in each by the hypotenuse of the other, 
we have two triangles with the same hypotenuse, namely 


(a? + &)(2 + a*), (@—)(?+ a’), 2ab (e+ da’), 

and | (a? + &)(2 + a’), (a2 + &)(2 — a), 2cd (a + 6°). 

Two other triangles having the same hypotenuse are obtained 
by using the theorem enunciated. In fact, 

(a? + &)(2 + d*) τ (ας + bd) + (ad ¥ bcp 

and the triangles are formed from ac+ δα, ad¥6c, being the 
triangles 

(a? + B°)(2 + da’), gabcd + (a? — 0°)(C — d*), 2 (ac + bd) (ad — δε), 

(a? + δγ(ῶ + a), 4αδεά — (a* — b°)(c? — da), 2 (ac — bd) (ad + bc). 
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In the case taken by Diophantus 
@+h=24+2%=5, 
C+ a’? = 374 2?= 13, 
and the four triangles are respectively 


(65, 52, 39), (65, 60, 25), (65, 63, 16), (65, 56, 33). 
(If certain relations! hold between a, 4, ς, αἰ, this method fails. 
Diophantus has provided against them by taking two triangles “in 
the smallest numbers ” (ὑπὸ ἐλαχίστων ἀριθμῶν), namely 3,4, 5 and 


5. 12; 13>) 

Upon this problem lI. 19 Fermat has a long and important 
note which begins as follows’: 

“Tr] A prime number of the form 421 -Ἐ1 is the hypotenuse of 
a right-angled triangle in one way only, its square is so in two 
ways, its cube in three, its biquadrate in four ways, and so on ad 
infinitum. 

“[2] The same prime number 4z+ 1 and its square are the 
sum of two squares in one way only, its cube and its biquadrate 
in two ways, its fifth and sixth powers in three ways, and so on ad 
infinitum. 

“{3] If a prime number which is the sum of two squares be 
multiplied into another prime number which is also the sum of 
two squares, the product will be the sum of two squares in two 
ways ; if the first prime be multiplied into the square of the second 


1 (1) We must not have a/6=c/d or a/b=d|c, for in either case one of the perpendiculars 
of one of the resulting triangles vanishes, making that triangle illusory. Nor (2) must 
c/d be equal to (a+6)/(a—6) or to (a—6)/(a+4), for in the first case ac—bd=ad + be, 
and in the second case ac+éd=ad-— bc, so that one of the sums of squares equal to 
(a? + 6?) (ε2-Ὁ 41) is the sum of two egua/ squares, and consequently the triangle formed 
from the sides of these equal squares is illusory, one of its perpendicular sides vanishing. 

2 G. Vacca (in Bibliotheca Mathematica, 113. 1901, pp. 358-9) points out that Fermat 
seems to have been anticipated, in the matter of these theorems, by Albert Girard, who 
has the following note on Diophantus v. 9 (Oeuvres mathématiques de Simon Stevin par 
Albert Girard, 1634, p. 156, col. 1): 

‘* ALB. GIR. Determinaison d’un nombre qui se peut diviser en deux quarrez enters. 

I. Tout nombre quarré. 

II. Tout nombre premier qui excede un nombre quaternaire de l’unité. 

III. Le produict de ceux qui sont tels. 

IV. Et le double d’un chacun d’iceux. 

Laquelle determinaison n’estant faicte n’y de |’Autheur n’y des interpretes, servira tant 
en la presente et suivante comme en plusieurs autres. ἢ 

Now Girard died on g December, 1632; and the Theorems of Fermat above 
quoted are apparently mentioned by him for the first time in his letter to Mersenne of 
25 December, 1640 (Oeuvres de Fermat, 11. p. 213). Was the passage of Girard known 
to Fermat? : 
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prime, the product will be the sum of two squares in three ways ; 
if the first prime be multiplied into the cube of the second, the 
product will be the sum of two squares in four ways, and so on 
ad infinitum.” 

It is not probable that Diophantus was aware that prime num- 
bers of the form 47) +1 and numbers arising from the multiplication 
of such numbers are the only classes of numbers which are always 
the sum of two squares; this was first proved by Euler But it 
is remarkable that Diophantus should have selected the first two 
prime numbers of the form 4z+1, namely 5 and 13, which are 
both sums of two squares, as the hypotenuses of his first two right- 
angled triangles and then made their product, 65, the hypotenuse 
of other right-angled triangles, that product having precisely the 
property of being, as in Fermat’s [3], the sum of two squares in 
two ways. Diophantus may therefore have had an inkling, whether 
obtained empirically or otherwise, of some of the properties enunci- 
ated by Fermat. 


(4) Still more remarkable is a condition of possibility of solution 
prefixed to the problem v. 9. The object of this problem is “to 
divide I into two parts such that, if a given number is added to 
either part, the result will be a square.” Unfortunately, the text 
of the added condition is uncertain. There is no doubt about the 
first few words, “ The given number must not be odd,” 1.9. No number 
of the form 4n + 3:[or 471 — 1] can be the sum of two squares. 

The text, however, of the latter half of the condition is corrupt. 
The true condition is given by Fermat thus: “ Zhe given number 
must not be odd, and the double of tt increased by one, when divided 
by the greatest square which measures tt, must not be divisible by a 
prime number of the form 4n—1.” (Note upon ν. 9; also in a 
letter to Roberval’.) There is room for any number of conjectures 
as to what may have been Diophantus’ words‘. 


1 For a fuller account of this note see the Supplement, section I. 

2 Novi Commentarii Acad. Petropol. 1752-3, Vol. Iv. (1758), pp- 3-40, and 1754-5, 
Vol. v. (1760), pp. 3-58 = Commentationes arithmeticae, 1. pp. 155-173 and pp. 210-233; 
cf. Legendre, Zahlentheorie, tr. Maser, 1. p. 208; Weber and Wellstein’s Encyclopadie 
der Elementar-Mathematik, 14. pp. 285 544. 

3 Oeuvres de Fermat, τι. pp. 203-4. See the Supplement, section 1. 

4 Bachet’s text has δεῖ δὴ τὸν διδόμενον μήτε περισσὸν εἶναι, μήτε ὁ διπλασίων αὐτοῦ 
y! po a. μείζονα ἔχῃ μέρος δ. ἢ μετρεῖται ὑπὸ τοῦ ἀοῦ «οὔ 

He also says that a Vatican MS. reads μήτε ὁ διπλασίων αὐτοῦ ἀριθμὸν μονάδα a. 
μείζονα ἔχῃ μέρος τέταρτον, ἢ μετρεῖται ὑπὸ τοῦ πρώτου ἀριθμοῦ. 

Neither does Xylander help us much. He frankly tells us that he cannot understand 
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There would seem to be no doubt that in Diophantus’ condition 
there was something about “double the number” (2.4. a number of 
the form 47), also about “greater by unity” and “a prime number.” 
It seems, then, not unlikely that, if Diophantus did not succeed in 
giving the complete sufficient and necessary condition stated by 
Fermat, he made an approximation to it; and he certainly knew 
that no number of the form 4%z+3 could be the sum of two 
squares’. 


(6) On numbers which are the sum of three squares. 


In the problem v. 11 a condition is stated by Diophantus re- 
specting the form of a number which, added to three parts of unity, 
makes each of them square. If a@ be this number, clearly 3¢+1 
must be divisible into three squares. 

Respecting the number a Diophantus says, “It must not be 2 
or any multiple of 8 increased by 2.” 

That is, a number of the form 24n+ 7 cannot be the sum of three 
squares. Now the factor 3 of 24 is irrelevant here, for with respect 
to three this number is of the form 37+ 1, and this, so far as 3 is 
concerned, might be a square or the sum of two or three squares. 
Hence we may neglect the factor 3 in 24. 

We must therefore credit Diophantus with the knowledge of 


the passage. ‘‘Imitari statueram bonos grammaticos hoc loco; quorum (ut aiunt) est 
multa nescire. Ego vero nescio heic non multa, sed paene omnia. Quid enim (ut 
reliqua taceam) est μήτε ὁ διπλασίων αὐτοῦ ap po a etc., quae causae huius προσδιορισμοῦ, 
quae processus? immo qui processus, quae operatio, quae solutio?” 

Nesselmann discusses an attempt made by Schulz to correct the text, and himself 
suggests μήτε τὸν διπλασίονα αὐτοῦ ἀριθμὸν μονάδι μείζονα ἔχειν, bs μετρεῖται ὑπό τινος 
πρώτου ἀριθμοῦ. But this ignores μέρος τέταρτον and is not satisfactory. 

Hankel, however (Gesch. d. Math. p. 169), says: ‘‘Ich zweifele nicht, dass die 
von den Msscr. arg entstellte Determination so zu lesen ist: Δεῖ δὴ τὸν διδόμενον μήτε 
περισσὸν εἶναι, μήτε τὸν διπλασίονα αὐτοῦ ἀριθμὸν μονάδι a μείζονα μετρεῖσθαι ὑπό του 
πρώτου ἀριθμοῦ, ὃς ἂν μονάδι ἃ μείζων ἔχῃ μέρος τέταρτον." This correction seems a 
decidedly probable one. Here the words μέρος τέταρτον find a place; and, secondly, 
the repetition of μονάδι a μείζων might well confuse a copyist. ov for τοῦ is of course 
natural enough; Nesselmann reads τινος for του. 

Tannery, improving on Hankel, reads Δεῖ δὴ τὸν διδόμενον μήτε περισσὸν εἷναι, μήτε 
trdv διπλάσιον αὐτοῦ καὶ μονάδι μιᾷ μείζονα μετρεῖσθαι ὑπό του πρώτου ἀριθμοῦ «οὗ ὁ 
μονάδι μίᾳ μείζων > ἔχῃ μέρος τέταρτον t, ‘‘ the given number must not be odd, and twice 
it 2:5 1 must not be measured by any prime number which, when increased by 1, is 
divisible by 4.” 

1 A discussion of the text and a suggestion as to the considerations which may have 
led to the formulation of the condition will be found in Jacobi, ‘‘ Ueber die Kenntnisse 
des Diophantus von der Zusammensetzung der Zahlen” (Berliner Monatsberichte, 1847; 
Gesammelte Werke, Vu., 1891, pp- 332-344)- 
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the fact that xo number of the form 8n+ 7 can be the sum of 
three squares. 

This condition is true, but does not include a// the numbers 
which cannot be the sum of three squares, for it is not true that 
all numbers which are not of the form 82: + 7 are made up of three 
squares. Even Bachet remarked that the number a might not be 
of the form 327-+9, or a number of the form 96”+28 cannot be 
the sum of three squares. 

Fermat gives the conditions to which ὦ must be subject thus? 

Write down two geometrical series (common ratio of each 4), 
the first and second series beginning respectively with 1, 8, 


lL 4 262° :64; (256) 1024) - 4006 

δ᾽ 2 eP2G> “12: 9045) S102). 32766. 
then @ must not be (1) any number obtained by taking twice any 
term of the upper series and adding all the preceding terms, or 
(2) the number found by adding to the numbers so obtained any 


multiple of the corresponding term of the second series. 
Thus a must not be 


ὃ - 2.1 = 8£+2, 
32k+2.44+1 = 32£+9, 
128k+2.164+4+4+1 = 128% + 37, 


$12k+2.64+164+4+1=512k+ 149, 

and so on, where £=0 or any integer. 

That is, sincel +4+4?+... +4"? =4(4" — 1), a cannot be either 

2.40 } 255 1) τεσ 4 ἘΞ 1) 

ΟΥ̓ 35. 4 | 7 7:4 Ξ ) =A 45 ΑΕ ΠῚ 
therefore 34 + 1 cannot be of the form 47 (245 + 7) or 45 (85 + 7). 

Again, there are other problems, eg. V. 10 and V. 20, in which, 
though conditions are necessary for the possibility of solution, none 
are mentioned ; but suitable assumptions are tacitly made, without 
explanation. It does not follow, from the omission to state the 
conditions, that Diophantus was ignorant of even the minutest 


points connected with them; as, however, we have no definite 
statements, we must be content to remain in doubt. 


1 Legendre proved (Zah/lentheorie, tr. Maser, I. p. 386), that numbers of this form are 
the only odd numbers which are not divisible into three squares. 
2 Note on Diophantus v. 11. 
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(c) Composition of numbers as the sum of four squares. 


Every number is either a square or the sum of two, three or four 
squares. This well-known theorem, enunciated by Fermat’, and 
proved by Lagrange? (who followed up results obtained by Euler) 
shows at once that any number can be divided into four squares 
either integral or fractional, since any square number can be divided 
into two other squares, integral or fractional. We have now.to look 
for indications in the Ar7zthmetica as to how far Diophantus was 
acquainted with the properties of numbers as the sum of four squares. 
Unfortunately, it is impossible to decide this question with anything 
like certainty. There are three problems, Iv. 29, 30 and V. 14, in 
which it is required to divide a number into four squares, and from 
the absence of mention of any condition to which the number must 
conform, considering that in both cases where a number is to 
be divided into three or two squares, V. 11 and V. 9, he does 
state a condition, we should probably be right in inferring that 
Diophantus was aware, at least empzrically, that any number could 
be divided into four squares. That he was able to prove the 
theorem scientifically it would be rash to assert. But we may 
at least be certain that Diophantus came as near to the proof of 
it as did Bachet, who takes all the natural numbers up to 120 
and finds by trial that all of them can actually be expressed 
as squares, or as the sum of two, three or four squares in whole 
numbers. So much we may be sure that Diophantus could do, and 
hence he might have empirically satisfied himself that it is possible 
to divide any number into four squares, integral or fractional, even 
if he could not give a rigorous mathematical demonstration of the 


general theorem. 


1 See note on Diophantus Iv. 29; cf. also section I. of the Supplement. 

2 εἰ Démonstration d’un théoréme d’arithmétique ” in Mouveaux Mémotres del Acad. 
royale des sciences de Berlin, année 1770, Berlin 1772, pp. 123-133 = Ocuvres de Lagrange, 
III, pp. 187-201; cf. Wertheim’s account of the proof in his Diophantus, pp. 324-330. 
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THE PLACE OF DIOPHANTUS 


IN algebra, as in geometry, the Greeks learnt the beginnings 
from the Egyptians. Familiarity on the part of the Greeks with 
Egyptian methods of calculation is well attested. Thus (1) Psellus 
in the letter published by Tannery! speaks of “the method 
of arithmetical calculations used by the Egyptians, by which 
problems “in analysis are handled” (ἡ κατ᾽ Αἰγυπτίους τῶν 
ἀριθμῶν μέθοδος, δι’ ἧς οἰκονομεῖται τὰ κατὰ THY ἀναλυτικὴν 
προβλήματα); the details which he goes on to give respecting 
the technical terms for different kinds of numbers, including the 
powers of the unknown quantity, in use among the Egyptians 
are doubtless taken from Anatolius. (2) The scholiast to Plato’s 
Charmides 165E may be drawing on the same source when he 
says that “parts of λογιστική (the science of calculation) are the 
so-called Greek and Egyptian methods in multiplications and 
divisions, and the additions and subtractions of fractions....The 
aim of it all is the service of common life and utility for contracts, 
though it seems to deal with things of sense as if they were 
perfect or abstract.” (3) Plato himself, in the Zaws*, says that 
free-born boys should, as is the practice in Egypt, learn, side by 
side with reading, simple mathematical calculations adapted to their 
age, which should be put into a form such as to give amusement 
and pleasure as well as instruction; eg. there should be different 
distributions of such things as apples, garlands, etc., different 
arrangements of numbers of boys in contests of boxing or wrestling, 
illustrations by bowls of different metals, gold, copper, silver, etc., 
and simple problems of calculation of mixtures; all of which are ' 
useful in military and civil life and “in any case make men more 
useful to themselves and more wide-awake.” 


1 Dioph. 11. pp. 37-42. 2 Laws, VII. 819 A-C. 
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The Egyptian calculations here in point (apart from their 
method of writing and calculating in fractions, which differed 
from that of the Greeks in that the Greeks worked with ordinary 
fractions, whereas the Egyptians separated fractions into sums 
of submultiples, with the exception of 3 which was not decomposed) 
are the #au-calculations. Mau, meaning a heap, is the term used 
to denote the unknown quantity, and the calculations in terms 
of it are equivalent to the solutions of simple equations with one 
unknown quantity’, Examples from the Papyrus Rhind?® corre- 
spond to the following equations: 

4X4 +4 = 19, 
Be + get 7X + ¥ = 33, 
(x + $x) — 4 (e+ 3x) = το. 

Before leaving the Egyptians, it is right to mention their 
anticipation, though in an elementary form, of a favourite method 
of Diophantus, that of the “false supposition” or “ regula falsi ” 
as it is sometimes called. An arbitrary assumption is made as to 
the value of the unknown, and the value is afterwards corrected 
by a comparison of the result of substituting the wrong value in 
the original expression with the actual fact. Two instances 
mentioned by Cantor*® may be given. The first, taken from the 
_ Papyrus Rhind, is the problem of dividing 100 loaves among five 
persons in numbers forming an arithmetical progression and such 
that one-seventh of the sum of the first three shares is equal to 
the sum of the other two. If a@+4d, a+3d, a+ 2d, a+d, a 
are the shares, we have 

34 + 94 = 7 (2a + @), 
or ad = Sta. 
Ahmes merely says, without explanation, “make the difference, 
as it is, 54,” and then, assuming a=1, writes the series 23, 173, 
12, 64, 1. The addition of these gives 60, and 100 is 12 times 60. 
Ahmes says simply “multiply 13 times” and thus gets the correct 
values 384, 294, 20, 102 4, 13. The second instance (taken from 
the Berlin Papyrus 6619) is the solution of the equations 
x? + γ = 100, 

#:y=1:9, or y= 

1 For a complete account of the subject the reader is referred to Moritz Cantor’s 
Geschichte der Mathematik, 14. Chapter 11., especially pp. 74-81. 

2 Eisenlohr, Zin mathematisches Handbuch der alten Agypter (Papyrus Rhind des 


British Museum), Leipzig, 1877. 
3 Geschichte der Math. 13. pp. 78-9 and p. 95. 
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x is first assumed to be 1, and #?+ 7" is then found to be 25/16. 
In order to make 100, 25/16 has to be multiplied by 64 or 8% The 
true value of x is therefore 8 times 1, or 8. 

The simple equations solved in the Papyrus Rhind are just the 
kind of equations of which we find numerous examples in the 
arithmetical epigrams included in the Greek Anthology. Most 
of these appear under the name of Metrodorus, a grammarian, 
who probably lived about the time of the Emperors Anastasius I. 
(491-518 A.D.) and Justin I. (518-527 A.D.). They were obviously 
only collected by Metrodorus, from ancient as well as more recent 
sources ; none of them can with certainty be attributed to Metro- 
dorus himself. Many of the epigrams (46 in number) lead to 
simple equations, with one unknown, of the type of the Zaz- 
equations, and several of them are problems of dividing a number 
of apples or nuts among a certain number of persons, that is 
to say, the very type of problem alluded to by Plato. For 
example, a number of apples has to be determined such that, if 
four persons out of six receive one-third, one-eighth, one-fourth 
and one-fifth respectively of the total number of apples, while the 
fifth person receives ten apples, there remains one apple as the 
share of the sixth person, Σὰ, 


dv+detie+iv+10+1=2. 


We are reminded of Plato’s allusion to problems about bowls 
(φιάλαι) of different metals by two problems (Azthol. Palat. XIv. 
I2 and 50) in which the weights of bowls have to be found. We 
can now understand the allusions of Proclus! and the scholiast 
on Charmides 165 E to μηλῖται and φιαλῖται ἀριθμοί, the adjectives 
being respectively formed from μῆλον, an apple, and φιάλη, a 
bowl. It is clear from Plato’s allusions that the origin of such 
simple algebraical problems dates back, at least, to the fifth 
century B.C. 

I have not thought it worth while to reproduce at length the 
problems contained in the Anthology’, but the following is a 
classification of them. (1) Twenty-three are simple equations 
containing one unknown and of the type shown above; one of 
these is the epigram on the age of Diophantus and incidents 
in his life (xIv. 126). (2) Twelve more are easy simultaneous 

1 Proclus, Comment. on Eucl. 1., ed. Friedlein, 10. 


2 They are printed in Greek, with the scholia, in Tannery’s edition of Diophantus 
(11. pp. 43-72 and x), and they are included in Wertheim’s German translation of 


Diophantus, pp. 331-343. 
HD. 8 
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equations containing two unknowns, and of the same sort as 
Diophantus I. 1-6; or, of course, they can be reduced to a simple 
equation with one unknown by means of an easy elimination. 
One other (XIV. 51) gives simultaneous equations in three un- 
knowns 


ἘΞ 7)" γ7ἷΗεεξ τ ῳ Z= 10 +2 
τὰ ΤῊΝ : 1: 


and one (XIV. 49) gives four equations in four unknowns 
H+y=40, 4+ 2=45, r+u= 36, 1- 7) -Ὁ 5 -τ  1ε τ 60. 


With these may be compared Diophantus I. 16-21. (3) Six more 
are problems of the usual type about the filling of vessels by pipes: 
e.g. (XIV. 130) one pipe fills the vessel in one day, a second in two, 
and a third in three; how long will all three running together 
take to fill it? Another about brickmakers (XIV. 136) is of the 
same sort. 

The Anthology contains (4) two indeterminate equations of 
the first degree which can be solved in positive integers in an 
infinite number of ways (XIV. 48 and 144); the first is a distribution 
of apples satisfying the equation x—3y=y, where y is not less 
than 2, and the original number of apples is 34; the second leads 
to the following three equations between four unknown quantities : 

Ἂς 


1-Ὲ}7}γ ΞΞΤῚ ἽΓ 7} 
2 ΞΞ2}., 
os a) 


the general solution of which is r= 44, y =, 21 = 32, y, = 2k. These 
very equations, made however determinate by assuming that 
*+y =%,+ 9, =100, are solved in Diophantus I. 12. 

We mentioned above the problem in the Anthology (XIV. 49) 


leading to the following four simultaneous linear equations with 
four unknown quantities, 


t+ =A, 
2 ἘΞ 
L+U=C, 


t+y+e+u=d. 


The general solution of any number of simultaneous linear 
equations of this type with the same number of unknown quantities 
was given by Thymaridas, apparently of Paros, and an early 
Pythagorean. He gave a rule, ἔφοδος, or method of attack (as 
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Tamblichus’, our informant, calls it) which must have been widely 
known, inasmuch as it was called by the name of the ἐπάνθημα, 
“flower” or “bloom,” of Thymaridas. The rule is stated in general 
terms, but, though no symbols are used, the content is pure 
algebra. Thymaridas, too, distinguishes between what he calls 
ἀόριστον, the undefined or unknown quantity, and the ὡρισμένον, 
the definite or known, therein anticipating the very phrase of 
Diophantus, πλῆθος μονάδων ἀόριστον, “an undefined number of 
units,” by which he describes his ἀριθμός or x Thymaridas’ rule, 
though obscurely expressed, states in effect that, if there are x 
equations between 2 unknown quantities 4, 4%, %...4%n,_, of the 
following form, 


H+ Xn = An, 
ee ae fee ee ce Pe ξεν, 
then the solution is given by 


see (α, +a,+... + @n1)—S 
71 —2 


Iamblichus goes on to show that other types of equations can 
be reduced to this, so that the rule does not leave us in the lurch 
(οὐ παρέλκει) in those cases either. Thus we can reduce to 
Thymaridas’ form the indeterminate problem represented by the 
following three linear equations between four unknown quantities : 

r+y=a(z+4n), 
*a+2=b(u+y), 
H+uU=C(y +2). 
From the first equation we obtain 
: xr+y+et+u=(at 1) (4+), 
from which it follows that, if x, y, 2, « are all to be integers, 
x+y+z2+u must contain @+1 as a factor. Similarly it must 
contain 6+ 1 and c+ 1 as factors. 

Suppose now thatr+y+2e+u=(a+1)(6+1)(¢+1). There- 

fore, by means of the first equation, we get 


στ) (1 +2) =(@+ 1) +N E+D) 


1 Tamblichus, Jz Nicomacht arithmeticam introductionem (ed. Pistelli), pp. 62, 
18-68, 26. 
8—2 
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or a+y=a(o+1)(ct+ 1). 
Similarly x+2=6(c+1)(a+1), 
x+u=c(at+i1)(O+1), 
and the equations are in the form to which Thymaridas’ rule is 
applicable. 
Hence, by that rule, 


ee 23: τ)ῖ6 1 1) οὐν τα (α -Ἐ 1) (ὁ - 1) (¢€+ 1) 
ss : ; 


In order to ensure that + may always be integral, it is only 
necessary to assume 

e+y+et+u=2(at+1)(6+1)C+1). 

The factor 2 is of course determined by the number of un- 
knowns. If there are 2 unknowns, the factor to be put in place 
of 2 is 2 —2. 

Iamblichus has the particular case corresponding to a= 2, 
b =3,c=4. He goes on to apply the method to the equations 


k 
a ee) 


722 
x*4+24 Se +y), 


tual (y + 2), 


for the case where £//=3, m/n = 4, 24 =}. 


Enough has been said to show that Diophantus was not the 
inventor of Algebra. Nor was he the first to solve indeterminate 
problems of the second degree. 

Take, first, the problem of dividing a square number into two 
squares (Diophantus 11. 8), or of finding a right-angled triangle 
with sides in rational numbers. This problem was, as we learn 
from Proclus}, attributed to Pythagoras, who was credited with 


the discovery of a genera] formula for finding such triangles which 
may be shown thus: 


4 (Ξ - Ἵ > ( + . 
2 2 
where 22 is an odd number. Plato again is credited, according 
to the same authority, with another formula of the same sort, 
(2m)? + (2? — 1)? = (αϑ + 1) 
1 Comment. on Euclid, Book I. pp. 428, 7 544. 


THE PLACE ΟΕ DIOPHANTUS ἔτη 


Both these formulae are readily connected with the geometrical 
proposition in Eucl. 11. 5, the algebraical equivalent of which may 


be stated as 
(* + ay (* τος 4) 
eg ree) eee εξει γῇ] 
2 2 


The content of Euclid Book 11. is beyond doubt Pythagorean, and 
this way of stating the proposition quoted could not have escaped 
the Pythagoreans. If we put 1 for ὁ and the square of any odd 
number for a, we have the Pythagorean formula; and, if we put 
ὥ Ξε 2725, b=2, we obtain Plato’s formula. Euclid finds a more 
general formula in Book x. (Lemma following x. 28). Starting 
with numbers w~=c+dand v=c—4, so that 


uv Ξε τ — ὦ, 
Euclid points out that, in order that wv may be a square, 2 and v 
must be “similar plane numbers” or numbers of the form 727°, 
mnq. Substituting we have 


minp” + mr (eee - me 
2 2 


weg = ( 


But the problem of finding right-angled triangles in rational 
numbers was not the only indeterminate problem of the second 
degree solved by the Pythagoreans. They solved the equation 

247*—y=ti 
in such a way as to prove that there are an infinite number of 
solutions of that equation in integral numbers. The Pythagoreans 
used for this purpose the system of “side-” and “diagonal-” 
numbers}, afterwards fully described by Theon of Smyrna% We 
begin with unity as both the first “side” and the first “ diagonal” ; 
thus 
a=1, ἄχ ΞΕῚ. 
We then form (a,, @,), (ας, 4), etc., in accordance with the following 
law, 
ὥς Ξε a aa ἘΠ 7 
ὥς τε A,4+a,, εἰ, τε 2ας -ἰ a, ; 
and so on. Theon states, with reference to these numbers, the 
general proposition that 
ΕΞ ἘΣ 
and observes that (1) the signs alternate as successive @’s and δ᾽ 5 


1 See Proclus, J Platonis rempublicam commentarii (Teubner, Leipzig), Vol. 11. 


C, 29, ps. 27, 11-18. 
2 Theon of Smyrna, ed. Hiller, pp. 43, 44: 
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are taken, d,?—2a,? being equal to —1, d—2a,/ equal to+1, 
d2— 2a equal to — 1 and so on, (2) the sum of the squares of αὐ 
the a’s will be double of the sum of the squares of αὐ the as. For 
the purpose of (2) the number of successive terms in each series, 
if finite, must of course be even. The algebraical proof is easy. 


Ay? — 2An? = (2An 1 + An)? — 2 (Qn + Ena)? 
ἘΞῚ Pee ees MO 
=—(d n—1 — 24n1°) 
= + (dy? — 2an_+*), 
and so on, while @,?— 2a,,=—1. Proclus tells us that the property 


was proved by means of the theorems of Eucl. 11. 9, 10, which 
are indeed equivalent to 
(25. +yP—2(4+y)? = 253 -- γ. 

Diophantus does not particularly mention the indeterminate 
equation 2%7-1=¥7, still less does he mention “side-” and 
“diagonal-” numbers. But from the Lemma to VI. 15 (quoted 
above, p. 69) it is clear that he knew how to find any number of 
solutions when one is known. Thus, seeing that x=1, y=1 is 
one solution, he would put 


2(1+4)?—1=a square ~ 


ἘΞ (px — 1)? say, 
whence *=(4+4 22),.2"-- 2). 


Take the value p=2, and we have +=4, or *+1=5; and 
2.5°—1I=49=7* Putting +5 in place of 2, we find a still 
higher value, and so on. 

In a recent paper Heiberg has published and translated, and 
Zeuthen has commented on, still further Greek examples of in- 
determinate analysis. They come from the Constantinople MS. 
(probably of 12th c.) from which Schone edited the Metrica of 
Heron. The first two of the thirteen problems had been published 
before (though in a less complete form)?; the others are new. 

The first bids us find two rectangles such that the perimeter 
of the second is three times that of the first, and the area of the 
first is three times that of the second (the first of the two con- 
ditions is, by some acgident, omitted in the text). The number 3 

1 Bibliotheca Mathematica, Vlg, 1907-8, pp. 118-134. 


2 Hultsch’s Heron, Geeponica, 78, 79. The two problems are discussed by Cantor, 
Agrimensoren, p. 62, and Tannery, AZém. de la soc. des sc. de Bordeaux, 1V,, 1882. 
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is of course only an illustration, and the problem is equivalent to 
the solution of the equations 


uwtv=n(r+y) ie 
a ΡΣ ΣΉΝ : 
the solution given in the text is equivalent to 
Δ ΞΞ 20 -τὖὶ;, y=2n' 
ΤΕ pray bees (Pg ena Ras [᾿ 
ΞΞ 51 (4: --- 2), τ’ ΞΞ 3 


Zeuthen suggests that this solution may have been arrived at 
thus. As the problem is indeterminate, it would be natural to 
make trial of some hypothesis, eg. to put v=. It would follow 
from the first equation in (1) that # is a multiple of x, say nz. We 


have then | 
*+y=144, 
Ay = 22, 
whence ay = (*#+y)— 1, 
or ( — 2) (y—n) =n (73 — 1). 


An obvious solution of this is 
2-- ἔδεε δ-- 1, γ -- 18 τῷ "5, 


The second problem is equivalent to the solution of the 


equations 
A+y=ut+v τὴ 
PO τ τ" : 
and the solution given in the text is 
oe et eee ee acon Gane oper rer Ππη eee (2), 
u=n—-I, v=n(n—1) G) 
=n —1, y=n?(n—1) sbeteleniege cxeceLeekocersiste © : 


In this case trial may have been made of the assumption 
V=NX, γ5Ξ 2314, 
when the first equation in (1) would give 
(721 —1)x Ξε ("13 --- 1) uw, 
a solution of which is r=”?—1, w=n—I. 

The fifth problem is of interest in one respect. We are asked 
to find a right-angled triangle (in rational numbers) with area 
of 5 feet. We are told to multiply 5 by some square containing 6 
as a factor, eg. 36. This makes 180, and this is the area of the 

triangle (9, #0, 41). Dividing each side by 6, we have the triangle 
required. The author, then, is aware of the fact that the area 
of a right-angled triangle with sides in whole numbers is divisible 
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by 6. If wetake the Euclidean formula for a right-angled triangle, 
thus making the sides 


7223 —n? mw? +n? 
Qa.mn, a. Ξ ΤΥΣΝ τὴν 


where @ is any number, and 2722, 2,1. are numbers which are both odd 
or both even, the area is | 

ye lit (12 — 211) (2 + 2) 

4 

and, as a matter of fact, the numerator mn (m—un)(m+2) is 
divisible by 24, as was proved later (for another purpose) by 
Leonardo of Pisa. There is no sign that Diophantus was aware 
of the proposition; this however may be due to the fact that he 
does not trouble as to whether his solutions are integral, but is 
satisfied with rational results. 

The last four problems (numbered ΤΟ to 13) are of great 
interest. They are different particular cases of one problem, that 
of finding a rational right-angled triangle such that the numerical 
sum of its area and all its three sides is a given number. The 
author’s solution depends on the following formulae, where a, ὁ 
are the perpendiculars, and ς the hypotenuse, of a right-angled 
triangle, S its area, ~ the radius of its inscribed circle, and 
s=t(a+d+4+c): 

SSi=400, 7+ s=2+0; 625-7. 


) 


(The proof of these formulae by means of the usual figure, that 
used by Heron to prove his formula for the area of a triangle 
-in terms of its sides, is easy.) 

Solving the first two equations, in order to find ἃ and ὁ, we 
have 


) 


b 2 


which formula is actually used by the author for finding a@ and ὦ. 
The method employed is to take the sum of the area and the three 
sides S + 25, separated into its two obvious factors s (7 + 2), to put 
s(v+2)=A (the given number), and then to separate A into 
suitable factors to which s and r+ 2 may be equated. They must 
obviously be such that sv, the area, is divisible by 6. To take the 
first example where A is equal to 280: the possible factors are 


1-3 V(r +s) — 825} 


1 Scritti, ed. B, Boncompagni, 11. (1862), p. 264. Cf. Cantor, Gesch. ὦ, Math. τη, 
Pp. 40. 
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Σ᾿ ΧΟ, ΧΟ, ΧΟ, ee 85 tO 20, ela 20," -Πὸ 
suitable factors in this case are r+ 2= 8, s = 35, because 7 is then 
equal to 6, and ¢s is a multiple of 6. 

The author then says that 


BOPSS MO AS θυ) dt 


= 20, 
2 2 


and c=35-—6=29. 


The: triangle: 4s" therefore. (eo, 21, 20) in. this» case.» ‘he 
triangles found in the other cases, by the same method, are 
(9, 40, 41), (δ, 15, 17) and (9, 12, 15). 

Unfortunately there is no guide to the date of ie problems 
just given. The form, however, cannot be that in which the 
discoverer or discoverers of the methods indicated originally 
explained those methods. The probability is that the original 
formulation of the most important of the problems belongs to 
the period between Euclid and Diophantus. This supposition best 
agrees with the fact that the problems include nothing taken from 
the great collection in the Arzthmetica. On the other hand, it is 
strange that none of the seven problems above mentioned is found 
in Diophantus. The five of them which relate to rational right- 
angled triangles might well have been included by him; thus he 
finds rational triangles such that the area p/ws or minus one of the 
perpendiculars is a given number, but not the rational triangle 
which has a given area; and he finds rational triangles such that 
the area plus or minus the sum of two sides is a given number, 
but not the rational triangle such that the sum of the area and 
the three sides is a given number. The omitted problems might, 
it is true, have come in the lost Books; but, on the other hand, 
Book vi. is the place where we should have expected to find 
them. Nor do we find in the above problems any trace of 
Diophantus’ peculiar methods. 

Lastly, the famous Cattle-Problem attributed to Archimedes? 
has to be added to the indeterminate problems propounded before 
Diophantus’ time. According to the heading prefixed to the 
epigram, it was communicated by Archimedes to the mathe- 
maticians at Alexandria in a letter to Eratosthenes. The scholiast 


1 Archimedes, ed. Heiberg, Vol. 11. p. 450 544: 


122 INTRODUCTION 


on Charmides 165E also refers to the problem “called by Archi- 
medes the Cattle-Problem.” Krumbiegel, who discussed the 
arguments for and against the attribution to Archimedes, con- 
cluded apparently that, while the epigram can hardly have been 
written by Archimedes in its present form, it is possible, nay 
probable, that the problem was in substance originated by 
Archimedes’. Hultsch? has a most attractive suggestion as to 
the occasion of it. It is known that Apollonius in his ὠκυτόκιον 
had calculated an approximation to the value of m closer than 
that of Archimedes, and he must therefore have worked out more 
difficult multiplications than those contained in the Measurement 
of a circle. Also the other work of Apollonius on the multipli- 
cation of large numbers, which is partly preserved in Pappus, was 
inspired by the Sand-reckoner of Archimedes; and, though we 
need not exactly regard the treatise of Apollonius as polemical, 
yet it did in fact constitute a criticism of the earlier book. That 
Archimedes should then reply with a problem involving such a 
manipulation of immense numbers as would be difficult even for 
Apollonius is not altogether outside the bounds of possibility. And 
there is an unmistakable vein of satire in the opening words of 
the epigram, “Compute the number of the oxen of the Sun, giving 
thy mind thereto, if thou hast a share of wisdom,” in the tran- 
sition from the first part to the second, where it is said that 
ability to solve the first part would entitle one to be regarded 
as “not unknowing nor unskilled in numbers, but still not yet 
to be counted among the wise,’ and again in the last lines. 
Hultsch concludes that in any case the problem is not much 
later than the time of Archimedes and dates from the beginning 
of the second century B.C. at the latest. 

I have reproduced elsewhere’, from Amthor, details regarding 
the solution of the problem, and I need do little more than state 
here its algebraical equivalent. Eight unknown quantities have 
to be found, namely, the numbers of bulls and cows respectively 
of each of four colours (I use large letters for the bulls and small 
letters for the cows). The first part of the problem connects the 
eight unknowns by seven simple equations; the second part adds 
two more conditions. 


* Leitschrift fiir Math. u. Physik (Hist. litt. Abtheilung), xxv. (1880), p. 121 sq. 
Amthor added (p. 153 sq.) a discussion of the problem itself. 

® Art. Archimedes in Pauly-Wissowa’s Real-Encyclopidie, 1. 1, pp. 5345 535» 

3 The Works of Archimedes, pp. 319-326. 
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First part of Problem. 
CLS Ὁ ΞΕ ey a eee ee ο (1), 
ASP Zoe nate. (2); 
ΖΞ WY ieee (3). 
(II) W=(FAE)(N Ἑ 4).....ὁοννννννεννννν (4); 
be @ oe et Ae, ep a ee (5); 
ΣΊ ΞΡ ΣΟΥ Vianna eh oes (6), 
᾿Ξ ΟΦ ea 1s) renee (7). 

Second part. 

Wn SU are aia. τον eh ΣΤΥ ἈΠ ἢΣ (8), 
y+ Z2= a thangular number. 1 λον εν (9). 


The solution of the first part gives 
W = 10366482 m, w=7206360 2, 
ht GACOGIA He ik = AO 3240 Hi, 
Y= 4149387”, y= 5439213 %, 
ZS G350000 1. = 35 T5020 7, 
where z is an integer. The solution given by the scholiast’ corre- 
sponds to z= 80. 

The complete problem would not be unmanageable but for the 
condition (8). If for this were substituted the requirement that 
W +X shall be merely a product of two unequal factors (“ Wurm’s 
problem ”), the solution in the least possible numbers is | 

W = 1217263415886, z= 846192410280, 
X= 876035935422, *= 574579625058, 
V= 487233469701, y= 638688708099, 
Z = 864005479380, 2= 412838131860. 

But, if we include condition (8) and first of all find a solution 
satisfying the conditions (1) to (8), we have then, in order to 
satisfy condition (9), to solve the equation 

q (9 + 1)/2 = 51285802909803 . & 
ΞΕ ΤΡ 20-353. 4057 8" 

If we multiply by 8, and put 

2g+ti=t, 2.4657E&=u, 
we have the equation 
Fifa? , 327120953 
or 2? — 47294904 w= I. | 
1 Archimedes, ed. Heiberg, Vol. II. pp. 454, 455: 
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The value of W would be a number containing 206545 
digits. 

Such are the very few and scattered particulars which we 
possess of problems similar to those of Diophantus solved or 
propounded before his time. They show indeed that the kind of 
problem was not invented by him, but on the other hand they 
show little or no trace of anything like his characteristic alge- 
braical methods. In the circumstances, and in default of discovery 
of fresh documents, the question how much of his work represents 
original contributions of his own to the subject must remain a 
matter of pure speculation. It is pretty obvious that one man 
could not have been the author of all the problems contained in 
the six Books. There are also inequalities in the work; some 
problems are very inferior in interest to the remainder, and some 
solutions may be assumed to be reproduced from other writers 
of less calibre, since they reveal none of the mastery of the subject 
which Diophantus possessed. Again, it seems probable that the 
problem V. 30, which is exceptionally in epigrammatic form, was 
taken from someone else. The Avithmetica was no doubt a 
collection, much in the same sense as Euclid’s Elements were. And 
this may be one reason why so little trace remains of earlier 
labours in the same field. It is well known that Euclid’s Elements 
so entirely superseded the works of the earlier writers of Elements 
(Hippocrates of Chios, Leon and Theudius) and of the great 
contributors to the body of the Elements, Theaetetus and Eudoxus, 
that those works have disappeared almost entirely. So no doubt 
would Diophantus’ work supersede, and have the effect of con- 
signing to oblivion, any earlier collections of problems of the 
same kind. But, if it was a compilation, we cannot doubt that 
it was a compilation in the best sense, therein resembling Euclid’s 
Elements; it was a compilation by one who was a master of the 
subject, who took account of and assimilated all the best that had 
been written upon it, arranged the whole of the available material 
in due and progressive order, but also added much of his own, not 
only in the form of new problems but also (and even more) in the 
mode of treatment, the development of more general methods, and 
so on. . 

It is perhaps desirable to add a few words on the previous 
history of the theory of polygonal numbers. The theory certainly 
goes back to Pythagoras and the earliest Pythagoreans. The 
triangle came first, being obtained by first taking 1, then adding 
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2 to it, then 3 to the sum; each successive number would be 
represented by the proper number of dots, and, when each number 
was represented by that number of dots arranged symmetrically 
under the row representing the preceding number, the triangular 
form.would be apparent to the eye, thus: 


Next came the Pythagorean discovery of the fact that a similar 
successive addition of odd numbers produced 
successive square numbers, the odd numbers 
being on that account called guomons, and again 
the process was shown by dots arranged to re- 
present squares. The accompanying figure shows TE SE 
the successive squares and gnomons. ae 

Following triangles and squares came the figured numbers 
in which the “gnomons,” or the numbers added to make one 
number of a given form into the next larger of the same form, 
were numbers in arithmetical progression starting from 1, but with 
comimon. difference Ὁ. 4,5. etc. instead. of 4.2. lus. ib tne 
common difference is 3, so that the successive numbers added to 
I are 4, 7, 10, etc, the number is a pentagonal number, if the 
common difference is 4 and the gnomons 5, 9, 13, etc., the number 
is a hexagonal number, and so on. Hence the law that the 
common difference of the gnomons in the case of a -gon is 
71 — 2. 

Perhaps these facts had already been arrived at by Philippus 
of Opus (4th c. B.C.), who is said to have written a work on 
polygonal numbers’. Next Speusippus, nephew and successor of 
Plato, wrote on Pythagorean Numbers, and a fragment of his 
book survives*®, in which linear numbers, polygonal numbers, 
triangles and pyramids are spoken of: a fact which leaves no 
room for doubt as to the Pythagorean origin of all these con- 
ceptions’, 

Hypsicles, who wrote about 170 B.C., is twice mentioned by 
Diophantus as the author of a “definition” of a polygonal number, 


1 Βιογράφοι, Vitarum scriptores Graect minores, ed. Westermann, 1845, p. 448. 

2 Theologumena arithmeticae (ed. Ast), 1817, pp. 61,62; the passage is translated with 
notes by Tannery, Pour Phistotre de la science helléne, pp. 386-390. 

3 Cantor, Geschichte der Mathematik, 13, Ὁ. 249. 
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which is even quoted verbatim’. The definition does not mention 
any polygonal number beyond the pentagonal; but indeed this 
was unnecessary: the facts about the triangle, the square and the 
pentagon were sufficient to enable Hypsicles to pass to a general 
conclusion. The definition amounts to saying that the zth a-gon 
(1 counting as the first) is 


4n{2+(%—1)(a—2)}. 

Theon of Smyrna’, Nicomachus* and Iamblichus‘ all devote 
some space to polygonal numbers. The first two, who flourished 
about 100 A.D., were earlier than Diophantus, and are accordingly 
of interest here. Besides a description of the successive polygonal 
numbers, Theon gives the theorem that two successive triangular 
numbers added together give a square. That is, 

(7—I1)n n(n - 1) 
ean a τ 

The fact is of course clear if we divide a square 
into two triangles as in the figure. 

Nicomachus gave various rules for transforming triangles into 
squares, Squares into pentagons, etc. 


23 : 
Φ 


1. If we put two consecutive triangles together we get a square 
(as in Theon’s theorem). 

2. A pentagon is obtained from a square by adding to it a 
triangle. the side of which is 1 less than that of the square; 
similarly a hexagon from a pentagon by adding a triangle the side 
of which is 1 less than that of the pentagon; and so on. 

In fact, 


$2 (2+ (σι -- 1) (α -- 2}} -Ἑ ἃ (σι --- 1) γ1 τὸ ξ [24+ (γι --- 1) (a +1) — 2}1. 
Next Nicomachus sets out the first triangles, squares, pentagons, 
hexagons and heptagons in a diagram thus: 


Triangles Poa ν νυ πο ae πὸ 
Squares ΓΕ 225940. «4010 S04, | St. ἼΘΟ 
PENtagOns: aunk-- 5" eee πὶ FG ΟΣ ΤΠ 128 
Hexagons a. Ὅτ 1 58 Ὁ 506 ΟἹ “120° 153° 108 
Heptagons νι} 47+ 8 97 τὺ δὲ τ» 115. 180. 258 


and observes that 


1 Dioph. I. pp. 470-472. 

* Expositio rerum mathematicarum ad legendum Platonem utilium, ed. Hiller, 
pp. 31-40. 

5. Introductio arithmetica, ed. Hoche, 11. 8-12, pp. 87-99. 

se Micoytachi arithmeticam introd., ed. Pistelli, pp. 58-61, 68-72. 
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3. Each polygon is equal to the polygon immediately above 
it in the diagram flus the triangle with 1 less in its side, ze. the 
triangle in the preceding column. 


4. The vertical columns are arithmetical progressions, the 
common difference of which is the triangle in the preceding 
column. 

But Plutarch, a contemporary of Nicomachus, mentioned 
another method of transforming triangles into squares: Every 
triangular number taken eight times and then increased by 1 gives 
a square’. That is, 

γ (71 + 1) 
ae 


8 +1=(2"7+ 1) 

Diophantus generalised this proposition into his theorem for 
transforming azy polygonal number into a square. 

If P be a polygonal number, a the number of angles, 


8P (a— 2)+(a— 4)? =a square. 


He deduces rules for finding a polygonal number when the 
side and the number of angles are given, and for finding the side 
when the number and the number of its angles are given. These 
fine results and the fragment of the difficult problem of jixding 
the number of ways in which any given number can be a polygonal 
number no doubt represent part of the original contributions by 
Diophantus to the theory of that class of numbers. 


1 Plat. quaest. V. 2, 4, 1003 F. 
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BOOK. JI 


PRELIMINARY 

Dedication. 

“Knowing, my most esteemed friend Dionysius, that you are 
anxious to learn how to investigate problems in numbers, I have 
tried, beginning from the foundations on which the science is 
built up, to set forth to you the nature and power subsisting in 
numbers. 

“Perhaps the subject will appear rather difficult, inasmuch as 
it is not yet familiar (beginners are, as a rule, too ready to despair 
of success); but you, with the impulse of your enthusiasm and 
the benefit of my teaching, will find it easy to master; for 
eagerness to learn, when seconded by instruction, ensures rapid 
progress,” 

After the remark that “all numbers are made up of some 
multitude of units, so that it is manifest that their formation is 
subject to no limit,” Diophantus proceeds to define what he calls 
the different “species” of numbers, and to describe the abbreviative 
signs used to denote them. These “species” are, in the first 
place, the various powers of the unknown quantity from the second 
to the sixth inclusive, the unknown quantity itself, and units. 


Definitions. 

A square (=x?) is δύναμις (“ power”), and its sign is a d with Y 
superposed, thus A’. 

A cube (=x?) is κύβος, and its sign K”. 

A square-square (= x*) is δυναμοδύναμις., and its sign is A’ A. 

A square-cube (= χ5) is δυναμόκυβος, and its sign dK”. 


A cube-cube (=x*) is κυβόκυβος, and its sign Α΄ Κ΄. 


1 The term δυναμοδύναμις was already used by Heron (A/etrica, ed. Schone, p. 48, 
11, 19) for the fourth power of a side of a triangle. 
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“Tt is,” Diophantus observes, “from the addition, subtraction 
or multiplication of these numbers or from the ratios which they 
bear to one another or to their own sides respectively that most 
arithmetical problems are formed” ; and “each of these numbers... 
is recognised as an element in arithmetical inquiry.” 

“But the number which has none of these characteristics, but 
merely has in it an indeterminate multitude of units (πλῆθος 
μονάδων ἀόριστον) 1s called ἀριθμός, ‘number, and its sign 15 
ἘΞ}: 

“And there is also another sign denoting that which is in- 
variable in determinate numbers, namely the unit, the sign being 


M with o superposed, thus JZ.” 

Next follow the definitions of the reciprocals, the names of 
which are derived from the names of the corresponding species 
themselves. 

Thus 
from ἀριθμός [x] we derive the term ἀριθμοστόν [= 1/2] 

, δύναμις [43] ᾿ A δυναμοστόν [= 1/x?] 

»  kUBos [5:5] ᾿ . κυβοστόν [= 1/2°] 
»  Ouvapodvvamis [3353] ἢ . δυναμοδυναμοστόν [= 1/x4] 
»  δυναμόκυβος [15]  ,, ᾿ δυναμοκυβοστόν [= 1[25] 

» κυβόκυβος [18] ᾿ rn κυβοκυβοστόν [= 1/+*], 
and each of these has the same sign as the corresponding original 
species, but with a distinguishing mark which Tannery writes in 
the form * above the line to the. right. 

Thus a? “= 1/27", just-as 9" 2. 

Sign of Subtraction (smznus). 


“A minus multiplied by a minus makes a plus’; a minus 
multiplied by a plus makes a minus, and the sign of a minus is a 
truncated V turned upside down, thus Δ." 

Diophantus proceeds: “It is well that one who is beginning 
this study should have acquired practice in the addition, subtraction 
and multiplication of the various species. He should know how 
to add positive and negative terms with different coefficients to 


1 The literal rendering would be ‘‘A wanting multiplied by a wanting makes a 
forthcoming.”” The word corresponding to mzxus is λεῖψις (‘ wanting ”): when it is 
used exactly as our minus is, it is in the dative λείψει, but there is some doubt whether 
Diophantus himself used this form (cf. p. 44 above). For the probable explanation of 
the sign, see pp. 42-44. The word for ‘‘forthcoming” is ὕπαρξις, from ὑπάρχω, to exist. 
Negative terms are λείποντα εἴδη, and positive ὑπάρχοντα. 
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other terms’, themselves either positive or likewise partly positive 
and partly negative, and how to subtract from a combination of 
positive and negative terms other terms either positive or likewise 
partly positive and partly negative. 

“Next, if a problem leads to an equation in which certain 
terms are equal to terms of the same species but with different 
coefficients, it will be necessary to subtract like from like on both 
sides, until one term is found equal to one term. If by chance 
there are on either side or on both sides any negative terms, it will 
be necessary to add the negative terms on both sides, until the 
terms on both sides are positive, and then again to subtract like 
from like until one term only is left on each side. 

“This should be the object aimed at in framing the hypotheses 
of propositions, that is to say, to reduce the equations, if possible, 
until one term is left equal to one term; but J will show you later 
_ how, in the case also where two terms are ἘΠῚ equal to one term, such 
a problem is solved.” | 

Diophantus concludes by explaining that, in arranging the 
mass of material at his disposal, he tried to distinguish, so far as 
possible, the different types of problems, and, especially in the 
elementary portion at the beginning, to make the more simple lead | 
up to the more complex, in due order, such an arrangement being 
calculated to make the beginner’s course easier and to fix what 
he learns in his memory. The treatise, he adds, has been divided 
into thirteen Books. 


PROBLEMS 


t. ΓΟ divide°a given number into two having a given 
difference. 
Given number 100, given difference 40. 
Lesser number required x Therefore 
2x + 40 = 100, 
2 = 30. 
The required numbers are 70, 30. 


2. To divide a given number into two having a given ratio. 
Given number 60, given ratio 3:1 
Two: numbers:2, 2% Therefore 4=:15: 
The numbers are 45, 15. 


1 εἶδος, “‘spécies,” is the word used by Diophantus throughout. 
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3. To divide a given number into two numbers such that one 
is a given ratio of the other p/us a given difference’. 
Given number 80, ratio 3: 1, difference 4. 
Lesser number x. Therefore the larger is 3x-+ 4, and 
4x++4= 80, so that += 19. 
The numbers are 61, 19. 


4. To find two numbers in a given ratio and such that their 
difference is also given. 
Given ratio 5 : 1, given difference 20. 
Numbers 67.4.) Therefore 47 = 20,4 = 5..and 
the numbers are 25, 5. 


5. To divide a given number into two numbers such that given 
fractions (not the same) of each number when added together 
produce a given number. 


Necessary condition. The latter given number must be such 
that it lies between the numbers arising when the given fractions 
respectively are taken of the first given number. 

First given number 100, given fractions 4 and ἢ, given 
sum of fractions 30. 
Second part 54- 1 heretore first part = ὁ (30 — 2), 
Hlenee:- 00-24 = 100,-and ἘΞ τ. = 
The required parts are 75, 25. 


6. To divide a given number into two numbers such that a 
given fraction of the first exceeds a given fraction of the other 
by a given number. 


Necessary condition. The latter number must be less than that 
which arises when that fraction of the first number is taken which 
exceeds the other fraction. 

Given number 100, given fractions 1 and 4 agua une 
given excess 20. 
Second part 6x. Therefore the first part is 4 (x + 20). 
Hence 10% + 80= 100, 7 = 2, and pant 
the parts are 88, 12. mW ΩΣ 


1 Literally ‘‘to divide an assigned number into two in a given ratio and difference (ἐν 
λόγῳ καὶ ὑπεροχῇ τῇ δοθείσῃ)." The phrase means the same, though it is not so clear, as 
Euclid’s expression (Data, Def. 11 and passim) δοθέντι μείζων ἢ ἐν λόγῳ. According to 
Euclid’s definition a magnitude is greater than a magnitude ‘‘ by a given amount (more) 
than in a (certain) ratio” when the remainder of the first magnitude, after subtracting 
the given amount, has the said ratio to the second magnitude. This means that, if x, y 
are the magnitudes, ὦ the given amourt, and & the ratio, x -d=Ay or x=hy +d. 
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7. From the same (required) number to subtract two given 
numbers so as to make the remainders have to one another a 
given ratio. 

Given numbers 100, 20, given ratio 3 : 1. 
Required number x. Therefore + — 20 '= 3 (x — 100), and 
<= 140; 


8. To two given numbers to add the same (required) number so 
as to make the resulting numbers have to one another a given ratio. 


Necessary condition. The given ratio must be less than the 
ratio which the greater of the given numbers has to the lesser. 
Given numbers 100, 20, given ratio 3:1. 
Required number x Therefore 3x +60=-4 + 100, and 
4 = 20. 


9. From two given numbers to subtract the same (required) 
number so as to make the remainders have to one another a given 
ratio. 


Necessary condition. The given ratio must be greater than the 
ratio which the greater of the given numbers has to the lesser. 
Given numbers 20, 100, given ratio 6: I. 
Required number x Therefore 120—6% = 100-4, and 
C4. 


10. Given two numbers, to add to the lesser and to subtract 
from the greater the same (required) number so as to make the 
sum in the first case have to the difference in the second case 
a given ratio. 

Given numbers 20, 100, given ratio 4:1. 
Required number x. Therefore (20 - 2): 4(100 -- 4), and 
x= 76. 


11. Given two numbers, to add the first to, and subtract the 
second from, the same (required) number, so as to make the 
resulting numbers have to one another a given ratio. 

Given numbers 20, 100, given ratio 3:1. 
Required number x. Therefore 3x — 300 = ++ 20, and 
x = 160. 


12. To divide a given number twice into two numbers such 
that the first of the first pair may have to the first of the second 
pair a given ratio, and also the second of the second pair to the 
second of the first pair another given ratio. 
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Given number 100, ratio of greater of first parts to lesser 
of second 2:1, and ratio of greater of second parts 
to lesser of first parts 3: I. 
« lesser of second parts. 
The parts then are 
211. ..: 00 -- 64 
od and ° x ᾿ 
Therefore 300 — 5% = 100, x = 40, and 
the parts are (80, 20), (60, 40). 


13. Todivide a given number thrice into two numbers such that 
one of the first pair has to one of the second pair a given ratio, 
the second of the second pair to one of the third pair another 
given ratio, and the second of the third pair to the second of the 
first pair another given ratio. 

Given number 100, ratio of greater of first parts to lesser 
of second 3:1, of greater of second to lesser of 
third 2:1, and of greater of third to lesser of 
first..4 21: 

x lesser of third parts. 

Therefore greater of second parts = 2%, lesser of second 
= 100 -- 2%, greater of first = 300 — 6x. 

Hence lesser of first = 6%—200, so that greater of third 
= 241 — 800. 

Therefore 25% — 800 = 100, x = 36, and 
the respective divisions are (84, 16), (72, 28), (64, 36). 


14. To find two numbers such that their product has to their 
sum a given ratio. [One is arbitrarily assumed. ] 


Necessary condition. The assumed value of one of the two 
must be greater than the number representing the ratio}. 
Ratio 3: 1, x one of the numbers, 12 the other (> 3). 
aherefore 124: 37 -+ 36, 7—= 4, and 
the numbers are 4, 12. 


15. To find two numbers such that each after receiving from 
the other a given number may bear to the remainder a given 
_ ratio. 

Let the first receive 30 from the second, the ratio being — 


then 2:1, and the second 50 from the first, the ratio 
being then 3:1; take x + 30 for the second. 


1 Literally ‘‘the number homonymous with the given ratio.” 
LV. Sqeete? 
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Therefore the first = 2% — 30, and 
(ὦ + 80) = 3 (2% — 80). 
Thus + = 64, and 
the numbers are 98, 94. 


16. To find three numbers such that the sums of pairs are 
given numbers. 
Necessary condition. Ualf the sum of the three given numbers 
must be greater than any one of them singly. 
Let (1) + (2) = 20, (2) + (3) = 30, (3) + (1) = 40. 
« the sum of the three. Therefore the numbers are 
x— 30, *-—40, x-—20. 
The sum + = 24 — 90, and += 45. 
The numbers. are 15.76, on; 


17. To find four numbers such that the sums of all sets of three 
are given numbers. 
Necessary condition. One-third of the sum of the four must be 
greater than any one singly. 
Sums of threes 22, 24, 27, 20 respectively. 
x the sum of all four. Therefore the numbers are 
4—22, x-—24, x*-—27, x-—20. 
Therefore 44 — 93 =, x = 31, and 
the numbers are 9, 7, 4, II. 


18. To find three numbers such that the sum of any pair 
exceeds the third by a given number. 
Given excesses 20, 30, 40. 
2x the sum of all three. 
We have (1) + (2) = (3) + 20. 
Adding (3) to each side, we have: twice (3) + 20= 24, and 
(3)=%— 10. 
Similarly the numbers (1) and (2) are r—15, x- 20 
respectively. 
Therefore 34 — 45 = 2%, += 45, and 
the numbers are 30, 25, 35. 


[Otherwise thus’. As before, if the third number (3) is ~, 
{Εἰ = 44-20, 
Next, if we add the equations 
(Gia 2)e (3) at 
(εν 


1 Tannery attributes the alternative solution of 1. 18 (as of I. 19) to an old scholiast. 
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we have (2)=4(20+4 30) = 25. 


Hence (1)-Ξ ἡ -- σ. 
Lastly (2). (1) Ξ (2) τὸ, 
or 24—5 — 25 = 40, 
Therefore ἜΞΕ ΘΕῚΣ 


The numbers are 30, 25, 35.] 


19. To find four numbers such that the sum of any three 
exceeds the fourth by a given number. 
Necessary condition. Half the sum of the four given differences 
must be greater than any one of them. 
Given differences 20, 30, 40, 50. 
2x the sum of the required numbers. Therefore the 
numbers are 
*—-15, *—20, *-—25, 4: -- 10. 
‘Therefore 44 — 70 = 27, and 4 = 35. 
The-numbers are 20, 18. 10,25. 


[ Otherwise thus. If the fourth number (4) is 4, 
(1) + (2) + (3) =# +20. 

Put (2)+(3) equal to half the sum of the two excesses 20 
and 30, 2.6. 25 [this is equivalent to adding the two 
equations Ἢ 

(1) + (2) + (3)— (4) = 29, 
(2) +(3)+ (4) - (1) = 30]. 

It follows by subtraction that (1)=4- 5. 

Next we add the equations beginning with (2) and (3) 
respectively, and we obtain 

(3) + (4) = 3 (30 + 40) = 35, 

so that (3)= 35-42. 

It follows that (2)=2— 10. 

Lastly, since (4) + (1) + (2) -- (3) = 50, 

34 — 15 —(35 —*) = 50, and +=25. 
The numbers are accordingly 20, 15, 10, 25.] 


20. To divide a given number into three numbers such that the 
sum of each extreme and the mean has to the other extreme a 
given ratio. 

Given number 100; and let (1)+(2)=3.(3) and (2) +(3) 
=4.(1). 


1 Tannery attributes the alternative solution of 1. 1g (as of I. 18) to an old scholiast. 


BOOK I 137 


x the third number. Thus the sum of the first and second 
= 34, and the sum of the three = 4% = I00. 
Hence # = 25, and the sum of the first two = 75. 
Let y be the first. Therefore sum of second and third 
=4y, S5y=100 and y= 20. 
The required parts are 20, 55, 25. 


21. To find three numbers such that the greatest exceeds the 
middle number by a given fraction of the least, the middle exceeds 
the least by a given fraction of the greatest, but the least exceeds 
a given fraction of the middle number by a given number. 


Necessary condition. The middle number must exceed the 
least by such a fraction of the greatest that, if its denominator? be 
multiplied into the excess of the middle number over the least, the 
coefficient of x in the product is greater than the coefficient of 
x in the expression for the middle number resulting from the 
assumptions made’, 

Suppose greatest exceeds middle by } of least, middle 
exceeds least by 4 of greatest, and least exceeds 
1 of middle by το. [Diophantus assumes the three 
given fractions or submultiples to be one and the 


same. | 

a+ 10 the least. Therefore middle = 3x, and greatest 
= 64 — 30, 

Hence, lastly, 6% -- 30 — 3x =1(++ I0), 

or *+10=9%-—90, and +=12}. 


The numbers are 45, 37}, 224. 


1 As already remarked (p. 52), Diophantus does not use a second symbol for the 
second unknown, but makes ἀριθμός do duty for the second as well as for the first. 

2. ἐς Denominator,” literally the ‘‘number homonymous with the fraction,” ζ.6. the 
denominator on the assumption that the fraction is, or is expressed as, a submultiple. 

3 Wertheim points out that this condition has reference, not to the general solution of 
the problem, but to the general applicability of the particular procedure which Diophantus 
adopts in his solution. Suppose X, Y, Z required such that Y¥- Y=Z/m, Y-Z=X/n, 
Z-a=Y/p. Diophantus assumes Z=x+a, whence Y=fx,,X¥=n(px-—x-a). The 
condition states that γ -- »:- 3. If we solve for x by substituting the values of X, Y, Z 
in the first equation, we in fact obtain 

m {(np-n—p)x-—nal=x-+a, 
or x (mnp —mn—mp-1)=a(mn+1). 

In order that the value of x may be positive, we must have mup>mut+mpt+t, 
that is, 


I 
Ls deals ay dna 


or (if γε, 2, 2 are positive :xfegers) np>n+ 2. 
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{Another solution’. 

Necessary condition. The given fraction of the greatest must 
be such that, when it is added to the least, the coefficient of x in 
the sum is less than the coefficient of x in the expression for the 
middle number resulting from the assumptions made?. 

Let the least number be ++ 10, as before, and the given 
fraction 4; the middle number is therefore 32. 
Next, greatest = middle + 4 (least) = 344 + 34. 
Lastly, 3m = 4+ 1044 (34% +4 34) 
= 247 + IIf. 
Therefore += 124, and 
the numbers are, as before, 45, 374, 224.] 


22. To find three numbers such that, if each give to the next 
following a given fraction of itself, in order, the results after each 
has given and taken may be equal. 

Let first give 4 of itself to second, second 1 of itself to 
third, third 1 of itself to first. 

Assume first to be a number of 2's divisible by 3, say 
32, and second to be a number of wzzts divisible by 
4, Say 4. 

Therefore second after giving and taking becomes # + 3. 

Hence the first also after giving and taking must become 
*+3,; it must therefore have taken ++ 3 -- 27, or 
S47; 3=2 must. theretore be 4 of third; or third 


=15 — Sx. 
Lastly, 15 —-5*-(3-4)+1=4743, 
or 13 --41: ΞΞ 1. -Ὁ 3, and xr=2. 


Ἵ ΠΟΙ Πα θα δ. ἢ. 5. 


23. To find four numbers such that, if each give to the next 
following a given fraction of itself, the results may all be equal. 
Let first give 4 of itself to second, second 1 of itself 
to third, third 1 of itself to fourth, and fourth 4 of 
itself to first. 
Assume first to be a number of 2’s divisible by 3, say 32, 
and second to be a number of wits divisible by 4, 


say 4. 


1 Tannery attributes this alternative solution, like the others of the same kind, to an 
ancient scholiast. 

? Wertheim observes that the scholiast’s necessary condition comes to the same thing 
as Diophantus’ own, 
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‘The second after giving and taking becomes + + 3. 


Therefore first after giving x to second and receiving 
4 of fourth τὸ Κ᾿ 3; therefore fourth 
=6(4+ 3 — 2%) = 18 — 6x. 
But fourth after giving 3—-2 to first and receiving } of 
third =+ +3; therefore third = 307 — 60. 
Lastly, third after giving 6%—12 to fourth and receiving 
1 from second =x + 3. 
That is, 247 -- 47 =x + 3, and r= $9. 
The numbers are therefore 152, 4, 120, 44; 
or, after multiplying by the common de- 
nominator, 150, 92, 120, 114. 


24. To find three numbers such that, if each receives a given 
fraction of the sum of the other two, the results are all equal. 


Let first receive 4 of (second +third), second 4 of 
(third + first), and third 1 of (first + second). 

Assume first =, and for convenience’ sake (τοῦ προχείρου 
évexev) take for sum of second and third a number of 
units divisible by 3, say 3. 

Then sum of the three = + + 3, 

and first + 1 (second + third) = 47+ I. 

Therefore second + 1 (third + first) =7+1; 

hence 3 times second + sum of 8] ΞξΞἨ 41 Ἐ 4, 


and therefore second = ++. 
Lastly,  third+4 (first +second)=++ 1, 
or 4 times third + sum of all= 52+ 5, 
and third =x + 4. 
Therefore a+(x+4)4+ (443) =443, 
and r=. 


The numbers, after multiplying by: the common 
denominator, are 13, 17, 19. 


25. To find four numbers such that, if each receives a given 
fraction of the sum of the remaining three, the four results are 


equal. 


Let first receive 4 of the rest, second } of the rest, 
third 1 of rest, and fourth 3 of rest. 

Assume first to be x and sum of rest a number of units 
divisible by 3, say 3. 

Then sum of all =x + 3. 


“Now first + 4 (second + third + fourth) =+4 + I. 
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Therefore second + 4 (third + fourth + first) =+-+ 1, 


whence 3 times second + sum of all = 4% + 4, 
and therefore second=%+ 1. 

Similarly third=7+4, 

and fourth = ++ 8. 

Adding, we have 47+43=2%-4 3, 

and — ee dt 


The numbers, after multiplying. by a common 
denominator, are 47, 77, 92, ΤΟΙ: 


26. Given two numbers, to find a third number which, when 
multiplied into the given numbers respectively, makes one product 
a square and the other the side of that square. 

Given numbers 200, 5 ; required number +. 
Therefore 2007 =(5x)?, and 
1:8. 


27. To find two numbers such that their sum and product are 
given numbers. 


Necessary condition. The square of half the sum must exceed 
the procnes by a square number. ἔστι δὲ τοῦτο πλασματικόν". 
Given sum 20, given product 96. 
2x the difference of the required numbers. 
Therefore the numbers are 10+ 4, 1O—2 
Hence 100 — +? = 96. 
Therefore 4 = 2, and 
the required numbers are 12, 8. 


28. To find two numbers such that their sum and the sum of 
their squares are given numbers. 


Necessary condition. Double the sum of their squares must 
exceed the square of their sum by a square. ἔστι δὲ καὶ τοῦτο 
TAATMATLKOV), 


1 There has been controversy as to the meaning of this difficult phrase. Xylander, 
Bachet, Cossali, Schulz, Nesselmann, all discuss it. Xylander translated it by ‘“‘effictum 
aliunde.” Bachet of course rejects this, and, while leaving the word untranslated, 
maintains that it has an active rather than a passive signification; it is, he says, not 
something ‘“‘made up” (effictum) but something ‘‘a quo aliud quippiam effingi et 
plasmari potest,” ‘‘ from which something else can be made up,” and this he interprets as 
meaning that from the conditions to which the term is applied, combined with the 
solutions of the. respective problems in which it occurs, the rules for solving mixed 
quadratics can be evolved. Of the two views I think Xylander’s is nearer the mark. 
πλασματικόν should apparently mean ‘‘of the nature of a wAdoua,” just as δραματικόν 
means something connected with or suitabie for a drama; and πλάσμα means something 
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Given sum 20, given sum of squares 208. 
Difference 2x. 
Therefore the numbers are 10+ 4%, IO—¥. 
Thus 200 + 2%? = 208, and +=2. 

The required numbers are 12, 8. 


29. To find two numbers such that their sum and the difference 
of their squares are given numbers. 
Given sum 20, given difference of squares 80. 
Difference 2%. 
The numbers are therefore 10+ 2, 10 -- Ζ. 
Hence (10+ +4)— (10-4)? = 80, 
Of 407 Ξ 60, ΗΠ 2 = 2. 
The required numbers are 12, 8. 


30. To find two numbers such that their difference and product 
are given numbers. : 

Necessary condition. Four times the product together with 
the square of the difference must give a square. ἔστι δὲ καὶ τοῦτο 
πλασματικόν. 

Given difference 4, given product 96. 
2% the sum of the required numbers. 
Therefore the numbers are ++2, x—2; accordingly 
2:5-- 4 = 00. and 4 = 10, 
The required numbers are 12, 8. 


31. To find two numbers in a given ratio and such that the 
sum of their squares also has to their sum a given ratio. 
Given ratios 3:1 and 5:1 respectively. 
Lesser number τ 
Therefore ΟΣ = 5 . 47, whence-+ = 2. and 
the numbers are 2, 6. 


32. To find two numbers in a given ratio and such that the 
sum of their squares also has to their difference a given ratio. 
Given ratios 3:1 and 10:1. 
Lesser number 45, which is then found from the equation 
10x? = 10. 24%. 
Hence += 2, and 
the numbers are 2, 6. 


“formed” or ‘‘ moulded.” Hence the expression would seem to mean ‘‘this is of the 
nature of a formula,” with the implication that the formula is not difficult to make up 
or discover. Nesselmann, like Xylander, gives it much this meaning, translating it ‘‘das 
lasst sich aber bewerkstelligen.’’. Tannery translates πλασματικόν by ‘‘formativum.” 
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33. To find two numbers in a given ratio and such that the 
difference of their squares also has to their sum a given ratio. 
| Given ratios 3:1 and 6:1. | 
Lesser number 4, which is found to be 3. 
The numbers are 3, 9. 


34. To find two numbers in a given ratio and such that the 
difference of their squares also has to their difference a given 
ratio. | | 

Given ratios 3:1 and 12:1. 
Lesser number 4, which is found to be 3. 
The numbers are 3, g. 

Similarly by. the same method can be found two numbers in 
a given ratio and (1) such that their product is to their sum in a 
given ratio, or (2) such that their product is to their difference in a 
given ratio. 


35. To find two numbers in a given ratio and such that the 
square of the lesser also has to the greater a given ratio. 
Given ratios 3:1 and 6:1 respectively. 
Lesser number x, which is found to be 18. 
The numbers are 18, 54. 


36. To find two numbers in a given ratio and such that the 
square of the lesser also has to the lesser itself a given ratio. 
Given ται δ: τ τ and θεῖν, 
Lesser number 2, which is found to be 6. 
The numbers are 6, 18. 


37- Lo find two numbers in a given ratio and such that the 
square of the lesser also has to the sum of both a given ratio. 
Given ratios 371 and Σὺ 
Lesser number 4, which is found to be 8. 
The numbers are 8, 24. 


38. To find two numbers in a given ratio and such that the 
square of the lesser also has to the difference between them a 
given ratio. 

Given ratios 3:1 and 6:1. 
Lesser number x, which is found to be 12. 
The numbers are 12, 36. 
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Similarly can be found two numbers in a given ratio and 


(1) such that the square of the greater also has to the 
lesser a given ratio, or 


(2) such that the square of the greater also has to the 
greater itself a given ratio, or 


(3) such that the square of the greater also has to the sum 
or difference of the two a given ratio. 


39. Given two numbers, to find a third such that the sums of 
the several pairs multiplied by the corresponding third number 
give three numbers in arithmetical progression. 

Given numbers 3, 5. 

Required number ~%. 

The three products are therefore 34 +15, 5¢+15, 8+. 

Now ΓΈ must be either the middle or the least of 
the three, and 5%+15 either the greatest or the 
middle. | 


(1) 64+15 greatest, 3¢-+15 least. 


Therefore 54+15+34+15=2.8%, and 
x= = 
(2) 5*+15 greatest, 37++15 middle. 
Therefore (5¥+15)—(34+15)=34+15 — 8x, and 
15 
ae 
(3) 8% greatest, 37+15 least. 
Therefore 84 + 344+ 15=2(54+15), and 
+7=15. 


x 
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[The first five problems of this Book are mere repetitions of problems in 
Book I. They probably found their way into the text from some ancient 
commentary. In each case the ratio of one required number to the other 
is assumed to be 2:1. The enunciations only are here given. ] 


1. To find two numbers such that their sum is to the sum of 
their squares in a given ratio [cf. I. 31]. 


2. To find two numbers such that their difference is to the 
difference of their squares in a given ratio [cf. I. 34]. 
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3. To find two numbers such that their product is to their sum 
or their difference in a given ratio [cf. I. 34]. 


4. To find two numbers such that the sum of their squares is to 
their difference in a given ratio [cf. I. 32]. 


5. . To find two numbers such that the difference of their squares 
is to their sum in a given ratio [cf. I. 33]. 


61. To find two numbers having a given difference and such 
that the difference of their squares exceeds their difference by a 
given number. 

Necessary condition. The square of their difference must be 
less than the sum of the said difference and the given excess 
of the difference of the squares over the difference of the 
numbers. 

Difference of numbers 2, the other given number 20. 
Lesser number x Therefore x + 2 is the greater, and 
4x +4 = 22. 
Therefore x = 44, and 
the numbers are 44, 63. 


71. To find two numbers such that the difference of their 
squares is greater by a given number than a given ratio of 
their difference. [Dzfference assumed] 

Necessary condition. The given ratio being 3:1, the square of 
the difference of the numbers must be less than the sum of three 
times that difference and the given number. 

Given number 10, difference of required numbers 2. 
Lesser number x. Therefore the greater is +2, and 
4AX¥+4=3.2+10. 
‘Dhéretore 2 = 4,and 
the numbers are 3, 5. 


8. To divide a given square number into two squares’*. 


1 The problems 11. 6, 7 also are considered by Tannery to be interpolated from some 
ancient commentary. 

2 Here we have the identical phrase used in Euclid’s Data (cf. note on p. 132 above) : 
the difference of the squares is τῆς ὑπεροχῆς αὐτῶν δοθέντι ἀριθμῷ μείζων ἢ ἐν λόγῳ, 
literally ‘‘ greater than their difference by a given number (more) than in a (given) ratio,”’ 
by which is meant ‘‘greater by a given number than a given proportion or fraction 
of their difference.” . 

3 It is to this proposition that Fermat appended his famous note in which he 
enunciates what is known as the ‘‘great theorem” of Fermat. The text of the note is 
as follows: 

‘*On the other hand it is impossible to separate a cube into two cubes, or a 
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Given square number 16. 

x* one of the required squares. Therefore 16 -- +? must 
be equal to a square. 

Take a square of the form! (#x— 4), m being any 
integer and 4 the number which is the square root 
of 16, ag. take (2.51 -- 4}, and equate it to 16 -- “3, 

Therefore 42°-—16%+16=16-—2%, 

or 54? = 164, and + =18, - 

The required squares are therefore = = 
9. To divide a given number which is the sum of two squares 
into two other squares?. 


biquadrate into two biquadrates, or generally any power except a square into two powers 
with the same exponent. I have discovered a truly marvellous proof of this, which 
however the margin is not large enough to contain.” 

Did Fermat really possess a proof of the general proposition that «”"+y™"=2™ cannot 
be solved in rational numbers where is any number >2? As Wertheim says, one 
is tempted to doubt this, seeing that, in spite of the labours of Euler, Lejeune-Dirichlet, 
Kummer and others, a general proof has not even yet been discovered. Euler proved 
the theorem for #=3 and m=4, Dirichlet for #=5, and Kummer, by means of the 
higher theory of numbers, produced a proof which only excludes certain particular 
values of m, which values are rare, at all events among the smaller values of m; thus 
there is no value of # below roo for which Kummer’s proof does not serve. (I take 
these facts from Weber and Wellstein’s Zvcyclopadie der Elementar-Mathematik, 1, 
p. 284, where a proof of the formula for m#=4 is given.) 

It appears that the Gottingen Academy of Sciences has recently awarded a prize 
to Dr A. Wieferich, of Miinster, for a proof that the equation x?+y?=2? cannot be 
solved in terms of positive integers not multiples of 2, if 2} -- 2 is not divisible by 2”. 
‘This surprisingly simple result represents the first advance, since the time of Kummer, 
in the proof of the last Fermat theorem” (Bulletin of the American Mathematical Society, 
February 1910). 

Fermat says (‘Relation des nouvelles découvertes en la science des nombres,” 
August 1659, Oeuvres, 11. p. 433) that he proved that 20 cube ts divisible into two cubes by 
a variety of his method of zzfinite diminution (descente infinite or indéfinie) different from 
that which he employed for other negative or positive theorems; as to the other cases, see 
Supplement, sections I., 11. 

1 Diophantus’ words are: “1 form the square from any number of ἀριθμοί minus 
as many units as there are in the side of 16.” It is implied throughout that # must 
be so chosen that the result may be ra¢ioza/ in Diophantus’ sense, Ζ.6. rational and 
positive. 

2 Diophantus’ solution is substantially the same as Euler’s (Algebra, tr. Hewlett, 
Part 11. Art. 219), though the latter is expressed more generally. 

Required to find x, y such that 


Εν 7. τ: 
If x 2 7, then-y S-z. 
Put therefore x=ftpez, y=e-qs: 


H, D. To 
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Given number 13 = 27+ 3" 

As the roots of these squares are 2, 3, take (+ + 2)* as the 
first square and (mx — 3)? as the second (where # is 
an integer), say (2: — 3)*. 

Therefore (27+ 4% + 4) + (47° +9 — 122) = 13, 

or §27+ 13 —82z = 13. 

Therefore x=$,and — 

the required squares are ae ae 
10. To find two square numbers having a given difference. 

Given difference 60. 

Side of one number +z, side of the other zx plus any 
number the square of which is not greater than 60, 


say 3. 
Therefore (x + 2) —27*= 60; 
zx = 84, and 


the required squares are 72}, 132}. 


11. To add the same (required) number to two given numbers 
so as to make each of them a square. 


(1) Given numbers 2, 3; required number z. 
Z+2 
Therefore ons must both be squares. 


This ts called a double-equation (διπλοϊσότης). 
To solve it, take the difference between the two expressions 
and resolve tt into two factors’; in this case let us say 
4, 3 
Then take esther 
(a) the square of half the difference between these factors 
and equate tt to the lesser expression, 


or (0) the square of half the sum and equate it to the 


greater. 
hence afpa + p?2* — 2gyz+g%2=0, 
and -- ἘΝ τ 
ae 
_eatKe-A) ὑμεξιβ- ὃ 
so that x= Pre » J= Pie τ 


in which we may substitute all possible numbers for 2, φ. 


? Here, as always, the factors chosen must be suitable factors, #2. such as will lead to 
a “rational” result, in Diophantus’ sense. 
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In this case (4) the square of half the difference is 225. 
Therefore x + 2=325, and x= ao the squares being 225, 289. 


Taking (6) the square of half the sum, we have x + 3 = 288, 
which gives the same result. 


(2) To avoid a double-equation’, 

first find a number which when added to 2, or to 3, 
gives a square. | 

Take eg. the number 2* — 2, which when added to 2 gives 

" a square. 

Therefore, since this same number added to 3 gives a 

square, 
ax*+ 1 =a square = (4% — 4)’, say, 

the number of units in the expression (in this case 4) 

being so taken that the solution may give +?> 2. 


Therefore x =15, and 


the required number is a as before. 


12. To subtract the same (required) number from two given 
numbers so as to make both remainders squares. 
Given numbers 9, 21. 
Assuming 9 -- αὐ as the required number, we satisfy one 
condition, and the other requires that 12 +2” shall be 
a square. 
Assume as the side of this square x mznus some number 
the square of which > 12, say 4. 
Therefore (ἘΞ [ἘΠ S12 4a 
and ὍΞ- 2. 
The required number is then 88. 
[Diophantus does not reduce to lowest terms, but says 
x =4and then subtracts ἀφ from 9 or 538.] 


1 This is the same procedure as that of Euler, who does not use double-equations. 
Euler (A/geéra, tr. Hewlett, Part 11. Art. 214) solves the problem 


eg 
x+7=v% ~ 
Suppose x+4=p?; 
therefore x=p?—4, and x+7=? + 3. 
Suppose that P?+3=(p+9); 
therefore p=(3-9°)/2¢- 
Thus 3 x=(9— 2297+ 94)/49, 


or, if we take a fraction 7/s instead of g, 
x = (gst — 227252 + 14)/ 47252. 
10--- 2 


148 THE ARITHMETICA 


13. From the same (required) number to subtract two given 
numbers so as to make both remainders squares. 
Given numbers 6, 7. 


(1) Let x be the required number. 
Therefore oe ot are both squares. 


The difference is 1, which is the product of, say, 2 and 4; 


and, by the rule for solving a double equation, 


I2I 
*-7=,;,, and Baars 


(2) To avoid a double-equation, seek a number which exceeds 
a square by 6, say +? + 6. 
Therefore x?— 1 must also be a square = (% — 2)", say. 
Therefore + =, and 


the required number is τς. 


14. Το divide a given number into two parts and to find a 
square which when added to each of the two parts gives a square 
number. 

Given number 20. 


Take two numbers? such that the sum of their squares 
<20)-8ay 2,3. ἣν 


1 Diophantus implies here that the two numbers chosen mzs¢ be such that the sum of 
their squares <20. Tannery pointed out (Bibliotheca Mathematica, 1887, p. 103) that 
this is not so and that the condition actually necessary to ensure a real solution in 
Diophantus’ sense is something different. We have to solve the equations 


xty=a, 24+ x=u%, P+y=v?, 
We assume w=z+m, v=z+n, and, eliminating x, y, we obtain 
_ a—(m? +n?) 
τ  a(m+n) * 
In order that 2 may be positive, we must have #?+n2<a; but z need not be positive 
in order to satisfy the above equations. What is really required is that x, y shall both be 


positive. 
Now from the above we derive 


χα -- y=(u? -- v®) = 22 (m—n) +m? -- γῇ 


_ (m—2n) (a+ 2mn) 
ἃς m+n ᾿ 
Solving for x, y, we have 
™ (a+ mn -- n?) _ 2 (a+mn -- m?) 
m+n oe m+n 


If, of the two assumed numbers, m >, the condition necessary to secure that x, y shall 
both be positive is a+ mn>m?, 
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Add # to each and square. 
We then have 


e274 4444 
x? +6*+9)’ 
Atta [ : 
and, if Dad a are respectively subtracted, the remainders 


are the same square. 
Let then x? be the required square, and we have only to 


4% + 4 : 
δὰ the required parts of 20. 


Thus 10% + 13 =.20, 
and r=. 


The required parts are then ee +32), and 


make 


the required square is bie 
100 


15. To divide a given number into two parts and to find a 
square which, when each part is respectively subtracted from it, 
gives a square. 

Given number 20. 
Take («+ m) for the required square’, where 7’ is not 
greater than 20, 
eg. take (x +2)’. 
This leaves a square if either 44+ 4 
or 25:2 
Let these then be the parts of 20. 


is subtracted. 


1 Here again the implied condition, namely that #? is not greater than 20, is not 
necessary ; the condition necessary for a real solution is something different. 

The equations to be solved are x+y=a, 2?-x=u2, 23 -- γεευϑ. 

Diophantus here puts (+)? for “2, so that, if «=2mt+m?, the second equation is 
satisfied. Now (+ )?-—y must also be a square, and if this square is equal to (+ m — 2)?, 
say, we must have 

y=rnt+emn—n?, 

Therefore, since x+y=a, 

2 (m+n) &+m?+omn-n?=a, 


α -- 72:2 - γ12 --- Δ72171 


whence ἘΞ ees : 
and it follows that 
_ m(a-mn+n?) _ n(a-mn+m?) 
is m+n coe ΟῚ m+n ; 


. 
If m>n, it is necessary, in order that x, y may both be positive, that a+ 2?> mu, 
which is the true condition for a real solution. 
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Therefore 64+ 7 = 20, and r= 19, 


The required parts are therefore eG “ἢ, and 


6’ 6 
: . 625 
the required square is ate 


16. To find two numbers in a given ratio and such that each 
when added to an assigned square gives a square. 
Given square 9, given ratio 3:1 
If we take a square of side (721 - 3) and subtract 9 
from it, the remainder may be taken as one of the 
numbers required. 
Take, eg., (x + 3)?—9, or x? + 6%, for the lesser number. 
Therefore 3x7?+ 18x is the greater number, and 3%7+18%+9 
must be made a square = (2% — 3)’, say. 
Therefore 2 = 30, and 
the required numbers are 1080, 3240. 


17. To find three numbers such that, if each give to the next 
following a given fraction of itself and a given number besides, 
the results after each has given and taken may be equal}. 

First gives to second + of itself +6, second to third 4 of 
itself + 7, third to first } of itself + 8. 

Let first and second be 5+, 6x respectively. 

When second has taken ++ 6 from first it becomes 7+ + 6, 
and when it has given ++7 to third it becomes 
6x — 1. 

But first when it has given ++6 to second becomes 
4x—6; and this too when it has taken } of third 
+8 must become 6%—1. 

Therefore } of third + 8 = 2r+ 5, and 

Chita = {Aa — oF, 

Next, third after receiving 4 of second + 7 and eying + of 
itself + ὃ must become 6x -- I. 

Therefore 134-19 =6x—1, and +=18, 


The required numbers are 7° zee ες 


Tatas ον Or Ὡς 


1 Tannery is of opinion that the problems 1. 17 and 18 have crept into the text 


from an ancient commentary to Book 1. to. which they would more appropriately belong. 
ΟἸΣΟΥΣ, 22. 
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18. To divide a given number into three parts satisfying the 
conditions of the preceding problem’. 
Given number 80. 
Let first give to second 1} of itself + 6, second to third 
4 of itself + 7, and third to first + of itself + 8. 
[What follows in the text is not a solution of the problem 
but an alternative solution of the preceding. The 


first two numbers are assumed to be 5x and 12, and 
the numbers found are 72°, aah ata 
9 19 19 
19. To find three squares such that the difference between the 
greatest and the middle has to the difference between the middle 
and the least a given ratio. 
Given ratio 3:1. 
Assume the least square = 2, the middle = #7 + 27 +1. 
Therefore the greatest = 27+ 8r+ 4 =square = (4 + 3)’, Say. 
Thus += 2}, and 
the squares are 304, 12}, 6}. 


20. To find two numbers such that the square of either added 
to the other gives a square’. 


1 Though the solution is not given in the text, it is easily obtained from the geveral 
solution of the preceding problem, which again, at least with our notation, is easy. 

Let us assume, with Wertheim, that the numbers required in 11. 17 are 5%, 6y, 72. 
Then by the conditions of the problem 

4x-6424+8=s5y-74+2%+6=62-8+y+7, 

from which two equations we can find ~, z in terms of y. 

In fact x= (26y —18)/19 and z=(17y -- 3)/19, 
and the general solution is 

5 (26y- 18)/19, ὅν, 7 (177 -- 3)/19. 


: 18 
[1 his solution Diophantus assumes x=y, whence y= | 
Now, to solve 11. 18, we have only to equate the sum of the three expressions to 80, 
and so find y. 


We have roa 
y(5.264+6.19+7-17)-5-18-7.3=80. 19, Eger ; 


and the required numbers are 


DEAS, 080, Goes 
363’ 363° 363 
2 Euler (Algebra, Part 11. Art. 239) solves this problem more generally thus. 
Required to find x, y such that x?+y and y?+ x are squares. 
If we begin by supposing x?+y=2%, so that y=?- x, and then substitute the value 
of y in terms of x in the second expression, we must have 
pi — 2p'x? + x4 + x=square. 
But, as this is difficult to solve, let us suppose instead that 
x?-+ y= (p- x)? =f? - 2px + x?, 


152 THE ARITHMETICA 


Assume for the numbers 4, 2%+1, which by their form 
satisfy one condition. 
The other condition gives 
413 + 54+ I =square = (2% — 2)’, say. 
Therefore «= ὥς, and 
the numbers are = A 
21. To find two numbers such that the square of either minus 
the other number gives a square. 
+1, 2¥+1 are assumed, satisfying one condition. 
The other condition gives 
413 + 34 = square = Ox”, say. 
Thetetore += 4,-and 


the numbers are 8 τὰ 


yee 
22. To find two numbers such that the square of either added 
to the sum of both gives a square. 
Assume +, «+1 for the numbers. Thus one condition is 
satisfied. | 
It remains that 
“+ 44 +2 =square = (x — 2)’, say. 
Therefore += 4, and 


the numbers are re 5, ἴω 


[Diophantus has 2, 12.] 


23. To find two numbers such that the square of either minus 
the sum of both gives a square. 


Assume +, «+1 for the numbers, thus satisfying one 
condition. 


Then «z*— 2¥—1=square= (x — 3), say. 
Therefore x = 2}, and 
the numbers are 24, 34. 


and that P+rx= (9 — y)*=¢? = 29» +2, 
It follows that yt rwpx= Pp, 
x+2gy=9", 
eee toys 
whence ἘΞΞ ΣΙ Ξ as 251. Σ᾽ 
4292 —1 4pq -1 


Suppose, for example, 4=2, g=3, and we have ae j= oa and so on. We 


must of course choose 2, g such that x, y are both positive. Diophantus’ solution is 
obtained by putting = - 1, g=3. 
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24. To find two numbers such that either added to the square 
of their sum gives a square. 
Since +°+ 327, 47+ 82? are both squares, let the numbers 
be 32’, 827 and their sum ~. 
Therefore 12124 = 23, whence 1127=4, and += 44. 


The numbers are therefore -2- , ne, 
IZ2I° I2I 


25. To find two numbers such that the square of their sum 
minus either number gives a square. 
If we subtract 7 or 12 from 16, we get a square. 
Assume then 122°, 72? for the numbers, and 162? for the 
square of their sum. 
Hence 192?= 4%, and += +4. 
The numbers are 727, 727. 
361’ 361 
26. To find two numbers such that their product added to 
either gives a square, and the sides of the two squares added 
together produce a given number. 
Let the given number be 6. 
Since «(4% —1)+-~ is a square, let x, 47 — 1 be the numbers. 
Therefore 472+ 3x—1 is a square, and the side of this 
square must be 6 — 2% [since 2% is the side of the 
first square and the sum of the sides of the square 
is 6]. 
Since 4x? + 3x —1=(6- 22)’, 
we have + = 34, and 


the numbers are 2: per 


27. To find two numbers such that their product mznus either 
gives a square, and the sides of the two squares so arising when 
added together produce a given number. 

Let the given number be 5. 
Assume 47+ 1,2 for the numbers, so that one condition 
is satisfied. 


Also 4x* —34—1=(5 — 25). 
Therefore + = 28, and 


26 ΤΙΣ 


the numbers are “ine 
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28. To find two square numbers such that their product added 
to either gives a square. 
Let the numbers? be 2’, y”. 
SP ee | 
By? + 
To make the first expression a square we make #7+1a 
square, putting 
74+ 1= (x — 2), Say. 
Therefore x = 3, and #? = ὃ. 
We have now to make (y?+ 1) a square [and y must be 
different from +]. 
Put 97)" +9 = (37 — 4), Say, 
and y= 44. 
9 49 


Therefore the numbers are Ἢ E76! 


Therefore oh are both squares. 


29. To find two square numbers such that their product mznus 
either gives a square. 
Let 27, 7 be the numbers: 


e428 
Then*? 77... are both squares, 


ay ΞΕ τ 
A solution of 22 -- 1=(a square) is 27 = 28, 
We have now to solve 
25 y? — 2% = a square. 
Put Ἢ» Cre ἃ Say. 
Therefore y = 4%, and 


289 100 


the numbers are Ὁ} oy 


30. To find two numbers such that their product + their sum 
gives a square. 
Now m? + 2? + 2mm is a square. 
Put 2, 3, say, for m, 71 respectively, and of course 
274 3 σὺν. 5 sea Squate. 
Assume then product of numbers = (2? + 3?) 2 or 1322, and 
Sum = 2.2 377 or 1277, 
The product being 137?, let x, 13% be the numbers. 
Therefore their sum 14% = 12%", and ¢={. 


The numbers are therefore 7 , Ἐ : 


1 Diophantus does not use two unknowns, but assumes the numbers to be x2 and 1 
until he has found «. Then he uses the same unknown (x) to find what he had first taken 
to be unity, as explained above, p. 52. The same remark applies to the next problem. 
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31. To find two numbers such that their sum is a square and 
their product + their sum gives a square. 
2.2m.m=a square, and (2m)? + m?+2.2m.m=a square. 
Vig 8 At to A = ΘΟΕ 
Let then the product of the numbers be (43 + 2?)x? or 204%?, 
and their sum 2.4.22 or 162%, and take 22, 1ar for 
the numbers. 


Then 12% = 167", and 3: εξ 3. 


The numbers are Ξ τὰ 


32. To find three numbers such that the square of any one of 
them added to the next following gives a square. 

Let the first be x, the second 2%+41, and the third 
2(2r+1)+1 or 41- 3, so that two conditions are 
satisfied. 

The last condition gives (4% + 3)?+ 4 = square = (4x — 4), 
say. 

Therefore x = 4, and 


the numbers are 2, ΠΣ 299, 
67-57 157 


33. To find three numbers such that the square of any one of 


them mznus the next following gives a square. 
Assume ++ 1, 2¥+ 1, 44+ 1 for the numbers, so that two 


conditions are satisfied. 
Lastly, 1677+ 7%= sauzie = i257", Say, 
and =. 


The numbers are 7° 23° 37. 
Tei ie le 


34. To find three numbers such that the square of any one 


added to the sum of all three gives a square. 
{4 (γ —n)}?+ mn is a square. Take a number separable 


into two factors (7, 2) in three ways, say 12, which is 
the product of (1, 12), (2,6) and (3, 4). 


The values then of $ (7 — 2) are 53, 2, }. 
Take 541, 2x, $x for the numbers, and for their sum 127°. 


Therefore 8% = 12%, and # = %. 


ΤΙ 
The numbers are ae 


[Diophantus says 4, and 22, 8, 2.] 
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35. To find three numbers such that the square of any one 


minus the sum of all three gives a square. 
{2 (γι +2)}?-— mn is a square. Take, as before, a number 
divisible into factors in three ways, as 12. 
Let then 644, 47, 34% be the numbers, and their sum 124%. 
Therefore 14% = 12.5.3, and τ: 1. 


The numbers are τ Ὄ a 
BOOK (i 


1. To find three numbers such that, if the square of any one 
of them be subtracted from the sum of all three, the remainder 
is a squarel. 

Take two squares x?, 477; the sum is 52%. 

If then we take 5%? as the sum of the three numbers, and 
2, 2x as two of them, we satisfy two conditions. 
Next divide 5, which is the sum of two squares, into two 

other squares 4, 421 [11. 9], and assume ὃν for the 
third number. 
Therefore ++ 27+ 2¥= 54’, andr=244. 


17 34 34 \ 
2: 128 120: 
EE epaants writes 8), for x and 8%, 132, 34 for the numbers.] 


The numbers are —4 


2. To find three numbers such that the square of the sum of 
all three added to any one of them gives a square. 
Let the square of the sum of all three be +*, and the 
numbers 37°, 827, 15.77 
Hence 267°=4, x= q;, os 


8 15 


the numbers are ἜΣ 676 δ)6᾽ 


3. To find three numbers such that the square of the sum of 
all three sznus any one of them gives a square. 
Sum of all three 47%, its square 162", the numbers 72°, 


ΤΥ ΤΕ 
Then 3413 -Ξ 4%, x=, and 
28 48 60 
the numbers are πο πὸ aaa 


1 The fact that the problems 111. 1-4 are very like 11. 34, 35 makes Tannery suspect 
that they have found their way into the text from some ancient commentary. 
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4. To find three numbers such that, if the square of their sum 
be subtracted from any one of them, the remainder is a square. 
Sum ἢ, numbers 24%, 54%, 1073. 
Then 172? =, x= 74, and 
the numbers are ἘΣ ἘΣ 85" 
5. Τὸ find three numbers such that their sum is a square and 
the sum of any pair exceeds the third by a square. 
Let the sum of the three be (τ + 1)*; let first + second 
 =third + 1,s0 that third = 422+; let second + third 
= first ΤΣ so that first=744.- ft 
Therefore second = τ ει = ~ 
It remains that first + third = second + a square. 
Therefore 2x = square = 16, say, and += 8. 
The numbers are 83, 324, 40. 


. 


Otherwise thus’. 
First find three squares such that their sum is a square. 
Find eg. what square number+4+9 gives a square, 
that is, 36; 

4, 36, 9 are therefore squares with the required property. 
Next find three numbers such that the sum of each pair = 
the third + a given number ; in this case suppose 
first + second — third = 4, 
second + third — first = 9, 

third + first — second = 36. 
This problem has already been solved [I. 18]. 
The numbers are respectively 20, δὲ, 224. 


1 We should naturally suppose that this alternative solution, like others, was inter- 
polated. But we are reluctant to think so because the solution is so elegant that it 
can hardly be attributed to a scholiast. If the solution is not genuine, we have here 
an illustration of the truth that, however ingenious they are, Diophantus’ solutions are not 
always the best imaginable (Loria, Le sczenze esalte nell antica Grecia, Libro V. pp. 138-9). 
In this case the more elegant solution is the alternative one. Generalised, it is as follows. 


We have to find x, y, z so that 
—x+y+2=a square 
x-y+e=a sare ; 
x+y —-2=a square 
and also ᾿ x+y +z=a square, 


We have only to equate the first three expressions to squares a?, 6%, c® such that 
a?+624c2=a square, ἀξ say, since the sum of the first three expressions is itself 


X+yYt 2 
The solution is then 


Seas) ps eta ar ae 
ate). y 5 (+a), 2 alan ) 
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6. To find three numbers such that their sum is a square and 
the sum of any pair is a square. 
Let the sum of all three be +?+2%+1, sum of first and 
second “1.3, and therefore the third 2x+1,; let sum of 
second and third be (¥ — 1) 
Therefore the first = 41, and the second = 2? — qx. 
But first + third = square, 
that is, 62+ I =square = 121, say. 
Therefore x = 20, and 
the numbers are 80, 320, 41. 


[An alternative solution, obviously interpolated, is practically 
identical with the above except that it takes the square 36 as 
the value of 6%+1, so that +=435, and the numbers are 142 
_ 840 385 4561 

210... 10... 10. 

7. To find three numbers in A.P. such that the sum of any 
pair gives a square. 

First find three square numbers in A.P. and such that half 
their sum is greater than any one of them. Let 
x?, (x +1)? be the first and second of these; therefore 
the third is #?+ 47+ 2=(+— 8)’, say. 

Therefore x= ἢ or 34; 

and we may take as the numbers 961, 1681, 2401. 

We have now to find three numbers such that the sums 
of pairs are the numbers just found. _ 

The sum of the three = 5943 = 25214, and 

the three numbers are 120}, 8403, 15604. 


8. Given one number, to find three others such that the sum 
of any pair of them added to the given number gives a square, and 
also the sum of the three added to the given number gives a 
square. 

Given number 3. 
Suppose first required number + second = 77+ 4r +1, 
second + third = +7?+ 6r+6, 
sum of all three = 7? + 8r+4 13. 
Therefore third =4% + 12, second = +? +2%-—6, first = 21- 7. 
Also first + third + 3 =a square, 
that is, 6x + 22 = square = 100, suppose. 
Hence += 13, and 
the numbers are 33, 189, 64. 
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9. Given one number, to find three others such that the sum 
of any pair of them mzxus the given number gives a square, and 
also the sum of the three mznus the given number gives a square. 

Given number 3. 
Suppose first of required numbers + second = +? + 3, 

second + third =2?+2r+4, 

sum of the three = 77+ 41.- 7. 
Therefore third = 4% + 4, second = x? — 22, first = 2% + 3. 
Lastly, first + third — 3 τ 67 -- 4 =a square = 64, say. 
Therefore + = 10, and 

(23, 80, 44) is a solution. 


10. To find three numbers such that the product of any pair 
of them added to a given number gives a square. 

Let the given number be 12. Take a square (say 25) 
and subtract 12.. Take the difference (13) for the 
product of the first and second numbers, and let ae 
numbers be 134, 1/% respectively. ' 

Again subtract 12 from another square, say 16, and let the 
difference (4) be the product of the second and third 
numbers. 

Therefore the third number = 41. 

The third condition gives 52%?+ 12 =a square; now 

$2 Ξε τ, and 13 1s Nota square; put. it-.it were a 
square, the equation could easily be solved’. 1 

Thus we must find two numbers to replace 13 and 4 such 
that their product is a square, while either + 12 is_ 
also a square. as 

Now the product is a square if both are squares ; hence we 


must find two squares such that either + 12 = a square. 
Ἐς “ This is easy? and, as we said, it makes the equation easy 
to solve.” 


The squares 4, } satisfy the condition. 


1 The equation 5242+ 12 =z? can in reality be solved as it stands, by virtue of the fact 
that it has one obvious solution, namely x=1. Another solution is found by substituting 
y+1 for x, and soon. Cf. pp. 69, 70 above. The value x=1 itself gives (13, 1, 4) as 
a solution of the problem. 

2 The method is indicated in 11. 34. We have to find two pairs of squares differing. 
by 12. (a) If we put 12=6. 2, we have 


{i (6- a} τὰς ξ 61:2} 


and 16, 4 are squares differing by 12, or 4 is ἃ aa ses when added to 12 gives a 
square. (ὁ) If we put 12=4.3, wé find (4 - 3} or : to be a square which when 


added to 12 gives a square. 
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Retracing our steps, we now put 4+, I/x and +/4 for the 
numbers, and we have to solve the equation Ὁ 
x?+ 12 =square = (4% + 3), say. 
Therefore + = 4, and 


(2, 2, 3) is a solution}. 


11. To find three numbers such that the product of any pair 
minus a given number gives a square. 
Given number. Io. 
Put product of first and second =a square + 10=4 + 10, 
say, and let first = 144, second = I/x. 
Let product of second and third = a square + 10= 19, say; 
therefore third = 197. 
By the third condition, 266%? — 10 must be a square; but 
266 is not a square’. 
Therefore, as in the preceding problem, we must find two 
squares each of which exceeds a square by Io. 
The squares 301, 121 satisfy these conditions®. 
Putting now 3014, 1/x, 1215 for the numbers, we have, 
by the third condition, 370%,+? — 10 = square [for 
37025 Diophantus writes 3703 fr]; 
therefore 5929%? — 160 = square = (77% — 2)", say. 
Therefore x = #4, and ἧς 
the numbers are 224° πὰ 502} 
TEA TT 


1 Euler (Algebra, Part 11. Art. 232) has an elegant solution of this problem in whole 
numbers. Let it be required to find x, y, z such that ay +a, yz+a, 2x+a are all squares. 
Suppose xy+a=f?, and make z=x+y+q; 
therefore xe+a=x* + xy+qxta=x2+ 9x4 23, 
and yeta=xyty+aqyta=y+qytp*; 
and the right hand expressions are both squares if Ξε +29, so that z=x+y+ 2. 

We can therefore take any value for 2. such that ?>a, split 22--α into factors, 
take those factors respectively for the values of x and y, and so find z. 

£.g. suppose a=12 and p?=25, so that xy=13; let x=1, y=13, and we have 
Z2=14+10=24 or 4, and (1, 13, 4), (1, 13, 24) are solutions. 

* As a matter of fact, the equation 266%? — 10=? can be solved as it stands, since it 
has one obvious solution, namely x=1. (Cf. pp. 69, 70 above and note on preceding 
problem, p. 159.) The value x=1 gives (14, 1, 9) as a solution of the problem. 

3 Tannery brackets the passage in the text in which these squares are found, on 


the ground that, as the solution was not given in the corresponding place of 111. το, there 
was no necessity to give it here. 10 and 1 being factors of 10, 


{3 (10 - η}" wee {5 (10+ 0} 


thus 304 is a square which exceeds a square by ro, Similarly [ (5 tal or 12} is such 


a square. The latter is found in the text by putting »2- το τε square = (γε -- 2)?, whence 
m=3%, and m2=12}, 
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12. To find three numbers such that the product of any two 
added to the third gives a square. 

Take a square and subtract part of it for the third number ; 
let +°+6x%+9 be one of the sums, and g the third 
number. 

Therefore product of first and second = +?4+6r; let first 
= 7sothat.secona — 2-0. 

By the two remaining conditions 

lor + 54 
10or+ 6 

Therefore we have to find two squares differing by 48; 
“this is easy and can be done in an infinite number 
of ways.” ; 

The squares 16, 64 satisfy the condition. Equating these 
squares to the respective expressions, we obtain 
ie an 

the numbers are 1, 7, 9 


} are both squares, 


13. To find three numbers such that the product of any two 
minus the third gives a square. 
First x, second ++ 4; therefore product = x?+ 41, and we 
assume third = 47. 

Therefore, by the other conditions, 
Ax? + 154 
4x*—x-4 

The difference = 164+ 4=4(44+ 1), and we put 

ὁ (44+ 5)}"} = 41 + 154. 
Therefore + = 35, and 


are both squares. > 


55 05. 60 
the numbers are ΡΣ ae 
14. To find three numbers such that the product of any two 
added to the square of the third gives a square’. 


1 Wertheim gives a more general solution, as follows. If we take as the required 
I oi : 
numbers ΡΞ ax, Y=ax+6*?, Ζ-:-- 3, two conditions are already satished, namely 


4 
X Y+Z?=a square, and YZ+ X?=a square. 
It only remains to satisfy the condition ZX + Y?=a square, or 


ax? + +33 abixtbi=a square. 


Put arx24 3 ce 3 abet δὶ -- (ax + £67), 


Ss 168? (£2 -- 1) 


aes ~ @ (33 - 324)’ 


where & remains undetermined. 
H:- Ὁ: ΓῚ 
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First x, second 4+ 4, third 1. Two conditions are thus 
satisfied. 
The third condition gives 
#+(4% +4) =a square =(47—5)?, say. 
Therefore x = τῆς, and . ἀν 
the numbers (omitting the common denominator) 
‘ate:0;. 128, 73. 


15. To find three numbers such that the product of any two 
added to the sum of those two gives a square!. 
[Lemma.| The product of the squares of any two con- 
secutive numbers added to the sum of the said 
Squares gives a square’. 
Let 4, 9 be two of the required numbers, x the third. 
Therefore aide: 
+4 
The difference = 54+5=5 («+ 1). 
Equating the square of half the sum of the factors to 
10x +9, we have 
{4 (++ 6)}? = τοῦ +9. 
Therefore + = 28, and (4, ὃ, 28) is a solution. 


are both squares. 


ae 
1 The problem can of course be solved more elegantly, with our notation, thus. (The 
same remark applies to the next problem, IIT. 16.) 
If x, y, 5 are the required numbers, xy+x+y, etc. are to be squares. We may 
therefore write the conditions in the form 
(y+1) (g+1)=a square +1, 
(z+1)(v+1)=a square +1, 
(x+1)(y+1)=a square +1. 
Assuming a”, 6?, c? for the respective squares, and putting £=x+1, g=y+i, f=e+1, 
we have to solve 
nf=a +1, 
=O +1 ’ 
ξητεεῖ ἘΠ, 
[This is practically the same problem as that in the Lemma to Dioph. v. 8.] 
Multiplying the second and third equations and dividing by the first, we have 


E=,/{ (2? + 1) (+ 1)/(@?+1)}, 
with similar expressions for ἡ, ¢ 


x, ¥, 2 are these expressions minus 1 respectively. a, 5%, οὗ must of course be so 
chosen that the resulting values of ξ, ἡ, ¢ may be rational. Cf. Euler, Commentationes 
arithmeticae, 11. p. 577. 


? In fact, a? (a+1)?+a2+(a+1)2={a(a+ 1) +1}2, 
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Otherwise thus?. 


Assume first number to be 4, second 3. 
Therefore 47 + 3 = square = 25 say, whence x = 54, and 54, 
3 satisfy one condition. 


1 This alternative solution would appear to be undoubtedly genuine. 
Diophantus has solved the equations - 
yetyte=u? 
ex+2+x=v2 Σ 
sy+x+y=ur 
Fermat shows how to solve the corresponding problem with four numbers instead of 
three. He uses for this purpose Diophantus’ solution of v. 5, namely the problem 
of finding x2, y?, 22, such that 
poh + 42 = 3, 22x24 y2 = 52, x2y2 + 22 — 72 
Por tyrt2ra=y2, 22x24 224 42a 72, xy? 4 x2 ΕΣ ἘΞ: a . 
‘ 25 64 «τοῦ ἢ 
Diophantus finds (78, --, “2° as a solution of the latter problem. Fermat takes 


9 
these as the first three of the four numbers which are to satisfy the condition that the 


product of any two plus the sum of those two gives a square, and assumes x for the 
fourth. Three relations out of six are already satished, and the other three require 


eee “8 5 ΤΟΥ es Ἔ “ 
Oe τοῦ τ ἪὋΚ a + ee 
9 Ὁ 9 


to be made squares: a ‘‘triple-equation” to. be solved by Fermat’s method. (See the 
Supplement, section v.) 

Fermat does not give the solution, but I had the curiosity to work it out in order to 
verify to what enormous numbers the method of the triple-equation leads, even in such 
comparatively simple cases. 

We may of course neglect the denominator g and solve the equations 

34x an =u", 
73x + 64=v%, 
205% + 196=w?. 
The method gives 
_ 459818598496844787 200 
631629004828419699201 ° 
the denominator being equal to (25132230399)?. 
Verifying the correctness of the solution, we find that, in fact, 


: = 2 
St 41 ( 250819 | 


i= 


25132230399 
73 __ (10351251901 \? 
πὶ : 
ΠΥ ΣΝ 
τού 25132230300 


Strictly speaking, as the value found for x is negative, we ought to substitute y— A 
for it (where — A is. the value found) in the three equations and start afresh. The 
portentous numbers which would thus arise must be left to the imagination. 


11-...-2 
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Let the third be x, while 54, 3 are the first two. 


Therefore ae a must both be squares; 


but, since the coefficients in one expression are respectively 
greater than those in the other, but netther of the ratios 
of corresponding coefficients 1s that of a square to a 
square, our supposttions will not serve the purpose; we 
cannot solve by our method. 

Hence (to replace 54, 3) we must find two numbers such 
that their product + their sum =a square, and the 
ratio of the numbers increased by I respectively is 
the ratio of a square to a square. 

Let these be y and 4y+3, which satisfy the latter con- 
dition; and, in order that the other may be satisfied, 
we must have 

47" + ὃν + 3 = square = (27 — 3), say. 

Therefore IV = Py. 

Assume now ἔν, 44, 2 for the three numbers. 

Therefore 56% 148 


13 3 
tor + 10. 


or, if we multiply by 25 and 100 respectively, 
130% +105 
130%+ 30 
The difference is 75 =3.25, and the usual method of 
solution gives x = τῇ. 
a ae 


The numbers 2 a 
bers are 10°) τὸ τὸ 


᾿ are both squares, 


are both squares. 
Ἂς 


16. To find three numbers such that the product of any two 


minus the sum of those two gives a square. 


Put x for the first, and any number for the second; we 
then fall into the same wee as in the last 
problem. 

We have to find two numbers such that 


(a) their product mznus their sum =a square, and 


(ὁ). when each is diminished by 1, the remainders 
have the ratio of squares. 
Now 47+ 1,7 +1 satisfy the latter condition. 
The former (4) requires that 
47" — I = square = (27 — 2)", say, 
which gives y = 
Assume then 18, 28, + for the numbers. 
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244 -- 
Therefore 72% ~ 39 are both squares, 
ba ἘΞ 13 


or, if we multiply by 4, 16 respectively, 

10x — 14 

10x — 26 

The difference is 12 =2.6, and the usual method gives 
155. 


, are both squares. 


28. _ 24 


The numbers are 3, 33= 5. 3=3- 


17. To find two numbers such that their product added to- 

both or to either gives a square. | 
Assume 4, 41 — 1 for the numbers, since. 

(4% —-1)+4%= 427, a square. 

4274 34-1 

40+ 4r-—I1 

The difference is x= 4%.1, and we find 


Therefore also are both squares. 


χ τ. 
26 


65 
The numbers are Ἐν ΠΣ 


18. Το find two numbers such that their product szzus either, 
or minus the sum ef both; gives a square’. 


1 With this problem should be compared that in paragraph 42 of Part 1. of the 
Inventum Novum of Jacobus de Billy (Oeuvres de Fermat, Ul. pp. 351-2), where three 
conditions correspond to those of the above problem, and there is a fourth in addition. 
The problem is to find & η (>) such that 

ae ξη 
n—&n 
E+9n—&9 
ἐπ “τῆ 

Suppose n=x, ἔξει -,α; the first two conditions are thus satisfied. The other 

two give 


are all squares. 


eox+1=?, 
x8 — 3x%+1=", 
Separating the difference 2x into the factors 2x, τ, we put, as usual, 


eee. 
ὙΠ me ls 20 


ae. 5.8 
whence r= 5) and the numbers are 3° δ᾽ 
To find another value of x by means of the value thus found, we put y+3 in place of 


x in the double-equation, whence 


SS yas? al 
erate 
πὰ: 


Multiplying the lower expression by 49, we can solve in the usual way. Our expressions 
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Assume ++ 1, 45 for the numbers, since 
4τ (x +1)—44% =a square. 


, 2 ass 
Therefore also ee ey are both squares. 
The difference is 44 = 42.1, and we find 
“= It. 


The numbers are 24, 5. 


19. Τὸ find four numbers such that the square of their sum 
plus or minus any one singly gives a square. 
Since, in any right-angled triangle, 
(sq. on hypotenuse) + (twice product of perps.) = a square, 
we must seek four right-angled triangles [in rational 
numbers] having the same hypotenuse, 
or we must find a square which is divisible into two 
squares in four different ways; and “we saw how to 
divide a square into two squares in an infinite 
number of ways.” ΠῚ. 8.] 
Take right-angled triangles in the smallest numbers, 
(3, 4, 5) and (5, 12, 13); and multiply the sides of 


49 


are now 73 — gt me and 4997 - 


Ξ Σ Ἢ , and the difference between them is 4873 -- 10}. 


The solution. next mentioned i De Billy was clearly obtained by separating this 
difference into factors such that, when the square of half their difference is equated to 


yy - tt 49 , the absolute terms cancel out. The factors are poe eee ae , and we put 
4 64 a 
220 21 i ee Pe 49 
~—)y th =p --yt 2. 
i( 7 = πο τ 
This gives ghee ee , whence x= ee, , and the numbers are 


48647065 22715927 
71362992" 71362992 
A solution in smaller numbers is obtained by separating 487? — I1oy into me such 


that the terms in x? in the resulting equation cancel out. The factors are 6y, 87 -- , and 


we put 
ἘΕΝΖ 
(»- 5) -- »-- Pie 
_ 47959 47959 , 3 _ 51865 
whence y= FTL ae anit rs ἩΞΤΤΙ 


This would give a negative value for 1-2; but, owing to the symmetry of the 


ane ae ϊ 186 . ; 
original double-equation in x, since rat τὸ satisfies it, so does x= ik ha 16 hence the 
4 


51865 ° 


10416 q 41449 
51865 51865 
Cf. note on Iv. 23. 


numbers are - 


: a solution also mentioned by De Billy. 
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the first by the hypotenuse of the second and vice 
versa. 

This gives the triangles (39, 52, 65) and (25, 60, 65); thus 
65? is split up into two squares in fwo ways. 

Again, 65 is “naturally” divided into two squares in two 
ways, namely into 7?+ 4? and 87412, “which is due 
to the fact that 65 is the product of 13 and 5, each of 
which numbers is the sum of two squares.” 

Form now a right-angled triangle! from 7, 4. The sides 
αι 7 τὴ 2.7 ἢ ΠΡ At) OF (33, 50, 05). 

Similarly, forming a right-angled triangle from 8, 1, we 
obtain (2.3 .1,:57— 1% 851 1") or 16, 63, 65: 

Thus 65? 15 split into two squares in four ways. 

Assume now as the sum of the numbers 65+ and 


as first number 2.39. 5247 = 405624, 


3 Second. 2.25. 6022 = 300027, 
oo third... 233 504° = 30008. 
.. ΤΟ Pe ee 6347 = 20162", 


the eocmcien = of «? being four times the areas of the 
four right-angled triangles respectively. 
The sum 1276827 = 654%, and += Sr. 
The numbers are 


17136600 12675000 15615600 8517600 
163021824’ 163021824’ 163021824’ 163021824" 


20. To divide a given number into two parts and to find a 
square which, when either of the parts is subtracted from it, gives 
a square’. 

Given number 10, required square 27+ 2% + I. 
Put for one of the parts 2% +1, and for the other 42. 
The conditions are therefore satisfied if 
64+ 1= 10. 
Therefore x = 14; 
the parts are (4, 6) and the square 6}. 


1 If there are two numbers 2, g, to ‘‘form a right-angled triangle” from them means 
to take the numbers 22- φῇ, 23 -- φῇ, 24g. These are the sides of a right-angled triangle, 


since 
(2? +97)? = (9? — 9?)? + (2p¢)?. 
2 This problem and the next are the same as II. 15, re respectively. It may therefore 
be doubted whether the solutions here given are genuine, especially as interpolations 
from ancient commentaries occur most at the beginning and end of Books. 
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21. To divide a given number into two parts and to find a 
square which, when added to either of the parts, gives. a square. 

Given number 20, required square 27+ 24% +1. 

If to the square there be added either 27+ 3 or 44+ 8, 
the result is a square. 

Take 2x + 3, 4x +8 as the parts of 20, and 6r+11=20, 
whence +=14. . 

Therefore the parts are (6, 14) and the square 6}. 


BOOK IV 


1. To divide a given number into two cubes such that the sum 
of their sides is a given number?. 
Given number 370, given sum of sides 10. 
Sides of cubes §+ 7, 5 -- 2, satisfying one condition. 
Therefore 204° +250 = 370; 42, 
anc ene cubes:are 7° 3° Or 443.97, 


2. To find two numbers such that their difference is a given 
number, and also the difference of their cubes is a given number. 
Difference 6, difference of cubes 504. 
Numbers 4+ 3, +— 3. 
Therefore 1827+ 54 = 504, x? =25, and x= 5. 
The sides of the cubes are 8, 2 and the cubes 512, 8. 


3. To multiply one and the same number into a square and 
its side respectively so as to make the latter product a cube and 
the former product the side of the cube. 

Let the square be 2%. Its side being x, let the number 


be 8/x. 
Hence the products are 87, 8, and 
(32) ξΞξ 
Therefore 2 = 8x, x=}, and the number to be multiplied 
is 32: 


The square is — and its side =. 
16 4 
1 It will be observed that Diophantus chooses, as his given numbers, numbers such 
as will make the resulting “‘ pure” quadratic equation give a ‘‘ rational” value for x. If 
the given numbers are 2a, 24, respectively, we assume 6+.,. ὁ -- τα as the sides of the 
cubes, and we have 
203 + 64x? = 2a, 
so that «?=(a—-6%)/35; x is therefore ‘‘irrational” unless (a -- ὀδ) 36 is a square. In 
Diophantus’ hypothesis a is taken as 185, and ὁ as 5, and the condition is satisfied. He 
shows therefore incidentally that he knew how to find two numbers a, ὁ such that 
(a — ὁ3)30 is a square (Loria, Le scienze esatte nell’ antica Grecia, Libro V. pp. 129-30). 
A similar remark applies to the next problem, Iv. 2. 
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4. To add the same number to a square and its side; re- 
spectively and make them the same? [z.e. make the first product a 
square of which the second product is the side]. 

Square 2’, with side x. 

Let the number added to 2* be such as to make a square 
Say 327. 

Therefore 377 + x= side of 427 = 2%, and x=}. 


The square is = its side τ and the number 7 


5. To add the same number to a square and its sidg and maké 
them the opposite?. 
Square +, the number a square number of times # 
minus x, Say 412 — 2. 
Hence 5#?—+= side of 42° = 2%, and «=. 
Ξ, its side a. and the number = 
6. To add the same square number to a cube and a square 
and make them the same. 
Let the cube be #* and the square any square number of 
tities 2%, say Or 
We want now a square which when added to 92? makes 
a square. Take two factors of 9, say Ὁ and 1, sub- 
tract 1 from 9, take half the difference and square. 
This gives 16. 
~~ “Therefore 162? is the square to be added. 
Next, 2° + 16427=a cube = 84, say; and « = 48. 


The cube is therefore ve, the square oa and 


the added square number ee. 

1 In this and the following enunciations I have kept closely to the Greek partly 
for the purpose of showing Diophantus’ mode of expression and partly for the brevity 
gained thereby. 

In Prop. 4 to ‘‘make them the same” means what I have put in brackets; to ‘‘ make 
them the opposite” in Prop. 5 means to make the first product a side of which the second 
product is the square. 

2 Nesselmann solves the problem generally, thus (Notes in Zeitschrift fir Math. u. 
Phystk, XXXVU. (1892), Hist. litt. Abt. p. 162). 

x24 y= /(x+y); therefore 4+2x2y+y2=x4+y, or 73 - (1 -- 2x7) you -- x4. 
Solving for y, we obtain, as one of the solutions, 


a ae I χὰ 
ρα αν, 


; : Ι 1\3 
To make the expression under the radical a square we put i +x 28=(ma-1) ; 


The square is 


m+ m+ m3 το γε -ττ 


Se ς ΟΞ: Diophantus’ solution corresponds to #=2, 
mri? ὦ (122 + 1)? P P 


whence «= 
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7. Το add the same square number to a cube and a square 
respectively and make them the opposite. 
For brevity call the cube (1), the second square (2) and 
the added square (3). 
Now, since (2) + (3) =a cube, suppose (2) +(3) = (1). 
Since a’?+6%+2ad is a square, suppose (1) = (a? + 6%), 
(3) = 2a0, so that the condition that (1) + (3) = square 
is satisfied. 
But (3) is a square, and, in order that 2a6 may be a square, 
We pul ξεν, 5. Ξ2 1: 
Suppose: then (1) = 4° -- (27 ΞΟ (ΞΖ. 2.24 εξ 1. 
therefore (2) =, by subtraction. ἢ 
But 527 is a cube; therefore x= 5, 
and the. cube (1)= 125, the square 12) 25, the 
square (3) = Ioo. 
Otherwise thus. 
Let (2) + (3)= (1). 
Then, since (1) +(3) =a square, we have to find two squares 
such that their sum + one of them = a square. 
Let the first of these squares be 2’, the second 4. 
Therefore 22° 4 = square = (2x — 2), say; thus r= 4, 
and the squares are 16, 4. 
fssuine now (2) = 44%, (3) = 102". 
Therefore 202? is a cube, so that += 20; 
the cube (1) is 8000, the square (2) is 1600, and the 
added square (3) is 6400. 


8. To add the same number to a cube and its side and make 
them the same}. 
Added number x, cube 82%, say. Therefore second sum 
= 3%, and this must be the side of 827+ x. 
That is, 824+ + = 2725, and 192° = x, or 1927= 1. 


1 Nesselmann (0. cit. p. 163) gives a more general solution. 
We have «3+ y=(x+,y)3, whence 1= 32x? + 3.) - 73. 
Solving for y, we find 
Te: 3 τ 
y= Seay {{:- 3.) = 2 {graye}, 
Lastly, putting 4 -- 32?= (2 ee a) , we find «= —47% _ /(4 -- 322) = + ar 
n 372 + m2? 322+ m2’ 
— 6mn = (m? -- 3n?) 
3? + m2 
always be positive, m/z must be >3+,/12; Diophantus’ solution corresponds to n= 74 
R=1; 


and y= If the positive sign be taken, then, in order that y may 
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But 19 is not a square. Hence we must find, to replace 
it, some square number. Now 192° arises from 
272° — 82°, where 27 is the cube of 3, and 8 the cube 
of 2. And the 3% comes from the assumed side 27, 
by increasing the coefficient by unity. 

Thus we must find ¢wo consecutive numbers such that thewr 
cubes differ by a square. 

Let them be y, y+ 1. 

Therefore 37? + 3y + I = square =(1 — 2y)’, say, and y =7. 

Going back to the beginning, we assume added number 

7 = +, side of cube = 7x. 
The side of the new cube is then 8x, and 
34348 +4 = 5125. 
Therefore 2 = ;z4,, and x =. 


The cube is 343, its side 7, and the added 
2197 15 Ὁ 


I 
number ἢ 


9. Το add the same number to a cube and its side and make 
them the opposite!. 

Suppose the cube is 82%, its side being 2%, and the added 
number 18. 272° —27. (lhe ‘coefiicients.. δ᾽ 2.7. are 
chosen as cube numbers.) 

heretore 354° — 24 =side- of cube 272° = 37, οὐ 357 —5. 

This gives no rational value. 

But 35 =27+ 8, and 5 = 3 +2. 

Therefore we have to find two cubes such that their sum 
has to the sum of their sides the ratio of a square 
to a square’, 

Let sum of sides=any number, 2 say, and side of first 
cube = 2, so that the side of the other cube is 2— <2. . 


1 Nesselmann (of. cit. p. 163) solves as follows. The equation being x+y=(2+,)3, 
put y=z-— ὃ, and the equation becomes + +2- 23=23, or 234+ 23=x+2. 
Dividing by «+z, we have x2- xz+22=1. 


Solving for x, we obtain “πὶ {2+,/(4— 352)}. 
4n 


m+ 3n2 » SO that 


2 
To make 4-32? a square, equate it to (= .- 4) ; therefore z= 


_ 2mn + (m? — 3712) 
m+ gn? 
corresponds to m=2, n=1. 
2 It will be observed that here and in the next problem Diophantus makes no use of 


the fact that 


, and γ-- 2 -- χϑ, If the positive sign be taken, Diophantus’ solution 


(23 + y3)/(x + y) = 2? - xy + y*. 
Cf. note on Iv. t1 below. 
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Therefore 8 — 12z + 62° must be twice a square. 

That is, 4 —6z + 325 = square Ξε (2 -- 42)", say; 2=49, and 
the sides are 19, 18. 

Neglecting the denominator and the factor 2 in the 
numerators, we take 5, 8 for the sides. 

Starting afresh, we put for the cube 1252* and for the 
number to be added 5124°—5+x; we thus get 

6372 = $4 =— 8%, and z= 2. 


The cube is Se its side = and the added number 2, 


10. To find two cubes the sum of which is equal to the sum 
of their sides. 

Lethe sides be27, 32, 

This gives 352° =52; but ¢hzs equation gives an irrational 
result. 

We have therefore, as in the last problem, to find two 
cubes the sum of which has to the sum of their sides 
the ratio of a square to a square}. 

These are found, as before, to be 5%, 3% 

Assuming then 5.7, 8x as the sides of the required cubes, 
we obtain the-equation 6374°— 134%, and v— 1. 


The cubes are Hes a ς 
343 343 


1 Here, as in the last problem, Diophantus could have solved his auxiliary problem 
of making (χϑ +4°)/(x+y) a square by making x? -- xy γ8 a square in the same way as in 
Lemma I. to v. 7 he makes x?+ xy+y? a square. 

The original problem, however, of solving 


B+ Aoxt+y 
can be more directly and generally solved thus. Dividing out by (« +), we must have 
Pay ty=t. 


This can be solved by the method shown in the note to the preceding problem. 


Alternatively, we may (with Wertheim) put x?- xy+y?=(x+4y)?, and at the same 
time 1= +(x + hy). 
Thus we have to solve the equations 


x (1+28)=y (1 τ 


x+khy= ay 
‘ : - 23 +2k 
which give Ἐς τὰ ge ee 
8 τ 1-2- 23 J 1+4+-’ 


where & remains undetermined. 


Diophantus’ solution is obtained by taking the positive sign and putting k=~ or by 
4 


taking the negative sign and putting 4= -- 3 
2 
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I1. To find two cubes such that their difference is equal to 
the difference of their sides. 

Assume 2%, 3% as the sides. 

This gives 192° =4, and ~ is irrational. 

We have therefore to find two cubes such that their 
difference has to the difference of their sides the 
ratio of a square to a square’. Let them be (z+ 1)’, 
23, 530 that the difference of the sides may be a square, 
namely I. 

Therefore 327+ 34+ I =square =(I — 22)’, say, and z=7. 

Starting afresh, assume 7%, 8x as the sides; therefore 
169% =x, and += τίς. 

The sides of the two cubes are therefore Ἔ τ, 


1 Nesselmann (Die Algebra der Griechen, pp. 447-8) comments on the fact that 
Diophantus makes no use here of the formula (x7 -- y°)/(x -- y) =x?+xy+y’, although he 
must of course have known it (it is indeed included in Euclid’s much more general 
summation of a geometrical progression, IX. 35). To solve the auxiliary problem in 
Iv. 11 he had only to solve the equation 

x*+xy+y*=a square, 
which equation he does actually solve in his Lemma I. to v. 7. 
The whole problem can be more simply and generally solved thus. We are to have 


B-- γότεα -- γ, 
γι. SP +aytyat. 
Nesselmann’s method of solution (cf. note on Iv. 9) gives x= {-y+./(4-37*)}, 
ἘΞ ae 2 2 
and hence y= a 59 ΖΞ ee Ls τ 3) Diophantus’ solution is obtained by 
m* + 3n m+ 3n 


putting #2 =1, #=2 and taking the lower sign. 
Wertheim’s method (see note on preceding problem) gives in this case 
— #2 = 
ι -- αὶ τ ,ξ--ἰ 


where αὶ is undetermined. 
If we take the negative sign and put £= -- 3, we obtain Diophantus’ solution. 
Bachet in his notes to IV. ro, 11 solves the problems represented by 
B+ B=m (x+y) 
subject to the condition that m ts either a square or the third part of a sguare. His method 
corresponds to that of Diophantus. He does not divide out by x+y, and he reduces the 
problem to the subsidiary one of finding &, 7 such that the ratio of +73 to +7 is the 
ratio of a square to a square. His assumptions for the ‘‘ sides,” ἕξ, 7, are of the same kind 
as those made by Diophantus; in the first problem he assumes x, 6 --x and in the second 
x,x+2. In fact, it being given that (#3+ 3)/(x+y)=a, Bachet assumes x+y=2 and 
thus obtains 
3x7 — 342+ 27=a, 
which equation can easily be solved by Diophantus’ method if a is a square or triple of a 
square. 

Fermat observes that the διορισμός of Bachet is incorrect because not general. It 
should be added that the number (7) may also be the product of a square number into a 
prime number of the form 3%+1, as 7, 13, 19, 37 etc. or into any number which has no 
factors except 3 and prime numbers of the form 37+1, as 21, 91 etc. ‘* The proof and 
the solution are to be obtained by my method.” 
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12. To find two numbers such that the cube of the greater 
+ the less = the cube of the less + the greater’. 

Assume 24, 3% for the numbers. 

Therefore 272° + 24=87'+ 3%, or I1945=%, and +7 15 
irrational. 

But 19 is the difference of two cubes, and 1 the difference 
of their sides. Therefore, as in the last problem, 
we have to find two cubes such that their difference 
has to the difference of their sides the ratio of a 
square to a square’. 

The sides of these cubes are found, as before, to be 7, 8. 

Starting afresh, we assume 7%, 82 for the numbers; then 
343% + 84=5122°+ 74, and r= τς. 

The numbers are = Ln 
13. 13 
13. To find two numbers such that either, or their sum, or 
their difference added to unity gives a square. 

Take for the first number any square less 1; let it be, 
say, οὐ +62. But the second + 1=a square; and 
first + second + 1 also=a square. Therefore we must 
find a square such that the sum of that square and 
ox* + 64% =a square. ᾽ν 

Take factors: of the difference ΟΣ say 07.:-Ὁ, 4; 
the square of half the difference between these factors 
= 1627+ 241 +9. | 

Therefore, if we put for the second number this expres- 
sion minus 1, or 162° + 24% +4 8, three conditions are 
satisfied. 

The remaining condition gives difference + I = square, 
or 74° + 184+ 9 =square = (3 — 34)’, say. 

Therefore += 18, and (3024, 5624) is a solution. 


14. To find three square numbers such that their sum is equal 
to the sum of their differences. 

Sum of differences = (greatest) — (middle) + (middle) — 
(least)+(greatest) — least=twice difference of greatest 
and least. 

This is equal to the sum of all three, by hypothesis. 

Let the least square be 1, the greatest 27+ 24+1; 


1 This problem will be seen to be identical with the preceding problem. 
2 See ‘note, p. 173. 
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therefore twice difference of greatest and least = sum of 
the three = 227 + 4% 
But least + greatest = x* + 24+ 2, so that 
middle = 2? + 21 -- 2. 
Hence 2* + 2% — 2 =square = (τ — 4)*, say, and += 3. 
The squares are (2. ay r) or (196, 121, 25). 
15. To find three numbers such that the sum of any two 
multiplied into the third is a given number. 
Let (first + second) x third = 35, (second + third) x first 
= 27 and (third + first) x second = 32. 
Let the third be x. 
: _ Therefore (first + second) = 35/x. 
Assume first = 10/7, second = 25/x; then 


250 

ae ὙΠῸ 
250 : 

τς tee 32 | 


These equations are inconsistent ; but they would not be if 
25 —10 were equal to 32—27 or 5. 

Therefore we have to divide 35 into two parts (to replace 
25 and 10) such that their difference is 5. The parts 
are1s,20; (Ch bi 

We take therefore 15/x for the first number, 20,4: for the 
second, and we have 

300 


aa ts 27 
300 
a t 20= 32 


Therefore x= 5, and (3, 4, 5) is a solution’. 


1 As Loria says (Le scienze esatte nell’ antica Grecia, Libro V. p. 131), this method of 
the ‘‘ false hypothesis,” though somewhat indirect, would not be undeserving of a place 
in a modern textbook. 

Here again, as in IV. 1, 2, Diophantus tacitly chooses, for his given numbers, numbers 
which will make the resulting ‘‘ pure"? quadratic equation give a rational value for x. 

We may put the solution more generally thus. We have to solve the equations 

(yt+z)x=a, (stx)y=b, (x+y)2=c. 

Diophantus takes z for his principal unknown and, writing the third equation in the 
form x+y=c/z, he assumes x=a/z, y=f/z, where a, B have to be determined. One 
equation connecting a, Bisa+PB=c. Next, substituting the values of x, y in the first two 
equations, we have 


a 
-ὸ ta=a Ges 
2 : 2 
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16. To find three numbers such that their sum is a square, 
while the sum of the square of each added to the next following 
number gives a square. 

Let the middle number be any number of 2’s, say 42; 
we have therefore to find what square + 4% gives 
a square. Split 4% into two factors, say 2%, 2, and 
take the square of half their difference, (~—1)% This 
is the square required. 

Thus the first number is # — I. 

Again, 162*+ third number=a square. Therefore, if we 
subtract 1612 from a square, we shall have the third " 
number. Take as the side of this square the side of 
τοῦ or ax, Plus 1. 

Therefore third number = (4% + 1)? — 1627 = 844+ 1. 

Now the sum of the three numbers =a square; therefore 
13%=a square = 160)", say’. 

The numbers are then 13y?— 1, 527", 1047" +1. 

Lastly, (third)? + first = a square. 

Therefore 108 16y4 + 2217? =a square, 

or 10816y* + 221 =a square = (104y + I)’, say. 

Therefore γ = 329 = 45, 

ἰῇ (=, 157300 317304 
2704’ 2704’ 2704 


) is a solution. 


17. To find three numbers such that their sum is a square, while 
the square on any one mznus the next following also gives a square. 
_ The solution is precisely similar to the last. 


whence it follows thata-8B=a-—d. From this condition and a+B=c, we obtain 


a=-(a-b-+¢), B=~(-a+éb+¢) 
Thos Naan A eae 


oe ((a-b+0¢)(a+6-c) pe. ((-a+6+c)(a+b-c) 
e=fay/ | 2(-a+éb+ce) J y=t=/ I χ(α-- ὁ- ὦ ᾿Ξ 


Now «x, y, z must all be rational, and this is the case if 


-atb+c=29r, a-b+c=2rp, at+b-c=2py, 
where 2, g, 7, are any integers. 
This gives a=p(gt+r), b=g(r+p), c=r(ptgq); 
a fact which can hardly have been unknown to Diophantus, since his values a= 27, d= 32, 
¢= 35 correspond to the values = 3, g=4, r=5 (Loria, Joc. cét.). 
* Diophantus uses the same unknown s for y as for x, writing actually καὶ γίνεται ὁ 
s A’, literally “‘and x becomes 13.22.” 


The middle number is assumed to be 4x. The square 
which exceeds this by a square is (r+1)?, and we 
therefore take +1 for the first number. 

For the third number we take 162° — (45 -- 1)" or 82 -- τ. 

The sum of the numbers being a square, 

134% =a square = 1697”, say. 
The numbers are then 1377+ 1, 527", 1047 --ἰ. 
Lastly, since (third)? — first =a square, 
1081674 — 221y* =a square, 
or 108167? — 221 =a square = (1047 — 1)?, say. 
Thus γΞ Σ, 


170989 640692 1270568) . : 
and (ee > aR Gece RARE ) is a solution. 


18. To find two numbers such that the cube of the first added 
to the second gives a cube, and the square of the second added to 
the first gives a square. 

First number # Therefore second is a cube number 
minus x, say 8 — 2°, | 

Therefore +*— 164° 4+64+x=a square=(#*+ 8)", say, 
whence 327° = 4 ρου 

This gives an irrational result; x would however be 
rational if 32 were a square. | } 

But 32 comes from 4 times 8. We must therefore sub- 

| stitute for 8 in our assumptions a cube which when 
multiplied by 4 gives a square. If y* is the cube, 
47" = a square = 16y” say; whence y = 4. 

Thus we must assume +, 64 —2* for the numbers. 

Therefore 2*— 1282° + 4096+ =a square = (a + 64)", say ; 
whence 2562°=4, and + = 7. 


The numbers are ὦ 762743 


16’ 4096 © 


19. To find three numbers indeterminately? such that the 
product of any two increased by I is a square, 
Take for the product of first and second some square 
minus 1, Say 2? + 2x; this satisfies one condition. 
Let second = z, so that first = # + 2. 
Now product of second and third + I =a square; let the 
1 The expression is ἐν τῷ ἀορίστῳ, which is defined at the “ΠῚ of the problem to mean 


in terms of one unknown (and units), so that the conditions of the problem are satisfied 
whatever value is given to the unknown. 
4 


H. D. 12 
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square be (3%+1), so that product of second and 
third = 927 + 67; 


therefore third =9%+4 6. 
Also product of third and first + I =a square; therefore 


915 + 244% + 13 =a Square. 


Now, tf 13 were a square, and the coefficient of x were 


twice the product of the side of this square and the 
side of the coefficient of x*, the problem would be 
solved indeterminately. 


But 13 comes from 2.6+1, the 2 in this from twice I, 


and the 6 from twice 3. Therefore we want two 
coefficients (to replace 1, 3) such that the product 
of their doubles + 1 =a square, or four times their 
product + I =a square. 


Now four times the product of any two numbers 245 the 


square of their difference gives a square. Thus the 
requirement is satisfied by taking as coefficients any 
two consecutive numbers, since the square of their 
difference is 1. [The assumption of two consecutive 
numbers for the coefficients simultaneously satisfies 
the second of the two requirements indicated in the 


italicised sentence above. ] Ἧ 


Beginning again, we take (v+1)?—1 for the product of 


first and second and (2.5 - 1)?—1 for the product of 
second and third. 


Let the second be %, so that first = ++ 2, third = 4% + 4. 
[Then product of first and third + 1 = 427+ 124+ 9, and 


the third condition is satisfied.] 
Thus the required indeterminate solution! is 
(x +2, x, 4x +4). 


1 The result obtained by Diophantus really amounts to the more general solution 


@x+e2a, x, (a+1)?x+2(a+1). 


With this solution should be compared that of Euler (Algebra, Part τι. Art. 231). ἡ 


te 


Suppose 
so that 


Therefore 


or 


whence 


To determine x, y, 2 so that 


ἄγετ, y2e+1, 2x+1 are all squares. 
2axti=p*, yeti=g?, 
x=(p?-1)/2, y=(9?-1)/2. 


2 aes 
θυ we 1) 


+ 1I=a square, 


(2? -- τὴ (g?- 1) +22=a square 
=(z~-7)?, say; - [Euler has (z+7)?] 
fi (8-0 (5: ἢ 


ἊΣ ig 


where any numbers may be substituted for 2, g, 7. 
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20. To find four numbers such that the product of any two 
increased by unity is a square. 
For the product of first and second take a square minus 1, 
say (1, 1) -- 1 τ-ῷὸ 23. 25. 
Let first = x, so that second =x + 2. 


For example, if ~=Z¢7+1, we shall have 
ge τ 2:2) {5 {7 ἘῸ 75 - ἢ) 2 (9 +1) (9?—1) | 


a(agtty 8° Fp ge 7 peg 
II. But, ef whole numbers are required, we put xy+1= 22, and assume s=x+y+9. 
We then have 2b SP + xytgxtir=x*+qx+f', 
and yetr=aytyPtgytiayr+oytp. 


These expressions are both squares if g= + 22. 
Thus a solution is obtained from xy=/? -- 1 combined with either 
Z=x+yt+2p, or z=x+y— 22. 

We take a certain value for 22, split 42-1 into two factors, take these factors for the 
values of x, y respectively, and so find z. 

For example, let =3, so that p?-1=8; if we make x=2, y=4, we find z=either 12 
or 0; and in this case x=2, y=4, z=12 is the solution. 

If we put 2?=(£+1)?, we have xy=#+ 2; and if we put x=£+2, y=é, we have 

z=E+2+E+2 (E+1)=4F+4 or o. 

The solution is then (§+ 2, &, 48 - 4), as in Diophantus. 

Fermat in his note on this problem shows how to find three numbers satisfying not 
only the conditions of the problem but three more also, namely that each of the numbers 
shall itself when increased by 1 give a square, ζ.6. to solve the equations 

aotisr, F+1=57, ξητ ιΞῶ, 

é+1=22, nt+i=v", f+1=w*. 
_ Solve, he says, the present problem of Diophantus in such a way that the terms 
independent of x in the first and third of the numbers obtained by his method shall be 
such as when increased by 1 give a square. It is easy to find a value for a such that 


2a+1 and 2(a@+1)+1 are both squares. Fermat takes the value 10= 5 , which satisfies 


the conditions, and the general expressions for the three numbers sought are therefore 
169 13 725. 85 
περ τ ἘΣ τΡα τ 
Each of these has, when increased by 1, to become a square, that is; we have to solve the 
triple-equation 


209 ράυ eee 


5184 536 
x+t1=v 

1225 LEO 

5184 36 


Fermat does not give the solution; but it is effected as follows. 
21 : 
Multiplying the third expression by 36 and the first by τ᾿ 36 (in order that the 


absolute terms in the two may be equal), we have to solve 


2:2 
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For the product of first and third take (27+ 1)?—1, or 
427+ 4, the coefficient of + being the number next. 
following the coefficient (1) taken in the first case, ' 
for the reason shown in the last problem; 

thus third number = 4% + 4. | 

Similarly take (34+ 1)?—1, or 947+ 62, for the product of 
first and fourth; therefore fourth = 94% +6. 

And product of third and fourth + 1 

= (41. - 4) (9446) + 1 = 3627+ 60% + 25, 
which is a square}. 


x+1=v? 


2 
(#2) x+121=u2 
2 


7852 
(Ξ) χ ἜΤΙ Ξε τυ" 2 
12). 


In order to solve by the method of the triple-equation, we make x+1 ἃ square by 
putting x=y? + 2}. 
Substitute this value in the other two expressions, and for convenience multiply each 


by 144; this gives 
143\* 
( ; ἊΝ 


(85)? (y? + 2y) + (132)2=a square 
ς 
The difference = (y? + 2y) (85 + “43) (8s = “43 ) 


7 
= 18 y (18 +2482) 
7 7 7 


The square of half the difference of the factors equated to the smaller expression gives 
ee Ce ee ee 
([3»- 88)" = (48) "ta ay) + (aga)? 


324730, and we find that 


whence y= — 85085 


em y2 4 gy = 59193144576 


tne aa 7239457225 — 
It is easily verified that 


ΤΣ Τα (ae) 85\? 1842375 \? 
—_ x+ =f — er 2— —_ 
(3) 7 85085 oe 2) ae ( 85085 ) : 
so that the value of x satisfies the three equations. 
The numbers satisfying Fermat’s six conditions are then 
6 
168 5 4 18 ἘΘΟΟδΊΩΕ Εν x = 50193144570 μὰ 7225, | 85 _ 48192621, 
5184 36171348100 7239457225 518, 36 4008004 
1 This results from the fact that, if we have three numbers Xx, ¥, z such that 


ay t+i=(mxt+1)? and x2+1={(m+ I)x+ 1}2, 


then JZ+1={m (m+ 1)x+(2m+1)}2 
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Lastly, product of second and fourth + 1 =92?+24%+4 13; 
therefore 92° + 245: + 13 =square = (3% — 4)?, say; 
which gives += τίς. 

All the conditions are now Sstiched. 


and τ, 33 τ Ἢ is the solution’. 

1 The remaining condition was: product of second and third +1=a square. That this 
is satisfied also follows from the general property stated in the last note. In fact 

(x+2) (4x+4)+1=42?4+ 12x49, 

which is a square, 

2 With this solution should be compared Euler’s solution (A/gebra, Part 11. Art. 233) 
of the problem of finding x, y, z, v such that the six expressions 

xXY+ta, yeta, wx+a, xU+a, yuta, φυτὰ 

are all squares. The solution follows the method adopted to solve the corresponding 
problem with three unknowns x, y, z only. See note on III. 10 above. 

If we begin by supposing xy+a=, and take z=x+y+2/, the second and third 
expressions become squares (vide note on III. 10, p. 160). 

If we further suppose v=x+y- ζ2, the fourth and fifth expressions also became 
squares (vide the same note). 

Consequently we have only to secure that the sixth expression zv +a shall be a square; 


that is, 
x24 2χγ- 3 -- 4p2?+a=Aa square, 


or (since xy +a=f?) — 2 —axyty?- 3a=< square. 
Suppose that (x -—y)? - 3a=(x-y- 9)’; 
therefore x — y= (9? + 3a)/29; 
Be fee 
or x=y+ ers 
ur 
Consequently pPa=xyta=y*t ae yta. 
If we put =y +7, we have 
φ2 + 3a 
aryt+r= 7 yta, 
2973 — γα 


oe UO P= 4gr + 3a" 


from which 2, x, and therefore z, uv also, are found in terms of g, 7, where g, x may have 
any values provided that x, y, 2, uv are all positive. 

Euler observed that this method is not suited for finding integral solutions, and, 
pursuing the matter further, he gave the following very elegant solution of Diophantus’ 
actual problem (the case where a=1) in integers (‘‘Miscellanea analytica” in Com- 
mentationes arithmeticae, 11. pp. 45-6). 

Six conditions have to be satisfied. If x, y, z, v are the required numbers, let «=m, 
y=n, where m, 72 are any integers such that ma+1=/. 

Then put z=m++2/, and three conditions are already satisfied, for 
xy+1=mn+1=/?, by hypothesis, 
xzti=m(m+nt+2l)+1=(/+m)?, 
yetia=n(mtnt+2)t+i=(lt+n)?. 

The three conditions remaining to be satisfied are 
xv+i=mv+i=a square, 
yu+t=nvu+i=a square, 
zv+1i=(m+n+2l)v+1=a square. 

Let us make the continued product of these expressions a square. 
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21. To find three numbers in proportion and such that the 
difference of any two is a square. ᾿ : 
Assume + for the least, +4 for the middle (in order 
that the difference of middle and least may be a 
square), + + 13 for the greatest (in order that differ- 
ence of greatest and middle may be a square). 


This product will be found to be 
I+2(m+n+l)v+{(m+n+l?-1} 0? +mn(m+n-+4 21) v3. 
2 
Let us equate this to } +(m+ntluv-—- : οὐ , In order that the terms in v, v? as well 
as the absolute term may vanish ; therefore 


I 
mn (m+n+2l)= -- aie Ad Bare 


whence τὐξύιεη τὴ τη (γε +2 + 22) 
=(mn+1)(m+n+l)+lan 
=P(m+n+l)+lmn 
=/(/+m)(l+n), 

and therefore v=4l(l+m) (l+n). 


It is true that we have only made the product of the three expressions muv+1, 2u+1, 
(m+2+2/)v+1 a square; but, as the value of v has turned out to be an integral number, 
so that all three formulae are prime to one another, we may conclude that each of the 
expressions is a square. 

The solution is therefore Ἢ 

x=m, y=n, 2:3 21.- 21- οἱ, v=4l(l+m) (1-Ὁ η), 
where mn+1=/7?. 

In fact, while three of the conditions have been above shown to be satisfied, we find, 
as regards the other three, that 

xv +1=4lm (+m) (+n) 4+ 1=(22? + 2lm — 1), 
yotrt=4la (1+ m) (l+n)+1=(27 4+ 2ln — 1)?, 
zv+1=41 (m+n2+4 21) (14+ m) (l+n)+1= (47 + elit rn -- 1)2. 

It is to be observed that / may be either positive or negative. 

Ex. Let m=3, n=8, so that /= +s. 

If /= +5, the solution is 3, 8, 21, 2080; if /= — 5, the solution is 3, 8, 1, 120. 

Fermat shows how to solve this problem, alternatively, by means of the “triple-equation.” 

Take ¢hree numbers with the required property, e.g. 3, 1, 8. Let x be the fourth, and 
we have then to satisfy the conditions 

3et+i=u2, xt+i=v, 8xt+1=w?. 

Put x=y*+2y, so as to make the second expression a square, and then substitute the 

value of x in the other two. We have then the double-equation 
3 (ry? +2y)+1=22, 
8 (7? +2y)+1=w, 

The difference= 5 (y?+ 2y)= sy (y+2). 

We put then (37+ 1)?=8 (y? + 2») +1, | 
whence y=1o, and x=y?+2y=120, which value satisfies the triple-equation. 


The four numbers are then 3, 1, 8, 120, which solution is identical with one of those 
oLtained by Euler as above. ' 
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If now 13 were a square, we should have an indeterminate 
solution satisfying three of the conditions. 

We must therefore replace 13 by a square which is the 
sum of two squares. Any rational right - angled 
triangle will furnish what is wanted, say 3, 4, 5; 

we therefore put for the numbers x, ++9, ++ 25. 

The fourth condition gives 

x (*#+25)=(*4+09), and x= 831. 
Thus 51 πα΄ 256 is a solution. 
| laa tal 
22. .To find three numbers such that their solid content! added 
to any one of them gives a square. 

Assume continued product 27+ 24, first number 1, second 
number 4% + 9, so that two conditions are satisfied. 

The third number is then (2? + 2%)/(4% + 9). 

This cannot be divided out unless 27: 4%=24:9 or, 
alternately, 4:24 = 44-79% butit could be done if 4 
were half of 9. 

Now 4% comes from 6% — 2-4, and the 6% in this from 
twice 37; the. Ὁ comes from: 3°: 

Therefore we have to find a number m to replace 3 such 
that 2772 —2=4: thus m? = 4m -- 4, whence? m = 2. 

We put therefore for the second number (+ + 2)? — (47+ 2%), 
or 24+ 4; the third number is then 

(22+ 24)/(2%+4) or dx. 

Lastly, the third condition requires 

x*+2xr+4x =a square = 413, say. 

Therefore x = 2, 


and (x, 3 3) is a solution’. 

1 ὁ ἐξ αὐτῶν στερεός, ““ the solid (number formed) from them”’=the continued product 
of the three numbers. ' : 

2 Observe the solution of a mixed quadratic. 

3 Fermat gives a solution which avoids the necessity for the auxiliary problem. 

Let the solid content be x? -- 2.x, the first number 1, and the second number 2x; two 
conditions are thus satisfied. 


The third number is now a? -- 2x divided by 2x. 1, or ἘΣ Ὁ and the third condition 
gives 


x2—3¢-y=a square. 
3 ! 


Now x must be greater than 2; we therefore put ὑὉν 
3 
aie iy 1=(x- m)?, 


where m is greater than 2. 
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23. To find three numbers such that their solid content minus 
any one gives a square’. 
First number ~%, solid content 27+ 4%; therefore product of 
second and third =# +1. 
Tet the second be 1, so that the third is x + 1. 
The two remaining conditions require that 
Ore 


Ἢ ' ᾿ shall both be squares. [Double-equation.] 
The difference = 7 =%. 2%, say; 
thus (7+4?=2+4-—1, and r=. : 

The numbers are (Z, 1, ° 


24. To divide a given number into two parts such that their 
product is a cube sznus its side. 
Given number 6. First part x; therefore second =6 — 2, 
and 6% —2®=a cube minus its side. 
Form a cube from a side of the form mx — I, say 27.—1, 
and equate 6% — 2° to this cube zzus its side. 
Therefore 82° — 1227+ 4%=6x —2x?2 


1 A remarkable problem of this kind (in respect of the apparent number of conditions 
satisfied) is given by De Billy in the /mventum Novum, Part 1. paragraph 43 (Oeuvres 
de Fermat, 111. p. 352): To find three numbers &, ἡ, ¢ (ξ, § ἡ being in ascending order 
of magnitude) such that the following nine expressions may become squares : 


(1) €-&m% (4) η-ξ-ξη, (7) En—Enfé, 
(2) n-£&né, (5) s-&-énf, (8) ηὗ - ξηῦ, 
(3) {ᾧτ- ξηξῆξ (6) η- ὕ- ξηξ, (9) η-- ξηΐ. 


Take x, 1,1 -- as the values of ξ, ἡ, ¢ respectively. Then séx conditions, namely, 
(τ), (3), (4), (6), (7), (8), are all automatically satisfied. 
By conditions (2) and (9) alike, 


1-%*%+°=a square. 


And, by (5), I-3%+2%=a square. 

Solving this double-equation in the usual way, we get «τὶ , and the numbers are 
a, 2 
δ᾽ 1» δ᾽ 


Another solution can be obtained by putting y+3 in place of x in the two expressions, 


and soon. Cf. note on 111. 18 above. 

It would appear from a letter from Fermat to De Billy of 26 Aug. 1659 (Oeuvres, 11. 
pp. 436-8) that this problem and the above single solution were De Billy’s own. De Billy 
had supposed that this was the only solution, but Fermat observed that there were any 
number, as the above double-equation has any number of solutions. Fermat gave 

10416 41449 
(ἘΞ, μι 51865 


) as another solution. 
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Now, if the coefficient of + were the same on both sides, 
this would reduce to a simple equation, and x would 
be rational. 

In order that this may be the case, we must put for 2 
in our assumption, where 3792 --- 71. τὸ 6 (the 6 being 
the given number in the original hypothesis). Thus 
mM = 3. 

We therefore assume 

(34 — 1) — (34-1) = 64 — #4, 


or 270° -- 274° + 6% = 6% -- 23, 
and a= 388. 
26 136 


The parts are =, =. 
a ay 


25. To divide a given number into three parts such that their 
continued product gives a cube the side of which is equal to the 
sum of the differences of the parts. 

Given number 4. 

Since the product is a cube, let it be 82%, the side of 
which is 2%. | 

Now (second part) — (first) + (third) — (second) + (third) 
— (first) = twice difference between third and first. 

Therefore difference between third and first = half sum of 
differences = x. 

Let the first be any multiple of x, say 2x; therefore the 
ἘΠῚ ΞΘ 7. 

Hence second = 829/627 = 4x; and, tf the second had lain 
between the first and third, the problem would have been 
solved, 

Now the second came from dividing 8 by 2.3, and the 
2 and 3 are not two numbers at random but con- 
secutive numbers. 

Therefore we have to find two consecutive numbers such 
that, when 8 is divided by their product, the quotient 
lies between the numbers. 

Assume m, m+1; therefore 8/(m?+m) lies between 
mand m+ 1. 


Therefore +1 >m+I, 


2923 +m 
so that 7723 +m+8 >? + 2m? +m, 
or 8 > 73 + mm’ 
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I form a cube such that it has 723, #2? as terms, that is, the 

cube (7 + 4)’, which is greater than 2° + 222, and I put 
(m+tP=8 

therefore m+4=2,and m=. 

Assume now for first number 3; the third is $x, and 
the second is 22. 

Multiplying throughout by 15, we take 25x, 27x, 40x, 
and the product of these numbers is a cube the 
side of which is the sum of their differences. 

The sum = 92% = 4, by hypothesis. 

Therefore x = αἷς, 


and (3, ao #) are the parts required. 
23’ 23’ 23 


[N.B. The condition 8/(7?+m)<m+.1 is ignored in 
the work, and is zxczdentally satisfied. | 


26. To find two numbers such that their product added to 
either gives a cube. 
Let the first number be of the form mx, say 8x. 
Second 22— 1. Therefore one condition is satisfied, since 


823 — 8x + 8x =a cube. 


Also 824 —8%+2°—1=a cube=(24 — 1)’, say. 
Therefore 1327 = 142, ne r=. 


The numbers are ~~ = “ἅτ 
27. To find two numbers such that their product mznus either 
gives a cube. 
Let the first be of the form 7x, say 8x, and the second 
x*+ 1 (since 82° + 8% —8x=a cube). 
Also 82°+8%—2?—1 must be a cube, “which is impossible.” 


1 Diophantus means that, if we are to get rid of the third power and the absolute 
term, we can only put the expression equal to (2x-1)’, which gives a negative and 
therefore ‘impossible ” value for x. But the equation is not really impossible, for we can 
get rid of the terms in x? and x? by putting 


3 » 
βαϑεϑαταὐ-τπ{.- 2), whence eal 
me 13752 


or we can make the term in x and the absolute term disappear by putting 


3 
8x3 + 8x — x? -- r= (24 1) , whence pa 
3 296 


Diophantus has actually shown us how to do the former in Iv. 25 just preceding. 
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Accordingly we assume for the first number an expression 
of the form m'x+ 1, say 8%+1, and for the second 
number 2? (since 82° + 2? —2* =a cube). 

Also 823+ 23 — 8x —1 =a cube = (25 -- 1)’, say. 

Therefore x = 44, 


and the numbers are 222 196 


13° 169° 
28. To find two numbers such that their product + their 
sum gives a cube. 

Assume the first cube (product +sum) to be 64, and the 
second (product — sum) to be 8. 

Therefore twice sum of numbers = 64 —8=56, and the 
sum = 28, while the product + the sum = 64; therefore 
the product = 36. 

Therefore we have to find two numbers such that their 
sum is 28 and their product 36. If 14+, 14—+% are 
the numbers!, we have 196 — 27 = 36, or +? = 160; and, 
if 160 were a square, we should have a rational 
solution. 

Now 160 arises from 14?— 36, and 14=4.28=4.56 
=1 (difference of two cubes); also 36=4 (sum of 
the cubes). 

Therefore we have to find two cubes such that 

(2 of their difference)? — 4 their sum =a square. 

Let the sides of the cubes be (z + 1), (4-1); 

therefore + of difference = 142° +4, and the square of this 
is 2244+ 1427+ 1; 

3 the sum of the cubes is 2* + 32; 

therefore 2424+ 132° + }-- 2 — 3z =a square, 

or 944 + 622+ 1 — 423 — 122 =a square =(32? + I — 62)’, say; 

whence 322° = 362”, and z=. 

The sides of the cubes are therefore 42, 4, and the cubes 
Sy siz: 

Put now product of numbers + their sum = 4233, and pro- 
duct — sum = εἶσ. 

Therefore their sum = 2458, and their product = 4457. 

Now let the first number = x + half sum=+4 + 4228, . 

and the second = half sum — += 1228 — x; 


15079 Saas BaD 
therefore TpOToS4 — 49 = 2457 | 
and 26214427 = 250000, 


: CE 4.747% 
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Therefore x = 899, 


and (=. =) is a solution. 


Otherwise thus. 

If any square number is divided into two parts one of 
which is its side, the product of the parts added to 
their sum gives a cube. 

[That is, x(2?-—2)+ 2?-++24=<a cube.] 

Let the square be +’, and be divided into the parts x, 23-- 

Then, by the second condition of the problem, 

8 — x — 4 = χὃ --- 213 τ cube (less than 2*)=(44)', say. 

Therefore 82° — 1627 = #5, so that r= 18, 


and (-, 4) is a solution. 
7 AD 


29. To find four square numbers such that their sum added to 
the sum of their sides makes a given number’. | 

Given number 12. 

Now #?+%2+4=a square. 

Therefore the sum of four squares + the sum of their sides 
+ 1=the sum of four other squares=13, by hypothesis. 

Therefore we have to divide 13 into four squares; then, if 
we subtract 4 from each of their sides, we shall have 
the sides of the required squares. - 


1 On this problem Bachet observes that Diophantus appears to assume, here 
and in some problems of Book v., that any number not itself a square is the sum of 
two or three or four squares. He adds that he has verified this statement for all 
numbers up to 325, but would like to see a scientific proof of the theorem. These 
remarks of Bachet’s are the occasion for another of Fermat’s famous notes: ‘‘I have 
been the first to discover a most beautiful theorem of the greatest generality, namely this: 
Every number is either a triangular number or the sum of two or three triangular 
numbers ; every number is a square or the sum of two, three, or four squares; every 
number is a pentagonal number or the sum of two, three, four or five pentagonal 
numbers; and so on ad infinitum, for hexagons, heptagons and any polygons whatever, 
the enunciation of this general and wonderful theorem being varied according to the 
number of the angles. The proof of it, which depends on many various and abstruse 
mysteries of numbers, I cannot give here; for I have decided to devote a separate and 
complete work to this matter and thereby to advance arithmetic in this region of inquiry 
to an extraordinary extent beyond its ancient and known limits.” 

Unfortunately the promised separate work did not appear. The theorem so far as it 
relates to squares was first proved by Lagrange (Wouv. Mémotres de 2 Acad. de Berlin, 
année 1770, Berlin 1772, pp. 123-133; Oeuvres, 111. pp. 189-201), who followed up 
results obtained by Euler. Cf. also Legendre, Zahlentheorte, tr. Maser, 1. ΡΡ- 212 sqq. 
Lagrange’s proof is set out as shortly as possible in Wertheim’s Diophantus, pp. 324-330. 
The theorem of Fermat in all its generality was proved by Cauchy (Oeuvres, 115 série, 
Vol. VI. pp. 320-353); cf. Legendre, Zah/entheorie, tr. Maser, 11. pp. 332 5646. 
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Now 13=4+9=($$ + 38) + At + 81), 
and the sides of the required squares are 44, τς, 18, 18, 


the squares themselves being τες, ΕΑ ar 8. 


30. To find four squares such that their sum mznus the sum of 
their sides is a given number. 


Given number 4. 

Now #—2+}= a square. 

Therefore (the sum of four squares) — (sum of their sides) 
+1=the sum of four other squares=5, by hypothesis. 

Divide 5 into four squares, as 3, 4%, $4, 88, 

The sides of these squares p/us $ in each case are the sides 
of the required squares. 

Therefore sides of required squares are 14,13, 21, 17, 


and the squares themselves =, ie τι τος 
ΙΟΟ΄ ΙΟΟ΄ 100° 100 


31. To divide unity into two parts such that, if given numbers 
are added to them respectively, the product of the two sums gives 


a square. 


Let 3, 5 be the numbers to be added; +, 1 —¢ the parts of 1. 
Therefore (¥ + 3)(6 -- 2) = 18+ 34—2° =a square = 42°, say; 
thus 18 + 3% = 52°, which does not give a rational result. 
Now 5 comes from a square+1; and, in order that the 
equation may have a rational solution, we must sub- 
stitute for the square taken (4) a square such that 
(the square + 1). 18 + (3)? =a square. 


Put (m? + 1)18 + 24} =a square, 
or 72m? + 81 =a square = (87 + 9)’, say, 
and m=18, m= 324. 


Hence we must put 
(x + 3)(6—4) = 18 + 34—27 = 32427. 


Therefore? 3252°— 34-18 =0, 
f=s =o, 
and (ξ, 9) is a solution. 
25” ὡς 


Otherwise thus. 


The numbers to be added being 3, 5, assume the first of 
the two parts to be #— 3; the second is then 4 -- ζ. 

Therefore «(9 —#) =a square = 42%, say, 

and x=. 

But 7 cannot take 3 from ὃ, and x must be > 3 and < 4. 


1 Observe the solution of a mixed quadratic equation. 
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Now the value of x comes from g/(a square + 1), and, since 
x > 3, this square + I should be<3, so that the square 
must be less than 2; but, since + <4, the square +I! 
must be > ὃ, so that the square must be > §. 

Therefore I must find a square lying between ᾧ and 2, or 
between 89 and 48. 

100 or 25 satisfies the condition. 


64 
Put now ζ (9 -- 2) Ξ- 38. 
therefore χ Ξε 148, 


and (Ξ, =) is a solution. 
4I’ δὶ 


32. To divide a given number into three parts such that 
the product of the first and second + the third gives a square. 
Given number 6. 
Suppose third part = x, second = any number less than 6, 
say 2; therefore first ραζγί ΞξΞ 4 -- 2. 
The two remaining conditions require that ὃ -- 2r+xr=a 


square, 
or : ᾿ ᾿ are both squares. [Double-equation.] 


This does not give a rational result (“is not rational”), szce 
the ratio of the coefficients of x ts not a ratio of a square 
lo a square. 

But the coefficients of x are 2-1 and 2- 1; therefore we 
must find a number y to replace 2 such that 
(vy +1)/(y -- 1) =ratio of ue to πε Ξε 4, say. 

Therefore y+ 1=4y-— 4, and y= 

Put now second part = 3; neeiore first = 43 — 


Therefore θ δ "Ὁ +4 =a square. 
That is, an ὉΠ are both squares, 
65 — 241 
260 — 241 
or bee as are both squares. 


The- difference = 195 = 15 132 
we put therefore #(15 — 13)? =65 — 24x, and x=8. 


Therefore the required parts are (3, = 3) 


1 Fermat observes: ‘‘The following is an easier method of solution. Divide the 
number 6 into two in any manner, ¢g. into 5 and 1. Divide their product less 1, that is 


4, by 6, the given number: the result is Ξ Subtracting this first from 5 and then from 1, 
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33. To find two numbers such that the first with a fraction 
of the second is to the remainder of the second in a given ratio, 
and also the second with the same fraction of the first is to the 
remainder of the first in a given ratio. 

Let the first with the fraction of the second = 3 times the 
remainder of the second, and the second with the 
same fraction of the first=5 times the remainder of 
the first. 

[The fraction may be either an aliquot part or not, τὸ 
αὐτὸ μέρος Or Ta αὐτὰ μέρη as Diophantus says, 
following the ordinary definition of those terms (“the 
same part” or “the same parts”): cf. Euclid vu. 
Deh 3.44) 

Let the second = x + I, and let the part of it received by 
the first = 1; 

therefore the first = 3x—1 (since 3x-—1+4 1 = 32). 

Since the second f/us the fraction of the first = 5 times 
the remainder of the first, 

the second + the first = 6 times the remainder of the fiz-t. 

And first + second = 4%; therefore remainder of first 
=2z%, and hence the second receives from the first 
34 --1-- 1 or 4-1. 

We have therefore to secure that {x—1 is the same 
fraction of 31 —1 that I is of +1. 

This requires that (4 -- 1) (+ 1)=(34%-1).1; 

therefore {§2°+44-—1=3%-1, andx=$. 

Accordingly the numbers are 8, 42; and 1 is τς of the 
second. 


: I I : 
we have as remainders τ and τ᾽ which are the first two parts of the number to be 


divided; the third is therefore 4» 


That is, if ἔξ, 7, ζ be the required parts of the number a, Fermat divides @ into two 
parts x, α -- x and then puts 
x(a-x)-1_ x41 


a ρα 


f=x- 


Cn Card eet Oe (es ee 
a 7 a ; 


n=a-x 


a(ax-—x®-1) 2 {x(a-x)-1} 
a cat a 


whence f=a-(E+n)= 


The three general expressions in x satisfy the conditions, and x may be given any 
value <a. 
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Multiply by 7 and the numbers are 8, 12, and the fraction 
is τς; but 8 is not divisible by 12: so multiply by 3, 
and (24, 36) is a solution. 


Lemma to the next problem. 


To find two numbers indeterminately such that their product 
together with their sum is a given number. 

Given number 8. | 

Assume the first number to be 4, the second 3. 

Therefore 34 +2+3=given number=8; +=, and the 
numbers are §, 3. 

Now & arises from (8 — 3)/(3 +1), where 3 is the assumed 
second number. 

We may accordingly put for the second number (instead 
of 3) any (undetermined) number whatever'; then, 
substituting this for 3 in the above expression, we 
have the corresponding first number. 

For example, we may take +—1 for the second number; 


the first is then 9 — x divided by +, or 2 —I, 


34. To find three numbers such that the product of any two 
together with the sum of those two makes a given number?. 


1 The Greek phrase is ἐὰν dpa τάξωμεν τὸν 8B” «οὗ οἱουδήποτε (οἱουδήποτε s in Lemma 
to Iv. 36), ‘‘If we make the second” (literally ‘‘ pu¢ the second at”) ‘any s whatever.” 
But the s is not here, as it is in the Lemma to Iv. 36, the actual x of the problem, for 
Diophantus goes on to say ‘‘ E.g. let the second be x-1.” In the Lemma to Iv. 34 the 
corresponding expression is ‘‘any quantity whatever” (ὁσουδήποτε without s). The 
present Lemma amounts to saying that, if xy+x+y=a, then x=(a—y)/(y+1). 

? This determinate set of equations can of course be solved, with our notation, by 
a simple substitution. 


The equations yety+z=a 
sxt+ze+x=6 
| 
(στὴ (g¢+1)=a+1, nf=at+t, 
are equivalent to (5.- 1) (x+1)=S+4+1, or c=h41, 
(x+1)(y+1)=c+1, ξητεετει, 
where E=x+1, n=yt+1, f=24+1. 
The solution is f=7+4- r= af {nero etc. 
( att 


In order that the result may be rational, it is only necessary that (a+ 1) (6+ 1) (¢+1) 
should be a square; it is not necessary that each of the expressions a@+1, ὁπ τ, ἐπὶ 
should be a square, as Diophantus says. 
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Necessary condition, Each number must be 1 less than some 
square}, 
Let (product + sum) of first and second = 8, 
᾿ ϑ a second and third = 15. 
re x third and first = 24: 
Oy neaet equation, if we divide(8—second)by(second + 1), 
we have the first number. 
Let the second number be x — 1. 


Therefore the first = ὅ- -- ἘΞ Τ᾽ 


ones ; 16 
Similarly the third number = — — 1. 
x 
The third equation remains, which gives 
—, —1= 24, and 7=22, 


The numbers are 33 Ἢ el 
ΠΑ ἀν 


ἱ 165 84 340 
or, when reduced to a common denominator, ba ee 


Lemma to the following problem. 


To find two numbers indeterminately such that their product 
minus their sum is a given number. 
Given number 8. 
First number +, second 3, suppose; therefore 
(product) — (sum) = 34 —x—3 = 2%—3=8, and x=5}. 
The first number is therefore 53, the second 3. 
But 54 comes from (8 + 3)/(3 -- 1), and we may put for 3 
any number whatever. 
Ἐξ put the second number =%+1; the first is then r+9 


divided by x, or I +2, 

35. To find three numbers such that the product of any two 
minus the sum of those two is a given number? 

Necessary condition. Each of the given numbers must be 1 less 


than some square’. 
Let (product — sum) of first and second 8. 
second and third = 15, 


third and first 24. 


I 


᾽) 2) 2) 


2) 2) )) 


1 See last paragraph of preceding note. 
2 The notes to Iv. 34 above apply, mutatis mutandis, to this problem as well. 


H. D. 12 
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By the first equation, if we divide (8+second) by 
(second -- 1), we have the first number. 


9 


Assuming x + 1 for the second number, we have | ie 


for the first. 


Similarly ἘΣ is the third number, and two conditions 


are satisfied. 


.Φ . I 
The third gives τὰ —1=24,and ,- 15, 
AES 
SY Aes! Ag 98 
The numbers are ere ere 
. . 285 204 460 
or, with a common denominator, Pear a ΟΣ 


Lemma to the following problem. 


To find two numbers indeterminately such that their product 
has to their sum a given ratio. 
Let the given ratio be 3:1, the first number 4, the 
second 5. 
Therefore 5% = 3(5+-2), x = 74; and the numbers are 
es 
But 74 arises from 15 divided by 2, while the 15 isthe 
- second number multiplied by the given ratio, and 
the 2 is the excess of the second number over the 
ratio. 
Putting therefore x (instead of 5) for the second number, 
we have, for the first number, 3% divided by x — 3. 
The numbers are therefore 3%/(x — 3), αὶ 


36. To find three numbers such that the product of any two 
bears to the sum of those two a given ratio. | 
Let product of first and second be 3 times their sum. 
᾿ 2 second and third be 4 times their sum. 
Ὁ ἢ third and first be 5 times their sum. 
Let second number be +; the first is therefore 3r/(x — 3), 
by the Lemma, and similarly the third is 4x/(+ — 4). 
3 Ag 3x 4x 
Lastly a a) 
or 1227 = 3527 — 120%. 
Therefore 7 = 420, 


and the numbers are Ὅλο 150 400. 
ἘΣ eer © ae 
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37. To find three numbers such that the product of any two 
has to the sum of the three a given ratio’. 

Let product of first and second = 3 times sum of the three, 

ι , of second and third =4 
" ᾿ of third and first = 5 7 Ὁ 

First seek three numbers such that the product of any two 
has to an ardztrary number (say 5) the given ratio. 

Then product of first and second= 15; and, if x be the 
second, the first is 15/x. 

The product of second and third=20; therefore third 
= 20/%. 

It follows that 20. 15/27= 25. 

And, if the ratio of 20.15 to 25 were that of a square toa 

square, the problem would be solved. 

Now 15 = 3.5, and 20 is 4. 5, the 3 and q being fixed by 
the original hypothesis, but 5 being an arbitrary 
number, 

We must therefore find a number 22 (to replace 5) such 
that 127/57 = ratio of a square to a square. 

Thus 127? . 52 =607* = a square = 9007, say; and m=I5. 

Let then the sum of the three numbers be 15. 

Product of first and second is therefore 45, and first = 45/x. 

Similarly third = 60/1. 

- Therefore 45. 00i7 = 75, and ἃ: ΞΞῸ; 

Therefore the numbers are 7}, 6, 10, and the sum of 
these = 234. 

Now, 270. this sum were 1§ instead, the problem would be 
solved, 


” }) 


1 Loria (of. cit. p. 130) quotes this problem as an instance of Diophantus’ ingenious 
choice of unknowns. Here the equations are, with our notation, 


ye=a(x+yt+2), 

sx=b(x+y+2), 

xy=e (x+y +2), 
and Diophantus chooses as his principal unknown the sum of the three numbers, 
x+y+z=W, Say. 


eae 
We may then write x=cwly, z=aw/y, so that zx=acw*/y?=bw, and γ᾽: 7 τ: 
ae x 
Putting was &, we have 
ac ac 
ΠΕ ἘΞ 51 © ee b ξ, z=aé, x=cé, 


from which, by eliminating x, y, 2, we obtain £=(dc+ca+ad)/ac. 
Hence x=(be+catab)/a, y=(be+catad)/b, 2=(bc+cat+ad)|e. 


12---2 
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Put therefore for the sum of the three numbers 152’, and 
for the numbers themselves 744, 6%, 10%. 
Therefore 2344 = 152°, so that r= 47, 
and ΗΝ > ee is a solution. 

38. To find three numbers such that their sum multiplied 
into the first gives a triangular number, their sum multiplied into 
the second a square, and their sum multiplied into the third a cube. 

~ Let the sum be 22, and let the numbers be WN NA De, 
where 772, 2, are a triangular number, a square and 
a cube respectively ; 

say first number = 6/2”, second 4/2’, third 8/2?. 

But the sum is 2*; therefore 18/2? = 2’, or 18 = 2+ 

Therefore we must replace 18 by some fourth power. 

But τὸ =sum of a triangular number, a square and a cube. 

Let #4 be the required fourth power, which must therefore be 
the sum of a triangular number, a square and a cube. 

Let the square be 23 -- 22° +1; 

therefore the triangular number + the cube = 27? — I. 

Let the cube be 8; therefore the triangular number is 
227 — Ο. 

Lut ὃ times a triangular number +1 = a square ; therefore 
104 Jira square = (44 — 7)" say; thus +=9, the 
triangular number is 153, the square 6400 and the 
cube 8. 

Assume then as the numbers 153/2%, 6400/2*, 8/2°. 

Eherelore Ε ΘΙ =" of 74 = 6561, and +=. 

Thus (33, Ss 3 is a solution}. 
1 The procedure may be shown more generally thus. 
Let ἕξ, ἡ, ¢ be the required numbers; suppose 
E+nt+f=2, 


and é= τὸ δ ere ὕὗξ--. 


It follows that ata τον 


Suppose now that B=.? -- σῇ [Diophantus and Bachet assume z= 1]. 
Then a(a+t) = 2.2 χ3 — 74 — 43, 
2 
Eight times the left hand side plus 1 gives a square (by the property of triangular 
numbers) ; that is, 
(2a + 1)?= 1622x? -- 824 -- 843+ 1 =a square 


τε (455 —£)?, say, 


BOOK IV 197 


39. To find three numbers such that the difference of the 
greatest and the middle has to the difference of the middle and the 
least a given ratio, and also the sum of any two is a square. 

Ratio 3:1. Since middle number + least = square, let the 
square be 4. 

Therefore middle > 2; let it be r+ 2, so that least = 2 — 

Therefore difference Ἢ greatest and middle = 63. ay 
the.oreatest: 7.7 + 2. 


Therefore eg are both squares. | Dozble-equation.] 


Take the difference 2, split it into factors, say 4x, 4, and 
proceed by the rule; therefore += 112. | 

But I cannot take 112 from 2; therefore x must be found 
to be < 2, so that 64+ 4< 16, 

Thus there are to be three squares 8x+4, 6x+4 and 4 
(the 4 arising from 2.2), and the difference of the 
greatest and middle is { of the difference of the 
middle and least. . 

We have therefore to find three squares having this property 
and such that the least = 4 and the middle < 16. 

Let side of middle square be z+ 2; therefore excess of 
middle over least = 2? + 42, whence excess of greatest 
over middle = 1z2?+ 142, and therefore the greatest 

= 11.253 πὲ 2 Ὁ 4. 
This must be a square; therefore, multiplying by 9, we have 
122? + 482 + 36=a square, 


824 34 p2 
whence Se ater t : : 
8kz 


α(α- τὴ 
2 


: I 
But must be integral, and therefore a integral, so that 5 (der ~-1) must be 


824+ 8γ -- (£41)? 
4h 

' Bachet assumes that it is necessary, with Diophantus, to take 4=1, observing that 

trial will show that the problem can hardly be solved otherwise. On this Fermat remarks 

that Bachet’s trial had not been carried far enough. We may, he says, put for γῇ any 

cube, for instance, with side of the form 37+1. Suppose, for example, we take 7°. 

Then [z being 1] we have to make 


integral ; that is, must be integral. 


2x*-— 344 a triangle, 


and therefore 162-2751 a square, and we may take, if we please, 41-3 as the side of 
this square [so that & is in this case 3]. 

By varying the cubes we may use an unlimited variety of odd numbers, besides 3, 
as values for αὶ which will satisfy the required condition. 

Loria (of. ct. p. 138) points out that the problem could ΠΣ been more simply 
solved by substituting x fer x? and z for 2? in the above assumptions. The ultimate 
expression to be made a square would then have been τόξα -- 82? -- 8y° +1, and we could 
have equated this to λξ, thus finding -. 
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or 32°+ 122 +9 =a Square = (mz — 3)’, Say. 

It follows that z= (67 + 12)/(#? — 3), which must be < 2. 

Therefore 6 + 12 < 2m?- 6, or 27722 > 6m + 18. 

“When we solve such an equation’, we multiply half the | 
coefficient of xinto itself—this gives g—then multiply » 
the coefficient of e into the units—2 18 =36—add 
this last number to the 9,.making 45, and take the 
side [square root] of 45, which is not less than ΠΣ 
add half the coefficient of +—making a number not 
less than 10—and divide the result by the coefficient 
of 2?; the résult is not less than 5.” : 

[3. 18.2=45, and 31/45.4+3 is not less than 3 +7] 

We may therefore put = +4, or 5, and we thus have 

32° + 122 +9 = (3 -- 52}. 

Therefore z= 21, and the side of the middle square is 
43, the square itself being 184! 

Turning to the original problem, we put 64+ 4 τ 1849. and 


121» 
+ = 1385, which zs less than 2. 
The greatest of the required numbers = 7+ + 2 = ae 
ς = _ 2817 
the middie ΞΞ 44-2 = ee 


and the léast 2". = 
The denominator not being a square, we can make it 
a square by dividing out by 6; the result is 
18343 469% 14% 
Oe eet ee ee ea 
or again, to avoid the } in the numerators, we may 
multiply numerators, and denominators, by 4; thus 
7338 1878 58 ; 
484° 484 484 


is a solution”. 


1 I have quoted Diophantus’ exact words here, with the few added by Tannery, 
‘‘making a number not less than ro...coefficient of +2,” in order to show the precise 
rule by which Diophantus solved a complete quadratic. 

When he says 4/45 is not less than 7, Diophantus is not seeking exact limits. Since 
/45 is between 6 and 7 we cannot take a smaller integral value than 7 in order to 


satisfy the conditions of the problem (cf. p. 65 above) 


2 A note in the Zuventum Novum (Part 11, paragraph 26) remarks upon the prolix and 
involved character of Diophantus’ solution and gives a shorter alternative. The problem 


is to solve 


E-n=m (n- ἣ, (>>, and m=3, say) 
n+ f=2, ᾿ 

f+ E=v’, 

E+n=w", 
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40. To find three numbers such that the difference of the 
squares of the greatest and the middle numbers has to the differ- 
ence of the middle and the least a given ratio, and also the sum of 
each pair is a square. 

Ratio: 11 
Let greatest + middle number = the square 162°; therefore 
greatest >82?: let it be 82° +2; hence middle=81?-2. 
And, since greatest + middle > greatest + least, 
162°? > (greatest + least) > 82°; 
let greatest + least = Q#*, say; therefore least = 2? — 2. 
Now difference of squares of greatest and middle = 642°, 
and difference of middle and least = 72”. 
But 64 is not equal to 3.7 or 21. 
Now 64 comes from 32.2; therefore we must find a 
number 22 (in place of 2) such that 327 = 21. 
Therefore az = 24. 
Assume now greatest number = 82” + 24, middle = 82? — 25, 
least = 2? — 24. 
[And difference of squares of greatest and middle 
21 37 
The only condition left is: middle + least = square; that is, 
ox? — 42 =a square = (34 — 6)’, say. 
Therefore x = 32%, 


3069000 2633544 es) : : 
and (555. το sere is a solution. 


Take an arbitrary square number, say 4, for the sum of ἡ, ¢; suppose 2+0=%, 2-4= ¢ 
so that -- ¢=2x; therefore §-=3(n-{)=6x, whence ξΞΞ 2 Ὁ 74. 


The last two conditions require that 


ει ἢ shall be squares. ° 


Replace x by rts y. This will make 4+ 6x a square. It remains that 


16. πη 
+— νγῈπ-πὸγξεα square 
4 3° 37 4 


8. 8 τό 
es “(ἢ \= (5 5)" 


16 ae ale 
and Pie so that ey + 
ΤΟΣ ΣΤῈΣ 
121" fat 121 


The numbers are therefore 


τὺ 
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BOOK V. 


1. To find three numbers in geometrical progression such that 
each of them wzzzus a given number gives a square. 
Given number 12. 
Find a sguare which exceeds 12 by a square. “This is 
easy [II. 10]; 42} is such a number.” 
Let the first number be 424, the third “5; therefore the 
middle number = 6}~. 


a—12 
Therefore are both squares; 
Olax — 12 


their difference = 2? — 64.4 = τ (x — 63); half the difference 
of the factors multiplied into itself = 159; therefore, 
putting 641-12 τ 159, we have x= 861, 


23404 130321 
104 ’ 10816 


and (424, oe | is a solution. 


2. To find three numbers in geometrical progression such that 
each of them when added to a given number gives a square. 
Given number 20. 
Take a square which when added to 20 gives a square, 
say 16. 
Put for one of the extremes 16, and for the other +2, so 
that the middle term =4-~. 


Therefore * * a are both squares. 
4v + 20 


Their difference is 2? — 4% =x (x — 4), and the usual method 
gives 41  20- 4, which is absurd, because the 4 
ought to be some number greater than 20. 

But the 4 = } (16), while the 16 is a square which when 
added to 20 makes a square; therefore, to replace 16, 
we must find some square greater than 4.20 and 
such that when increased by 20 it makes a square. 

Now 81> 80; therefore, putting (m+ 9)? for the required 
square, we have 


(m +9)? + 20 = square =(m — 11), say; 
therefore m=4, and the square = (93)? = go}. 
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Assume now for the numbers go}, 944, 25, and we have 

+ 20 

94x%+20 

The difference =x (%—94), and we put οὐχ Ἐ20- 361. 
‘Therefore x = τὰς, and 


1 «3895 1681 
(904 152’ 23104 


both squares. 


) is a solution. 


3. Given one number, to find three others such that any one of 
them, or the product of any two of them, when added to the given 
number, gives a square. 

Given number 5. 

“We have it in the Porisms that if, of two numbers, each, 
as well as their product, when added to one and the 
same given number, severally make squares, the 
two numbers are obtained from the squares of con- 
secutive numbers}.” 

Take then the squares (7+ 3}, («+ 4), and, subtracting 
the given number 5 from each, put for the first 
number 2#7+6%7+4, and for the second #+8r+11, 
and let the third? be twice their sum 727s 1, or 

4x? + 28% + 29. 

1 On this Porism, see pp. 99, 100 azite. 

2 The Porism states that, if @ be the given number, the numbers x? -- a, (xt 1)? -a@ 
satisfy the conditions. 

In fact, their product + a={x(x+1)}?-a@ iat w+1)+a?+a 

= {x (x+1)}?- 2ax (x +1) +a@?={x (x+1)- a}? 

Diophantus here adds, without explanation, that, if Y, Y denote the above two numbers, 
we should assume for the third required number Z=2 (Χ + Y)-—1. We want ¢hree numbers 
such that any two satisfy the same conditions as X, Y. Diophantus takes for the third 


Z=2(X+ Y)-1 because, as is easily seen, with this assumption two out of the three 
additional conditions are thereby satisfied. 


For Z=2(X+ V)-1=2(207+2x+1)-4a-1 
=(2x+ 1)?- 4a; 
therefore XZ+a=22(ax+1)?-af{(axti1P +47} +ya+a 


=x? (2x4 1)?-a. 4x (2x+1) +4? 
Ξε ἐχ (2x+1)— 224}, 
while YZ +a=(x+1)?(2x4+1)?-af{(2e4+1)? +4 (w+ 3} +40? α 
=(x+1)2(2x4+1)?-@ (8x? + 12x44) +4 
= {(x+1) (2x+1) - 24}". 
The only condition remaining is then 
Z+az=a square, 
or (2*+ 1)? - 3a=a square =(24 -- 4)’, say, 
and x is found. 
Cf. pp. 100, 104 above. 
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Therefore 427+ 28x+ 34 =a Square = (24 — 6)’, say. 


Hence +=,4, and ey As Be) is a solution}. 


4. Given one number, to find three others such that any one 
of them, or the product of any two, mzuus the given number gives 
a square. 

Given number 6. 

Take two consecutive squares 27, 24°+ 27+ 1. 

Adding 6 to each, we assume for the first number 2 + 6, 
and for the second 27+ 2%+7. 

For the third? we take twice the sum of the first and 
second mznus 1, or 42°+4%+4+ 25. 

Therefore third mznus 6 = 42° + 44 + 19=square =(2%—6)?, 
Say. | 

Therefore + = ἐξ, 


and (43. hee ee) is a solution. 
[The same Porism is assumed as in the preceding problem 


but with a mznus instead of a plus. Cf. p. 99 above.] 


5. To find three squares such that the product of any two 
added to the sum of those two, or to the remaining square, gives 
a square. ἷῳ 

“We have it in the Porisms” that, if the squares on any two 
consecutive numbers be taken, and a third number 
be also taken which exceeds twice the sum of the 
squares by 2, we have three numbers such that the 
product of any two added to those two or to the 
remaining number gives a square?, 


' Diophantus having solved the problem of finding three numbers ἕ, 7, ¢ satisfying 
the six equations 
erase, nfta=u", 
n+a=s, E+a=v", 
f+e=2, inta=w?, 
Fermat observes that we can deduce the solution of the problem 

To find four numbers such that the product of any pair added to a given number 
produces a square. 

Taking three numbers, as found by Diophantus, satisfying the above six conditions, 
we take x+1 as the fourth number. We then have three conditions which remain to be 
satisfied. These give a ‘‘ triple-equation ” to be solved by Fermat’s method. 

? Diophantus makes this assumption for the same reason as in the last problem, Vv. 3. 
The second note on p. 201 covers this case if we substitute —a for a throughout. 

3 On this Porism, see pp. 100-1 ante. ἐ 
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Assume as the first square 27+ 24+ 1, and as the second 
w?+44+ 4, so that third number = 427 4+ 1244 12. 
Therefore 2 + 3% + 3 =a square = (4% — 3)’, say, and +=. 


Therefore (35, a, 72°) is a solution. 


6. To find three numbers such that each mznus 2 gives a 
square, and the product of any two mzzus the sum of those two, 
or minus the remaining number, gives a square. 

Add 2 to each of three numbers found as in the Porism 
quoted in the preceding problem. 

Let the numbers so obtained be 2742, 2°+2%+ 3, 
413 +4x+4+ 6. 

All the conditions are now satisfied, except one, which 
gives 

42+ 41-16 -- 2 ΞΞ ἃ square. 
Divide by 4, and χ ἘΠῚ =a square = (4 -- 2)’, Say. 
Therefore x = 8, , 


a) : 
and (2, 35’ 2: is a solution. 


Lemma I to the following problem. 
To find two numbers such that their product added to the 
squares of both gives a square. 
Suppose first number x, second any number (vz), say I. 
Thereforex.1+2°+1=2°+2%+4+1=asquare Ξε (τ — 2)’, say. 
Thus +=, and 
(3, r) is a solution, or (3, 5). 


Lemma II to the following problem. 
To find three right-angled triangles (ze. three right- angled 
triangles ἠὲ rational numbers*) which have equal areas. 
We must first find two numbers such that their product 
+ the sum of their squares = a square, 6.9. 3, 5, as in 
the preceding problem. 


1 The numbers are x242, (x+1)? +2, 2 {x?4+ (44+ 1)? + 1}+2; and if X, Y, Z denote 


these numbers respectively, it is easily verified that 

XY-(X+ V)=(x4?2+24+ 1), XY= 2 Ξ 1)» 

XZ -(X+Z) =(2x2 +442), ΧΖ- V=(2x*+243), 

YZ --(Κὼ 2) =(2%2+3443)2, YZ-X = (2207+34+ 4)”. 
2 All Diophantus’ right-angled triangles must be understood to be right-angled 
triangles with sides expressible in rational numbers, In future I shall say ‘‘ right-angled 


triangle” simply, for brevity. 


and 
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Now form right-angled triangles from the pairs of 
numbers? 


71 3)) Gs 55 7.3.8} 
[z.e. the right-angled triangles (7? + 35, 7?—- 3%, 2.7.3), etc.]. 
The. triangles-are (40,42, 58); (24, 70, 74); (15,112,114); - 
the area of each being 840. 

1 Diophantus here tacitly assumes that, if ab+a?+?=c?, and right-angled triangles 
be formed from (c, a), (c, 6) and (c, a+) respectively, their areas are equal. The 
areas are of course (c?— a?) ca, (c?- 62) εὖ and {(a+6)?-c*} (a+4)c, and it is easy to 
see that each =adc (a+). 

Nesselmann suggests that Diophantus discovered the property as follows. Let the 
triangles formed from (#, 72), (g, 221), (v, mz) have their areas equal ; therefore 

1 (m2? — 22) τε (mm? -- g?) =r (7? -- m?). 


It follows, first, since mn — n= mq - 9°, 
that m? = (n3 — φβ) (γε -- φ) =n? +29 +9. 
Again, given (g, 2, 2), to find x. 
We have - φᾷηϑ -- φ) Ξε » (γ3 - m?), 
and m?—g?=n+ ng, from above ; 
therefore φ (z* + 2g) =r (72 -- n2 το ng - φῇ), 
or φ (22+ nr) +9? (2+7)=7 (γῇ -- 2), 
Dividing by r+, we have gut+g?=r2—-rn; 
therefore (gtr) 71Ξ: γ2 -- 9’, 
and r=qt+n. 


Fermat observes that, given any rational right-angled triangle, say 2, ὦ, αἵ, where z 
is the hypotenuse, it is possible to find an infinite number of other rational right-angled 
triangles having the same area. Form a right-angled trianglefrom z*, 24d; this gives 
the triangle 24+ 44°d?, ε' -- ὀπα3, 42%4d. Divide each of these sides by 22 (42-47%), 


: : : I ΤΕ : 
ὁ being >d; and we have a triangle with the same area 3 Ot as the original triangle. 


Trying this method with Diophantus’ first triangle (40, 42, 58), we obtain as the new 
triangle 1412881 1412880 1681 


1189 * 18g ? 1189" 
The method gives (2, =a ret) as a right-angled triangle with area equal 


to that of (3, 4, 5). 

Another method of finding other rational right-angled triangles having the same area as 
a given right-angled triangle is explained in the Zaventum Novum, Part 1, paragraph 38 
(Zuvres de Fermat, 111. p. 348). 

Let the given triangle be 3, 4, 5, so that it is required to find a new rational right- 
angled triangle with area 6. 

Let 3, x+-4 be the perpendicular sides ; therefore 

the square of the hypotenuse =? + 8+ 25=a square. 


Again, the area is 3x46 ; and, as this is to be 6, it must be six times a certain square ; 


that is, ξχ 6 divided by 6 must be a square, and this again multiplied by 36 must 
be a square; therefore 
gx + 36=a square. 
Accordingly we have to solve the double-equation 
x74 8x+25=n? 
9% + 36= Ἁ ; 
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7. To find three numbers such that the square of any one + 
the sum of the three gives a square. 
Since, in a right-angled triangle, 
(hypotenuse)? + twice product of perps. = a square, 
we make the three required numbers hypotenuses and the 
sum of the three four times the area. 
Therefore we must find three right-angled triangles having 
the same area, é.g., as in the preceding problem, 
(40, 42, 58), (24, 70, 74), (15, 112, 115) 
Reverting to the substantive problem, we put for the 
numbers 582, 74%, 1134; their sum 245+ = four times 
the area of any one of the triangles = 33602. 
Therefore += 7, 


and (--, τ 13) is a solution. 


Lemma to the following problem. 


Given three squares, it is possible to find three numbers such 
that the products of the three pairs shall be respectively equal to 
those squares. 


This gives x= 6725600 ; 
2405601 
8968 
whence x+4= ee 
24056001 


The triangle is thus found to be | 
2896804 7776485 
2405601’ 2405601 


Wl al , the root of which is 81 ; 
2405601 1551 


᾽ 


The area is 6 times a certain square, namely 


851 


, we obtain a triangle with area 6, namely 
[551 


4653 3404 7776485 


Dividing each of the above sides by 


861, Weal - a3 1Q00T 
: 1305 ἀπ 
Another solution of the double-equation, += -- Ὁ giving «+4= ἐπ leads to 


: “115 [701 

the same triangle (2, "ἢ ΕΝ 
The method of the Ziventum Novum has a feature in common with the procedure in 
the ancient Greek problem reproduced and commented on by Heiberg and Zeuthen 
(Bibliotheca Mathematica, Vi113, 1907/8, p. 122), where it is required to find a rational 
right-angled triangle, having given the area, 5 feet, and where the 5 is multiplied by a 
square number containing 6 as a factor and such that the product “ can form the area of 
a right-angled triangle.” 36 is taken and the area becomes 180, which is the area of 
(9, 40, 41). The sides of the latter triangle are then divided by 6, and we have the 


required triangle (cf. p. 119, ave). 


) as that obtained by Fermat’s rule (see above). 


206 | THE ARITHMETICA 


Squares 4, 9, 16. 

First number 4, so that the others are ae g/x; and 36/7?=16,. 

Therefore +=§, and the numbers are (14, 23, 6). 

We observe that + =§, where 6 is the product of 2 and 3, 
and 4 is the side of 16. 

Hence the following rude. Take the product of two sides 
(2, 3), divide by the side of the third square 4 [the 
result is the first number]; divide 4, 9 respectively 
by the result, and we have the second and third 
numbers. 


8. To find three numbers such that the product of any two + 
the sum of the three gives a square. 

As in Lemma II to the 7th problem, we find three right- 
angled triangles with equal areas; the squares of 
their hypotenuses are 3364, 5476, 12769. 

Now find, as in the last Lemma, three numbers such that 
the products of the three pairs are equal to these 
squares respectively, which we take because each 
+ 4.(area) or 3360 gives a square; the three numbers 
then are 

spor, ϑέττα [8891824 Tannery], 

4181 γ, [818788 Tannery]. 

It remains that the sum of the three = 33602”. 

Therefore 32824806 7 [131299224% Tannery] = 3360 1, 

Therefore x= fo fxivero {τουσοεσοδυ OF τοῦυθῦσ Tannery], 


781543 781543 781543 
255380’ 109520’ 67280 


| and the numbers are 


9. To dividé unity into two parts such that, if the same given 
number be added to either part, the result will be a square. 


Necessary condition, The given number must not be odd and 
the double of it + 1 must not be divisible by any prime number 
which, when increased by 1, is divisible by 4 [z.e. any prime number 
of the form 42 -- 11}. 

Given number 6. Therefore 13 must be divided into two 
squares each of which >6. If then we divide 13 into 
two squares the difference of which «1, we solve the 
problem. | 


' For a discussion of the text of this condition see pp. 107-8, ante. 
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Take half of 13 or 64, and we have to add to 64 a small 
fraction which will make it a square, 


or, multiplying by i we have to make 5 + 26 a square, 


1.8. 26%? + I =a square = (57+ I), say, whence #= 10. 

That is, in order to make 26 a square, we must add ;4,, or, 
to make 64 a square, we must add τὸς, and 

aby + 64 = (83). 

Therefore we must divide 13 into two squares such that their 
sides may be as nearly as possible equal to 84. [This 
is the παρισότητος ἀγωγή described above, pp. 95-8.] 

Now 13 =2?+ 3%. Therefore we seek two numbers such 
that 3 mzuus the first = 51, so that the first = ὅς, and 
2 plus the second = $1, so that the second = }4. 

We write accordingly (11% + 2), (3 — 9x)? for the required 
squares [substituting x for 35]. 

The sum = 20227 — 10% + 13 =13. 

Therefore += τότ, and the sides are 251 258, 

Subtracting 6 from the squares of each, we have, as the 
parts of unity, | 


4843 5358 
10201” ΙΟΖΟΙ᾽ 


10. To divide unity into two parts such that, if we add different 
given numbers to each, the results will be squares. 
Let the numbers! be 2, 6 and let them and the unit be 
represented. in “the figure, where DA—=2 45 —1, 
BE =6, and G is a point in AB so chosen that DG, 
GE are both squares. 


Oo AGB Ε 

Now DE=9. Therefore we have to divide 9 into two 
squares such that one of them lies between 2 and 3. 

Let: the: latter: square-be τ, so that the other is 9—?, 
where 3 >4?>2. 

Take two squares, one >2, the other <3 [the former 
being the smaller], say 89, 394. 


1 Loria (op. cit. p. 15072.), as well as Nesselmann, observes that Diophantus omits to 
state the necessary condition, namely that the sum of the two given numbers f/ms 1 must 
be the sum of two squares. yt 
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Therefore, if we can make 2 lie between these, we shall 
solve the problem. 
We must have +> 4% and < 15. 
Hence, in making 9 —#* a square, we must find 
x>dfand < 12. 
Put 9-27 =(3- mx)?, say, whence + = 67/(m? + 1). 
ee 6m ._ 19 
12 Ε1 13: 
The first inequality gives 72m >17?+17; and 
36° = 57 017 = 1007, 
the square root of which! is not greater than 31; 
31+ 36 
17 
Similarly from the inequality 19m?+19>72m we find? 
m 48. 
Let #=34. Therefore 9 -- 2*?=(3 — 332), and += 84. 
Therefore +? = $95, 


Therefore 


therefore 7 > , 2.2.11 > a2 


and the segments of I are ae =r). 


11. To divide unity into three parts such that, if we add the 
same number to each of the parts, the results are all squares. 


Necessary condition®, The given number must not be 2 or any 
multiple of δ᾽ increased by 2. 
Given number 3. Thus Io is to be divided into three 
squares such that each > 3. 


Take 4 of 10, or 34, and find # so that or 34 may bea 


square, or 3042+ I =a square =(54+ 1)’, say. 
Theretore Ξε, τ πὰ 1/777, and 
36 + 33 = 56 = ἃ square. 

Therefore we have to divide Io into three squares each of 
which is as near as possible to 431. [παρισότητος 
ἀγωγή.] 

Now I10= 35 - 1°=the sum of the three squares 9, 48, 3%. 

Comparing the sides 3, 4, 3 with 4, 
or (multiplying by 30) 90, 24, 18 with 55, we must 
make each side approach 55. 


1 Je, the zz¢egral part of the root is +31. The limits taken in each case are ὦ fortior? 
limits as explained above, pp. 61-3. 

2 See p. 61, avite. 

3 See pp. 108-9, ave. 
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[Since then §8=3—#$=4+4 31=34317] we put for the 
sides of the required numbers 
3- 35%, 31¢+4, 3744+ 3. 
The sum of the squares = 35552? — 1164 + 10 = IO, 
Therefore += AJS., 
and this solves the problem. 


12. To divide unity into three parts such that, if three different 
given numbers be added to the parts respectively, the results are 
all squares. 

Given numbers 2, 3, 4. Then I have to divide ro into 
three squares such that the first > 2, the second > 3, 
and the third > 4. 

Let us add 4 of unity to each, and we have to find three 
squares such that their sum is 10, while the first lies 
between 2, 24, the second between 3, 34, and the 
third between 4, 44. 

It is necessary, first, to divide 10 (the sum of two 
squares) into two squares one of which lies between 
2, 24; then, if we subtract 2 from the latter square, 
we have one of the required parts of unity. 

Next divide the other square into two squares, one of 
which lies between 3, 34; 

subtracting 3 from the latter square, we have the second 
of the required parts of unity. 

Similarly we can find the third part}. 


1 Diophantus only thus briefly indicates the course of the solution. Wertheim solves 
the problem in detail after Diophantus’ manner ; and, as this is by no means too easy, 


I think it well to reproduce his solution. 
I. It is first necessary to divide 10 into two squares one of which lies between 2 


and 3. We use the παρισότητος ἀγωγή. 
The first square must be in the neighbourhood of 24; and we seek a small fraction 


. I 
= which when added to 24 gives a square: in other words, we must make 4 (24+ a 
z ἐπ 
ἃ βϑηᾶγθ. This expression may be written 10+ (:) , and, to make this a square, we put 
1oy?+1=(3y4+1)?, say, 


6 Saale: ae 
whence y=6, y?= 36, x7=144, so that ah+ =" (32) , Which is an approximation 


to the first of the two squares the sum of Eee is 10. 


eee | 
The second of these squares approximates to 74, and we seek a small fraction 2 such 
Δ 1 
that hts is a square, or 30+ (2) =30+ 5) , say =a Square. 


Η. Ὁ. 14 
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13. To divide a given number into three parts such that the 


sum of any two of the parts gives a square. 
Given number Io. 


Put 309° + 1= (57. 1), say; 
see Heats (Ee τι 
therefore y=2, y?=4, += 16, so that at ae (Ξ) -(3) ‘ 
Now, since 1o= 17+ 3”, and Lae oe while Sh ey το 
τ [2 [2 12 12 
we put (1+7x)?+(3 -3+)?=10, [CRS 0] 
so that ee 
29 
iin δ Ὁ A849 
pe ee =i ΞΟ ΕΞ 
ae fan αὶ τ @ B41’ 


ΠΥ - 
(5. 0, Ξ 2 τ YE 


Therefore the two squares into which τὸ is divided are ἘΞ and 3, and the first of 


these lies in fact between 2 and 23. 


361 


oh 6 ; 2 : 
II. We have next to divide the square 3 into two squares, one of which, which 


41 
we will call x2, lies between 3 and 4. [The method of v. το is here applicable.) 
4908 ‘aa | 
Instead of 3, 4 take 6° τὸ 85 the limits. 
AD tet 
Therefore | ts ee 
or dex < δὰ 
Ν εν 
Ἑ 2 
And ΣΑΣ x? must be a square = (= - is) , Say, 
841 29 
: : 162% 
which gives Be ae 
& has now to be chosen such that ᾿ 
(1) _ 162% 7 
| | “ο(1 Ὁ 45) 4’ 
from which it follows that REBT Ss, 
1624 8 
ect ag (+) ~ 4? 
whence yea tae 
We may therefore put R= 95. 
Therefore x= [0 9. 2 _ 2624400 
841 707281 
ἜΝ 6561 ae 2893401 
841 707281 


The three required squares into which τὸ is divided are therefore 
1849 2624400 2893401 
841’ 707281’ 707281 ~ 
And if we subtract 2 from the first, 3 from the second and 4 from the third, we obtain 


as the required parts of unity 
140447 502557 64277 
707281’ 707281’ 707281 
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Since the sum of each pair of parts is a square less than 
10, while the sum of the three pairs is twice the 
sum of the three parts or 20, 

we have to divide 20 into three squares cach of which 
7s < 10. 

But 20 is the sum of two squares, 16 and 4; 

and, if we put 4 for one of the required squares, we 
have to divide 16 into two squares, each of which is 
< 10, or, in other words, into two squares, one of which 
lies between 6 and 10. This we learnt how to do! 
[V. 10]. 

We have, when this is done, three squares such that 
each is < 10, while their sum is 20; 

and by subtracting each of these squares from 10 we 
obtain the parts of 10 required. 


14. To divide a given number into four parts such that the 
sum of any three gives a square. 
Given number Io. 
Three times the sum of the parts = the sum of four squares. 
Therefore 30 has to be divided into four squares, each of 
which is < 10, 


(1) If we use the method of approximation (παρισότης), 
we have to make each square approximate to 73; 


1 Wertheim gives a solution in full, thus. 
Let the squares be x”, τό — x”, of which one, x?, lies between 6 and το. 


: ere BS 
Put instead of 6 and το the limits 3 and 9, so that 


Lee 
3} 
To make τό -- x? a square, we put 
16—2%7=(4—#2)*, 
8k 


A= τ : Ξ 2 
whence τ: 


Now (1) Ἀν and (2) - 


8k 
I+ ae +e 3 
These conditions me as limits for &, 2° a Be Ce 2.21... 
We may therefore ¢.g. put 4=24. 


Then eee. “28400. 16 -- g. 7050 
29 841 841 
; : 6400 7056 
The required three squares making up 20 are 4, ca ee 


Subtracting these respectively from 10, we have the required parts of the given number 
2010 1354. 
Sri Oar 


10, namely ᾽ 


14---2 
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then, when the squares are found, we subtract each 
from 10, and so find the required parts. 

(2) Ov, observing that 30 = 16+9+4+1, we take 4,9 for 
two of the squares, and then divide 17 into two squares, 
each of which < Io. 

If then we divide 17 into two squares, one of which lies 
between 84 and 10, as we have learnt how to do! 

_ [cf. v. 10], the squares will satisfy the conditions. 

We shall then have divided 30 into four squares, each of 
which is less than 10, two of them being 4, 9 and the 
other two the parts of 17 just found. 

Subtracting each of the four squares from 10, we have the 
required parts of 10, two of which are I and 6, 


15. To find three numbers such that the cube of their sum 
added to any one of them gives a cube. 


Let the sum ‘be 2-and the-cubes. 72°, 2622, 6327. 

WNeTelOre OOF τὸ "or. 007 = 4, 

But 96 ts not a square; we must therefore replace it by a 
square in order to solve the problem. 


1 Wertheim gives a solution of this part of the problem. 


2 
As usual, we make 8h+— » OF 34 + (2) , a square, Ἂς 


heey Sek! 3 
Putting = =) we must make 34+ (:) a square. 


Let 3477+ 1=a square = (6y — 1)?, 
and we obtain = 6,9" = 36, 0° = laa. 
-\2 
Thus 83 + fae ie at (38) 
144 1440 (\ 12 
and 38 is an approximation to the side of each of the required squares. 
Next, since 17= 17 +47; and ae oe ae ΣῈ 
12 12 12 
we put 17=(1 + 23x)? + (4-13), 
and we obtain pe 
349 
2 
The squares are then {{|1|23}}}Ξ (5) = 1034258 ; 
349 121801 
and (ge ι3.)}- ( 212)" = 1038361 
349 121801 


Subtracting each of these from 10, we have the third and fourth of the required parts 
of 10, namely 


185754 179649 
121801” 121801r° 
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Now 96 is the sum of three numbers, each of which is 1 less - 
than a cube; 

therefore we have to find three numbers such that each 
of them is a cube less I, and the sum of the three 
is a Square. 

Let the sides of the cubes! be 72 +1, 2—m, 2, whence the 
numbers are + 37?+ 3m, 7 —12m+6m?—m', 7; 
their sum = 97m? — gm + 14 =a Square = (37 — 4)’, Say ; 

therefore m= τς, 

and the numbers are 3838, 18537, 7. 

Reverting to the original problem, we put x for the sum of 
the numbers, and for the numbers respectively 

δῆ γ7δι᾽, 5 τ 1.0, 7%, 

whence 43,540 13 = x, 

that is (if we divide out by 15 and by ~), 

29164? = 225, and += }}. 
The numbers are therefore found. 


16. To find three numbers such that the cube of their sum 
minus any one of them gives a cube. . 

Let the sum be x, and the numbers £2°, 3825, 63.28. 

Therefore 4352.2° = 4, 

and, if 483% were the ratio of a square to a square, the 
problem would be solved. 

But 4832 = 3 — (the sum of three cubes). 

Therefore we must find three cubes, each of which < I, 
and such that (3 — their sum) = a square. 

If, a fortiorz, the sum of the three cubes is made < 1, the 
square will be >2. Let? it be 2}. 


1 If a3, 43, are the three cubes, so that a3 + 3 Ὁ ὦ — 3 has to be a square, Diophantus 
chooses ¢3 arbitrarily (8) and then makes such assumptions for the sides of a3, 63, being 
linear expressions in #z, that, in the expression to be turned into a square, the coefficient 
of m3 vanishes, and that of m? is a square. If a=m, the condition is satisfied by 
putting 6=342-—m, where & is any number. 

2 Bachet, finding no way of hitting upon 2} as the particular square to be taken 
in order that the difference between it and 3 may be separable into three cubes, and 
observing that he could not solve the problem if he took another arbitrary square between 
2 and 3, eg. 2%, instead of 2}, concluded that Diophantus must have hit upon 23, 
which does enable the problem to be solved, by accident. 

Fermat would not admit this and considered that the method used by Diophantus for 
finding 2} as the square to be taken should not be difficult to discover. Fermat accord- 
ingly suggested a method as follows. 

Let x—1 be the side of the required square lying between 2 and 3. Then 3 -(x - 1): 
- 2. )χ-- χξ, and this has to be separated into three cubes. Fermat assumes for the sides 


214 THE ARITHMETICA 


We have therefore to find three cubes the sum of which 
Ξ ἢ or $43; 

that is, we have to divide 162 into three cubes. 

But 162 = 125 +64 — 27; 

and “we have it in the Porisms” that the difference of 
two cubes can be transformed into the sum of two 
cubes? | 

Having thus found the three cubes’, we start again, and 
4 = 242%, so that += 8. 

The three numbers are thus determined. 


of two of the required cubes two linear expressions in x such that, when the sum of their 
cubes is subtracted from 2+ 25 -.x?, the result only contains terms in x? and x3 or in x 
and units. 


The first alternative is secured if the sides of the first and second cubes are 1 nae and 
1+. respectively ; for 
3 26 
2+x- 2x? - (: - tx) —(1+x)8= — 442° -— x, 
3 27 
This latter expression has to be made a cube, for which purpose we put 


26 

142 3 

— 41x77 -— x?= -—-——, 5a 
43 25 aye! ys 


econ hed : 1 
which gives a value for x. We have only to see that this value makes τ less than 1, 


and we can easily choose m so as to fulfil this condition. 


[Z.g. suppose #=5, and we find x= ΕΣ so that ? 
Ξ, χε. ἐπ εξ Ὁ: ἘΞ Ὁ"; 
3 99 3 33 33 


and the side of the third cube is — τ ξ 


The square (x -- τ)3- (=). and in fact 3 -- (22) ΞΕ (2) Ξ: ($5) = (2) 3 
uF 33 33 33 II 


We then have three cubes which make up the excess of 3 over a certain square; but, 
while the first of these cubes is <1, the second is >1 and the third is negative. Hence 
we must, like Diophantus, proceed to transform the difference between the two latter 
cubes into the sum of two other cubes. 

It will, however, be seen by trial that even Fermat’s method is not quite general, for 
it will not, as a matter of fact, give the particular solution obtained by Diophantus in 
which the square is 2}. 

1 On the transformation of the difference of two cubes into the sum of two cubes, see 
pp. 101-3, ante, 


: 3 3 
2 Vieta’s rule gives 492 -- 33= (33) + (22) . It follows that 


Ba TOR SNS of IO1\® χοῦ, 
ee Ge Ge 
and, since ἂν = 17: the required numbers are 


91 8 4998267 8 20338417 8 
21627’ 6028568° 27° 20346417 27" 
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1: Τὸ find three numbers such that each of them minus the 
cube of their sum gives a cube. 

Let the sum be x and the numbers 27, 92%, 282°. 

Therefore 3927=1; 

and we must replace 39 by a square which is the sum 
of three cubes + 3; 

therefore we must find three cubes such that their sum 
+ 3 is a square. . 

Let their sides? be 1, 3 — 22, and any number, say I. 

Therefore ie + 31 —27m =a square = (3m — 7) say, SO 
that 7z = §, and the sides of the cubes are §, 3, I. 

Starting again, we put x for the sum, and for the numbers 

$4143, 854 γε 350 γὰ 
wience ΤΠ ΞΕ 125, eae and +=. 
The required numbers are thus found. 


18. To find three numbers such that their sum is a square and 
the cube of their sum added to any one of them gives a square. 

Let the sum be #* and the numbers δ 8x8, 154°. 

It follows that 26%4= 1; and, if 26 were a fourth power, the 
problem would be solved. 

To replace it by a fourth power, we have to find three 
numbers such that each increased by I gives a square, 
while the sum of the three gives a fourth power. 

Let these numbers be 24 — 27, 12+ 2m, m?— 2m [the sum 
being m‘]; these are indeterminate numbers satisfying 
the conditions. 

Putting any number, say 3, for 72, we have as the required 
auxiliary numbers 63, 15, 3. | 

Starting again, we put z? for the sum and 32%, 1525, 632° for 
the required numbers, 

and we have 8115 - 2%, so that x={. 


619: “3}) 
The numbers are thus found (5, τος 


19. To find three numbers such that their sum is a square and 

the cube of their sum szzus any one of them gives a square. 
[There is obviously a lacuna in the text after this enunciation ; 
for the next words are “ And we have again to divide 2 as before,” 
1 Cf. note on v. 15. In this case, if one of the cubes is chosen arbitrarily and »ν3 
is another, we have only to put (34? -- #) for the side of the third cube in order that, in the 


expression to be made a square, the term in m® may vanish, and the term in mm? may be a 
square. ᾿ : 
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whereas there is nothing in our text to which they can refer, and 
the lines which follow are clearly no part of the solution of v. 19. 

Bachet first noticed the probability that three problems inter- 
vened between Vv. 19 and V. 20, and he gave solutions of them. 
But he seems to have failed to observe that the eight lines or so in 
the text between the enunciation of Vv. 19 and the enunciation of 
Vv. 20 belonged to the solution of the last of the three missing 
problems. The first of the missing problems is connected with 
v. 18 and 19, making a natural trio with them, while the second and 
third similarly make with v. 20 a set of three. The enunciations 
were doubtless somewhat as follows. 


19a. To find three numbers such that their sum is a square 
and any one of them sznus the cube of their sum gives a square. 


194. To find three numbers such that their sum is a given 
number and the cube of their sum p/us any one of them gives a 
square, 

ἴδ To find three numbers such that their sum is a given 
number and the cube of their sum mznus any one of them gives a 
square, 

The words then in the text after the enunciation of v. τὸ 
evidently belong to this last problem. ] 

The given sum is 2, the cube of which is 8. 

We have to subtract each of the numbers from 8 and 
thereby make a square. 

Therefore we have to divide 22 into three squares, each 
of which is greater than 6; 

after which, by subtracting each of the squares from 8, we 
find the required numbers. 

But we have already shown [cf. v. 11] how to divide 22 
into three squares, each of which is greater than 6— 
and less than 8, Diophantus should have added. 

[The above is explained by the fact that, by addition, 
three times the cube of the sum minus the sum itself 
is the sum of three squares, and three times the 
cube of the sum mznus the sum = 3.8 —2=22,]! 


1 Wertheim adds a solution in Diophantus’ manner. We have to find what small 


fraction of the form π we have to add to = or >, and therefore to 66, in order to 


make a square. In order that 66+ <3 may be a square, we put 


66x? + 1 =square=(1+8x)?, say, 
which gives «=8- and 27=64. 
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20. To divide a given fraction into three parts such that any 


one of them mzxus the cube of their sum gives a square. 


Given fraction }. 

Therefore each part = εἷς + a square. 

Therefore the sum of the three =} = the sum of three 
squares + εἶν: 

Hence we have to divide 33 into three squares, “ which is 
easy. 


To find three squares such that their continued product 


added to any one of them gives a square. 


Let the “solid content” = z*. 

We want now three squares, each of which increased by 1 
gives a square. 

They can be got from right-angled triangles? by dividing 
the square of one of the sides about the right angle 
by the square of the other. 

Let the squares then be 

toe ? fii Tost 

The continued product = 14400 +6 = 2°, by hypothesis. 

Therefore 4392? ; and, if 12° were a square, the problem 
would be ee 


We have therefore to increase 66 by 7 , and therefore 74 by er , in order to make a 


square. And in fact γὲ Ὁ x6 (Ξ} . 


Next, since 22 =3?+ 321 22, and 65 -- 48=17, while 72 -- 65=7, we put 


and 


Therefore the sides of the squares are ->~ 
the squares themselves 
and the required parts of 2 are 


1 As Wertheim observes, = 


2 is divided are 
4 


= (3 - 7x)? + (3 — 7x)? +(2+17)%, 
_ 16 
= -εΤ' 
[040 O49 τοῖς 
487 387. 8 
I10040I 1100401 1094116 
149769’ 149769’ 149769 ’ 
97751 97751 104036 
149769 ' eos 149769 
Ὁ 9 


+ — + -2-, and the required fractions into which 
64 255 400 


250 89 61 
1600’ 1600’ 1600° 


2 If a, ὁ be the perpendiculars, ¢ the hypotenuse in a right-angled triangle, 


a? "a 
72 +1 = 9a-e a square. 


Diophantus uses the triangles (3, 4, 5), (5, 12, 13), (8, 15, €7)- 
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As it is not, we must find three right-angled triangles such 
that, if 4’s are their bases, and 2᾽5 are their perpen- 
diculars, 2, 2.25 0,026; = a square; 

and, if we assume one triangle arbitrarily (3, 4, 5), we 
have to make 129, f.4,0, a square, or 3f,0,/f,5, a square. 

“This is easy!,’ and the three triangles. are (3, 4, 5), 
(9, 40, 41), (8, 15, 17) or similar to them. 

1 Diophantus does not give the work here, but only the result. Bachet obtains it 
in this way. Suppose it required to find three rational right-angled triangles (4;, 21» 41), 


(ho, 22. 49) and (43, 23.» 43) such that £122f3/6,4263 is the ratio of a square to a square. 
One triangle (4,, 21» 4,) being chosen arbitrarily, form two others by putting 


hg =hy2 +p? ’ pr=h?- pr=s;?, bg = 2h; pi, 
hg=hy?+ 6", 2833. - δ) ΞΞ 21}, b3=2h1 4, 


5223. (pi \? 
BOE = (2) =a square. 

If now 4;=3, ~i=4, 6;=3, the triangles (42, 29, 42) and (43, f3, 63) are (41, 9, 40) 
‘and (34, 16, 30) respectively. Dividing the sides of the latter throughout by 2 (which 
does not alter the ratio), we haye Diophantus’ second and third {ΠΕ 188 (9, 40, 41) and 
(8, 15, ἘΠ): 

Fermat, in his note on the problem, gives the following general rule for finding two 
right-angled triangles the areas of which are in the ratio m: 2 (m>z2). 


and we have 


Form (1) the greater triangle from 27+, 772 τ- 71) and the lesser from m+2, 771 -- 72, 
or (2) the greater from 27) -- 2, 771 - 71, the lesser from 22-m, m+n, 
or (3) the greater from 6m, 2m-n, the lesser from 472 +7, 4m τ 271, 
or (4) the greater from m+ 471, 2791 -- 471, the lesser from 67, 791 -- 2). 


The alternative (2) gives Diophantus’ solution if we put m=3, 2=1 and substitute 
m—2n for 272 -- 72. 


Fermat continues as follows: We can deduce a method of finding ¢hree right-angled 
triangles the areas of which are in the ratio of three given numbers, provided that the 
sum of two of these numbers is equal to four times the third. Suppose e.g. that m, 1, qg 
are three numbers such that #+9=4n (#> 9). Now form the following triangles : 

(1) from m+4n, 2 τ- 472, 
(2) from 62, 791 -- 271, 
(3) from 4x+9, 42-29. 

[If 41, 42, A3 be the areas, we have, as a matter of fact, 

A,|m= Ao|n= A3/9 = — 63 + 36m? + 144mn? — 38473.) 

We can derive, says Fermat, a method of finding three right-angled triangles the areas 
of which themselves form a right-angled triangle. For we have only to find a triangle 
such that the sum of the base and hypotenuse is four times the perpendicular. This is 
easy, and the triangle will be similar to (17, 15, 8); the three triangles will then be formed 


(1) from 17+4.8, 2.17-4.8 or 49, 2, 
(2) from 6.8, 17-2. or 48, 1, 
(3) from 4.8+15, 4-8-2.15 or 47, 2 
[The areas of the three right-angled triangles are in fact 234906, 110544 and 207270, 
and these numbers form the sides of a right-angled triangle.] 


Hence also we can derive a method of finding three right-angled triangles the areas 
of which are in the ratio of three given squares such that the sum of two of them ts equal to 
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Starting again, we put for the squares 


Pat, APP2, τυ". 


Equating the product of these to +’, we find x to be 


rational [# Ξε 36, and the squares are -, — ᾿ : 
22. To find three squares such that their continued product 
minus any one of them gives a square. 
Let the solid content be #7, and let the numbers be 
obtained from right-angled triangles, being 
48, est, ver 


Therefore the continued product (45) Ean rah 


2 
τ ee Yt = 555 _25600° pe 
ΡΥ ΑΙ Κη Γ2 2102: 
If then 225000" were a fourth power, ze. if - ets were 
1221025 ee ele 


a square, the problem would be solved. 

We have therefore to find three right-angled triangles 
with hypotenuses /,, ἅς, ἧς respectively, and with 
pi, fo, Ps aS one of the perpendiculars in each re- 
spectively, such that 

hj p, p2ps = ἃ Square. 

Assuming one of the triangles to be (3, 4, 5), so that eg. 
hsp; = 5.4 = 20, we must have 

5h, Pty Po. = a Square. 

This is satisfied if 4,2, = 54.pr. 

With a view to this we have first (cf. the last proposition) 
to find two right-angled triangles such that, if 4, Κι 
are the two perfendiculars in one and 15, y, the two 
perpendiculars in the other, 4,7; = 523... From such 
a pair of triangles we can form two more right- 
angled triangles such that the product of the 
hypotenuse and one perpendicular in one is five times 
the product of the Zypotenuse and one perpendicular in 
the other’. . 


_ four times the third, and we can also in the same way fxd three right-angled ἌΣ of 
the same area; we can also construct, in an infinite number of ways, fwo right-angled 
triangles the areas of which are in a given ratio, by multiplying one of the terms of the 
ratio or the two terms by given squares, etc. 

1 Diophantus’ procedure is only obscurely indicated in the Greek text. It was 
explained by Schulz in his edition (cf. Tannery in Oeuvres de Fermat, 1. p. 323; note). 
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Since the triangles found satisfying the relation 7, y,=51% 2 
are (5, 12, 13) and (3, 4, 5) respectively, we have in 
fact to find two new right-angled triangles from them, 
namely the triangles (ἦι, 2,, 4,) and (ἄς, ~., 62), such that 

ii Pe = 30. and, pi — 6; 
the numbers 30 and 6 being the areas of the two 
triangles mentioned. 

These triangles are (δὲ, $9, [449]) and (24, 42, [,5]) re- 
spectively. | 

Starting again, we take for the numbers 

4815, Bet, Sag 

[42 divided by ᾿ gives 34, and 99 divided by δὲ gives 138.]} 

The product =2°: 

therefore, taking the square root, we have 

As 24.120 
5.25. 169 
so that += ἐδ, and the required squares are found. 


8: ς 


23. To find three squares such that each mznus the product of 
the three gives a square. 


Having given a rational right-angled triangle (z, x, y), Diophantus knows how to find a 
rational right-angled triangle (4, 2, δὴ) such that ip=— xy. We have in fact to put 


arene 2 _ y2\2 
aaa, p=, whence 6? = fh? —- 2? = 1 (=o) = (=) ὴ 


a 2% 
Thus, having found two triangles (5, 12, 13) ia (3, 4, 5) with areas in the ratio of 5 
to 1 (see next paragraph of text with note thereon), Diophantus takes 


ἄντε, .13=64 AHP = Boe and similarly ἦς =~. δ τα, fo = 24 =-* 


13 5 5 
Cossali (after Bachet) gives a formula for three right-angled triangles such that the 
solid content of the three hypotenuses has to the solid content of three perpendiculars 
(one in each triangle) the ratio of a square to a square; his triangles are 
34, 52 2 Ξ 72 
(1) 2, 4, 2 [¢=ipotenusa], (2). 4 τ ἢ εἰ ἦ d ἢ Wb = 4p, 


(ape oa τ Προ οὐδεν 
b ὃ ω b ’ 


: ὦ (2 + 4,22) (262 + 47? a? (62 + 4 p2)? 
and, in fact, a : se PD gp. a TAP φῦ 
If i=5, b=4, P=3, we can get from this triangle the triangles (13, 5, 12) and 


3. 12.16 12 
3.65. 

1 These triangles can be pee ie putting #=5, #=1 in Fermat’s fourth formula 
(note on last proposition). By that formula the triangles are formed from (g, 6) and 
(6, 3) respectively ; and, dividing out by 3, we form the triangles from (3, 2) and (2, 1) 
respectively. 


(65, 63, 16), and our equation is =F, 
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Let the “solid content” be +*, and let the squares be 
formed from right-angled triangles, as before. 

If we take the same triangles as those found in the last 
problem and put for the three squares 


tb", SH”, THO, 
each of these mznus the continued product ἕῳ) gives a 
square. 
It remains that their product =2?; 
this gives x = 48, and the problem is solved. 


24. To find three squares such that the product of any two 
increased by I gives a square. 

Product of first and second +1 =a square, and the third 
is a square; therefore “solid content” + each=a 
square. 

The problem therefore reduces to V. 21 above}. 


1 De Billy in the 7zventum Novum, Part 11. paragraph 28 (Oeuvres de Fermat, 111. 
pp. 3737-4), extends this problem, showing how to find fou numbers, three of which (only) 
are squares, having the given property, 2.6. to solve the equations 


xe xg?tisr, ax2ayt1=2?, 
xeayrtiss?, xe xytr =v, 
xyPxeti=l®, x32ayt1=w?, 


First seek three square numbers satisfying the conditions of Diophantus’ problem 


V. 24, Say (2 : 19 ‘ 1) the solution of ν. 21 given in Bachet’s edition. We have then 
16° 4 
to find a fourth number (+, say) such that 
. ν 9. \ 
=r X+1 ms 
"3 y41) are all squares. 


oi for x, so as to make the first expression a square. We have 


Substitute τ + 
then to solve the double-equation 
100 9, 200, ap 
9 9 ey 
4096 515. το 8192 
720 720 
which can be solved by the ordinary method. 


’ 


ytr=v? 


De Billy does not give the solution, but it may be easily supplied thus. 


εὐ 1084 to _ 5) 2 
The difference = (24%) & 27 (y?+2y) 


mtd | 5 
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25. To find three squares such that the product of any two 
minus 1 gives a square. 
This reduces, similarly, to Vv. 22 above. 


26. To find three squares such that, if we subtract the product 
of any two of them from unity, the result is a square. 
This again reduces to an earlier problem, V. 23. 


27. Given a number, to find three squares such that the sum of 
any two added to the given number makes a square. 

Given number 15. 

Let one of the required squares be 9; 

I have then to find two other squares such that each 
+ 24= a square, and their sum +15 =a square. 

To find two squares, each of which + 24 = a square, take 
two pairs of numbers which have 24 for their pro- 
duct}. 

Let one pair of factors be 4/x, 6x, and let the side of one 


square be half their difference or = — 31. 


Let the other pair of factors be 3/x, 8%, and let the 
side of the other square be half their difference or 


I} 
ea a oe 


Therefore each of the squares + 24 gives a square. 
It remains that their sum + 15 =a square; 


14 Bethe ; 
therefore ( 45) Ἔ (- 3 +15 =a square, 


Μη 


Equating the square of half the sum of the factors to the larger expression, we have 


Io 26\2 100 Pi 
—yt—) =—y ser τα 


3 27 9 
: ᾿ 8311 
h eee: ἀρ ee Rca Sch Ley 
whence y ae +2y (figa0)! 
16 1218311 ς : 
Therefore x=— ([γ3: 2))Ξ ---Ἦ -,-”-—-, which satisfies the equations. In fact 
9 + 72)= ~ 16 49600 ἡ 
9 _ (11467)? 25, = (#25 eR neem Shea 
Sia (Tl) Bett 3456 pene ase 4860) * 
But even here, as the value of x which we have found is negative, we ought, strictly 
1218311 


speaking, to deduce a further value by substituting γ -- for x in the equations 


74649600 
and solving again, which would of course lead to very large numbers. 

1 The text adds the words ‘‘and [let us take] sides about the right angle in a right- 
angled triangle.” I think these words must be a careless interpolation: they are not 
wanted and give no sense; nor do they occur in the corresponding place in the next 
problem. 
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or Pri + 251 -- 9ΞΞ ἃ square = 252”, say. 


Therefore «= 8, and the problem is solved’. 


28. Given a number, to find three squares such that the sum of 
any two mznzus the given number makes a square. 

Given number 13. 

Let one of the squares be 25 ; 

I have then to find two other squares such that each 
+ 12 =a square, and (sum of both) — 13 =a square. 

Divide 12 into factors in two ways, and let the factors be 
(3%, 4/*) and (4+, 3/2). 

Take as the sides of the squares half the differences of the 
factors, ze. let the squares be 


(142-2), (2x — “4” 


Each of these + 12 gives a square. 
It remains that the sum of the squares — 13 =a square, 


or 8 4 64 τος =a square = °#, say. 


Therefore + = 2, and the problem is solved”. 


1 Diophantus has found values of ξ, 7, ¢ satisfying the equations 
η2- P+a= uv? 
2 - &+a= “| P 
2+ ytta=w? 
_ Fermat shows how to find for numbers (not squares) satisfying the corresponding 
conditions, namely that the sum of any two added toa shall give a square. Suppose a=15. 
529 : 
100” 225 
Assume x? — 15 as the first of the four required numbers; and let the second be 6x+9 
(because g is one of the gar pias taken and 6 is twice its side); for the same 
reason let the third number be τ + Ξ and the fourth x+ nae 
Three of the conditions are now fulfilled since each of the last three numbers added to 
the first (x? -- 15) /us 15 gives a square. The three remaining conditions give the triple- 
equation 


Take three numbers satisfying the conditions of Diophantus’ problem, say 9, — 


10 
6 ΝΟ 
5 δ 
iS Ἐν (2) =" 
15 ΙοΟ 223 15 6 


2 Fermat observes that fous numbers (not squares) with the property indicated can 
be found by the same procedure as that shown in the note to the preceding problem. 
If a is the given number, put .r?+<a for the first of the four required numbers. 
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29. To find three squares such that the sum of their squares is 
a square. 

Let the squares be x’, 4, 9 respectively’. 

Therefore +4 +97 = a square = (4? -- I0)’, say; 

whence 2+? = 3. | 

If the ratio of 3 to 20 were the ratio of a square to a 
square, the problem would be solved ; but it is not. 

Therefore 97 have to find two squares (p*, δ say) and a 
number (m, say) such that m?>—p'—q'* has to 2m the 
ratio of a square to a square. 

Let P=2,¢7 =A and w=2' 4-4. 

Therefore 1? — 23 --- φ' = (27+ 4) — a4 -- 16 = 82". 

Hence 82?/(227 + 8), or 427/(2?+ 4), must be the ratio of a 
square to a square. 

Put STA S=( 241 ).Say, 

therefore z= 14, and the squares are 7?= 2}, g*=4, while 
m=61; 

or, if we take 4 times each, 2?=09, g°= 16, mz = 25. 

Starting again, we put for the squares x°, 9, 16; 

then the sum of the squares = 24+ 337 =(a?—25)*, and 
rn 12 


-- δ" 


The required squares are Pal 9,16. 


ἦι 
30. [The enunciation of this problem is in the form of an 
epigram, the meaning of which is as follows.] 

A man buys a certain number of measures (yoes) of wine, some 

at 8 drachmas, some at 5 drachmas each. He pays for them a 

square number of drachmas; and if we add 60 to this number, the 

result is a square, the side of which is equal to the whole number 
of measures. Find how many he bought at each price. 

Let += the whole number of measures; therefore 27 — 60 

was the price paid, which is a square = (#— 221)", say. 


If now ἀξ, /?, m? represent three numbers satisfying the conditions of the present 
problem of Diophantus, put for the second of the required numbers 24a + £2, for the third 
2lx+/2, and for the fourth 2#x+m?. These satisfy three conditions, since each of the 
last three numbers added to the first («?+a) less the number a@ gives a square. The 
remaining three conditions give a triple-equation. 

1 “Why,” says Fermat, ‘‘does not Diophantus seek ¢wo fourth powers such that 
their sum is a square? This problem is in fact impossible, as by my method I am in 
a position to prove with all rigour.” It is probable that Diophantus knew the fact 
without being able to prove it generally. That neither the sum nor the difference of 
two fourth powers can be a square was proved by Euler (Commentationes arithmeticae, 1. 
pp. 24sqq., and Algebra, Part 11. c. XIII.). 
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Now + of the price of the five-drachma measures + of 
the price of the eight-drachma measures = + ; 

so that “:-- 60, the total price, has to be divided into 
two parts such that 4 of one +4 of the other = 2. 

We cannot have a real solution of this unless 

x >4(4?-—60) and « }(+?— 60). 

Therefore 54 <4? —60 < 8. 

(1 Since ἜΣ ἘΠ ΡΟ; 

x? = 51.-ἰ- ἃ number greater than 60, 

whence + is! not less than 11. 

(2) a* < 8x+ 60 

or x? = 8x +some number less than 60, 

whence + is! ot greater than 12. 

Therefore τ ee ae oe 

Now (from above) + = (7? + 60)/21; 

therefore 227 « 12? + 60 < 2477. 

Thus (1) 222 = m? + (some number less than 60), 

and therefore wz is? zot less than 19. 

(2) 24m =m +(some number greater than 60), 

and therefore mz is? less than 21. 

Hence we put m= 20, and 

x? — 60 = (x — 20)’, 

so that x = 114, 4? = 1324, and +?— 60 = 72}. 

Thus we have to divide 72} into two parts such that 4 
of one part plus 4 of the other = τις. 

Let the first part be 52. 

Therefore 4 (second part) = 11} — 2, 

or second part = 92 — 82; 

therefore 52 + 92 — ὃς = 724, 


Φ ΠΕ 5.Ξ 79: 
[2 
Therefore the number of five-drachma χόες = 72, 
Ἷ _ 59 
a re ἐν , eight-drachma ,, = 7. 


1 For an explanation of these limits see p. 60, ate. 
2 See p. 62, ante. 
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1. To find a (rational) right-angled triangle such that the 
hypotenuse mznus each of the sides gives a cube’. 

Let the required triangle be formed from 2, 3. 

Therefore ny pote guse τ ΞΕ, perpendicular =6x, base 
= 2-9. 

Thus 22 + ο —(a®—9)=18 should be a cube, but it is not. 

Now 18 = 2. 3?; therefore we must replace 3 by 7, where 
2.90 is a cube; and 772, 

We form, there ὩΣ a right-angled triangle ΠΣ ἘΣ, 
namely 3:4. 44, 2*—4); and one condition 1s 
satisfied. 

The other gives 27-— 4% +4=a cube; 

therefore (« — 2)? is a cube, or a — 2 is a cube = 8, say. 

LhUS = 1G, . 

and the triangle is (40, 96, 104). 


2. To find a right-angled triangle such that the hypotenuse 
added to each side gives a cube. 

Form a triangle, as before, from two numbers; and, as 
before, one of them must be such that twice its 
square is a cube, ze. must be 2. 

We form a triangle from x, 2, namely 22+ 4, 42, 4 -- 1; 
therefore 27+ 41.-4 must be a cube, while 2? must 
be léss than-4, or ἢ < 2. 

Thus # + 2 =a cube which must be < 4 and >2= =, say. 

Therefore += 4, 


and the triangle is Ge sh, 2. 


or, if we multiply by the common denominator, (135, 
352; 377). 


3. To find a right-angled triangle such that its area added to 
a given number makes a square. 


Let 5 be the given number, (3%,° 42, 5x). the required 
triangle. 


* Diophantus’ expressions are ὁ ἐν τῇ ὑποτεινούσῃ, ‘the (szmber) in (or represent- 
ing) the hypotenuse,” ὁ ἐν ἑκατέρᾳ τῶν ὀρθῶν, “the (sumber) in (or representing) each 
of the perpendicular sides,” ὁ ἐν τῷ ἐμβαδῷ, ‘the (szmber) in (or representing) the area,” 
etc. It will be convenient to say ‘‘the hypotenuse,” etc. simply. It will be observed 
that, as between the numbers representing sides and area, all idea of dimension is ignored. 


BOOK VI 227 


Therefore 674 + § =a square = gr’, say, 

or 37 = 5. 

But 3 should have to 5 the ratio of a square to a square. 

Therefore we must find a right-angled triangle and a 
number such that the difference between the square 
of the number and the area of the triangle has to 5 the 
ratio of a square to a square, ze. =} of a square. 


Form a right-angled triangle from (m, a) 
| m 


: Ι 
thus the area is 7222 -- --- 


2. 
Let the number be 2 + τ: , so that we must have 


10] 3 
a =1 of a square; 


5 


O 
therefore 4.25+ ἊΣ =a square, 


4 ce 


or 1007+ 505 =a square =(107+ 5)’, say, 

and Mm = 7A, 

The auxiliary triangle must therefore be formed from 4, 
;, and the auxiliary number sought is 4%. 

Put now for the original triangle (Ax, px, br), where (%, 2, δ) 
is the right-angled triangle formed from 4, 3% ; 

this gives 4 phx? + 5 =1F9569 7? 

and we have the solution. 

[The perpendicular sides of the right-angled triangle are 


331 2 — 170569 42 
whence BSA δι," + 5 = 1588522", 


and the triangle is 
(Pidiot. $8, φ π00.).} 
4. To find a right-angled triangle such that its area minus a 
given number makes a square. 
; Given number 6, triangle (34%, 44, 5+), Say. 
Therefore 627 — 6 = square = 42’, say. 
Thus, in this case, we must find a right-angled triangle 
and a number such that 
(area of triangle) — (number)? = 4 of a square. 


: Ι 
Form a triangle from ™, τ 


15—2 
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I 
;» and let the number be a — §. ἜΣ 


Ι 
1ts-areais 92 - -- 
771 


= 4 (a square), 


or 367° —60=a square = (67 — 2), say. 

Therefore 27 = 8, and the auxiliary triangle is formed from 
(8, 8), the auxiliary number being 3% 

We start again, substituting for 3, 4, 5 in the original 
hypothesis the sides of the auxiliary triangle just 
found, and putting ($4)?2* in place of 41"; and the © 
solution is obvious, 

[The auxiliary triangle is (4945, 2, 4127), whence 

seat — 6 -- (ΤῸ 45, and x=8, 
so that the required triangle is (4935, 48, 4122),] 


To find a right-angled triangle such that, if its area be 


subtracted from a given number, the remainder is a square. 


Given number 10, triangle (34, 44, 5), say. 
Thus 10—62*=a square; and we have to find a right- 
angled triangle and a number such that 
(area of triangle) + (number)? = τς of a square. 


: Ι ᾿ 
Form a triangle from 221, —, the area being 722 -- = 
m 7)2 


I 
and let the number be et ate: Ἢ 


Therefore 267?+ 10 = +, of a square, 


or 260m? + 100 =a square, 
oragain 6577+ 25 =a square = (8m + 5)", say, 
whence mt = 80. 


The rest is obvious. 
40959995 2 40960001 
The required triangle is 49959999, 2. 40969001 ] 


6. To find a right-angled triangle such that the area added 


to one of the perpendiculars makes a given number. 


Given number 7, triangle (32, 4x, 5x). 

Theretore 64 -- 34 = 7. 

In order that this might be solved, it would be necessary that 
(half coefficient of x) + product of coefficient of x* and 
absolute term should be a square ; 

but (14)?+ 6.7 is not a square. 

Hence we must find, to replace (3, 4, 5), a right-angled 
triangle such that 

(} One perpendicular)? + 7 times area =a square. 

Let one perpendicular be 7, the other 1. 
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Therefore 347 +4=a square, or 14m + I =a square. 
Also, since the triangle is rational, m?+1=a ee 
The difference 7? — 14m = m (mm — 14); 

and putting, as usual, 77= 14+ I, 

we have m= 34. 

The auxiliary triangle is therefore (34, 1, 34) or (24, 7, 25). 
Starting afresh, we take as the triangle (244, 7%, 25+). 
Theretore 3427 + 71 = 7. 

and +=4. 


We have then (6, ; ᾿ 5) as the solution}. 


7. To find a right-angled triangle such that its area minus one 
of the perpendiculars is a given number. 
Given number 7. 
As before, we have to find a right-angled triangle such that 
(4 one perpendicular)? + 7 times area=a square ; 
this triangle is (7, 24, 25). 
Let then the triangle of the problem be (7+, 244, 25+). 
Therefore 8453 -- 77 =7, 
r=, 
and the problem is solved’. 


1 Fermat observes that this problem and the next can be solved by another method. 
‘©Form in this case,” he says, ‘‘a triangle from the given number and 1, and divide 
the sides by the sum of the given number and 1; the quotients will give the required 


triangle.” 
In fact, if we take as the sides of the required triangle 


(a2+1) x, (α3 -- τὴ χ, 2ax, 
where a is the given number, we have 
(a2 - 1) ax?+2ax=a, 
1 a I 
par poke een 
and the sides of the required triangle are therefore 
a+t a?—-tI 2a 
a+r’ ati’ ati 
The solution is really the same as that of Diophantus. 
2 Similarly in this case we may, with Fermat, form the triangle from the given number 
and 1, and divide the sides by the difference between the given number and 1, and we 


shall have the required triangle. 
In vi. 6, 7, Diophantus has found triangles ἔν & η (¢ being the hypotenuse), such that 


(1) sinté=a, 


one root of which is a=- 


and (2) τ ἐπ--ἔξεα. 


Fermat enunciates the third case 
I 
(3) &- = fn=a, 
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8. To find a right-angled triangle such that the area added to 
the sum of the perpendiculars makes a given number. 
Given number 6. 
Again I have to find a right-angled triangle such that _ 
(4 sum of perpendiculars)? + 6 times area = a square. 
Let mm, 1 be the perpendicular sides of this triangle ; 
therefore } (72+ 1)? + 30 = 4m? + 34m+1=a square, 
while 72? + 1 must also be a square. 
Therefore ee τ ᾿ 
MA 
The difference is 272. 7, and we put 
7713 —7m+124=m' +1, 
whence m = 43, 
and the auxiliary triangle is (ἐξ, 1, $3), or (45, 28, 53). 
Assume now for the triangle of ire problem 
(45%, 284, 534). 
Therefore 0307 4-7 34-=0- 
x is rational [= τς], and the solution follows. 


are both squares. 


9. To find a right-angled triangle such that the area mznus the 
sum of the perpendiculars is a given number. 
Given number 6. 
As before, we find a subsidiary right- angled triangle such 
that (4sum of perpendiculars)?+6 times area=a square. 
This is found to be (28, 45, 53) as before. | 
Taking (282, 452, 53x) for the required triangle, 
6304" — 734=6; | 
= #;, and the problem is solved}. 
10. To find a right-angled triangle such that the sum of its 
area, the hypotenuse, and one of the perpendiculars is a given 
number. 


observing that Diophantus and Bachet appear not to have known the solution, but that 
it can be solved ‘‘by our method.”” He does not actually give the solution ; but we may 
compare his solutions of similar problems in the Zzventum Novum, e.g. those given in 
the notes to vi. 11 and v1. 15 below and in the Supplement. The essence of the method 
is that, if the first value of found in the ordinary course is such as to give a negative 
value for one of the sides, we can derive from it a fresh value which will make all the 
sides positive. 
1 Here likewise, Diophantus having solved the problem 


I 
= &n- (E+n)=a, 
Fermat enunciates, as to be solved by his method, the corresponding problem 


re 
E+tn——tn=a. 
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Given number 4. 
If we assumed as the triangle (Zx, pr, br), we should have 
$ pbx? + hxt+br=4; 
and, in order that the solution may be rational, we must 
find a right-angled triangle such that 
+ (hyp. + one perp.)?+4 times area =a square. 
Form a right-angled triangle from 1, a +1. 
Then 4 (hyp. + one perp.)? = 1 (a? + 20 +2 ++ 2m) 
ΞΞ 2) - qu + 61? + 4m + I, 
and 4 times area = 4 (7722 + 1) (#2? + 27) 
= 4m? + 12m + 871. 
Therefore 
ut + δη,ὅ + 1 800?+ 120 + 1 =a square = (62 +1 — wi)’, say, 
whence # τὸ ὁ, and the auxiliary triangle is formed from 
(1, 2) or (5, 9). This triangle is (56, 90, 106) or 
(28, 45, 53). 
We assume therefore 284, 45, 53 for the original triangle, 
and we have 6302%?+ 81% = 4. 
Therefore + = τές, and the problem is solved. 


11. To find a right-angled triangle such that its area minus 
the sum of the hypotenuse and one of the perpendiculars is a given 
number. 

Given number 4. 
We have then to find an auxiliary triangle with the same 
property as in the last problem ; 
therefore (28, 45, 53) will serve the purpose. 
We put for the triangle of the problem (282, 455, 53%), and 
we have 6301?— 817 =4; 
*=4, and the problem is solved’. 


1 Diophantus has in vi. 10, 11 shown us how to find a rational right-angled triangle 
ᾧ, & ἡ (¢ being the hypotenuse) such that 
I 
(1) = &+ f+ =a, 


(2) “ ξη-- (τ ἔ)εεα. 


Fermat, in the /avenlum Novum, Part 111. paragraph 33 (Oeuvres de Fermat, 111. 
p. 389), propounds and solves the corresponding problem 


(3) $+€-<gn=a. 


In the particular case taken by Fermat a=4. He proceeds thus: 
First find a rational right-angled triangle in which (since a= 4) 


I 2 he 
{e+ at — 4. τ ξηξεὰ square. 
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Lemma I to the following problem. 
To find a right-angled triangle such that the difference of the 
perpendiculars is a square, the greater alone is a square, and further 
the area added to the lesser perpendicular gives a square. 
Let the triangle be formed from two numbers, the greater 
perpendicular being twice their product. . 
Hence I must find two numbers such that (1) twice their 
product is a square and (2) twice their product exceeds 
the difference of their squares by a square. 

This is true of any two numbers the greater of which 
= twice the lesser. 

Form then the triangle from x, 2%, and two conditions are 
satisfied. 

The third gives 61+ 327=a square, or 627+ 3 =a square. 

I have therefore to find a number such that 6 times its 
square + 3 =a square; 

one such number is 1, and there are an infinite number of 
others}. 

If += 1, the triangle is formed from 1, 2. 


Suppose it formed from ++1, τ; the sides then are 
ζξε2αβ χει, ἔξεοχ ει, n=2%+ 22. 
I 2 Ι 
Thus i: (Σ τ at me τὴν ξητεα! 44 6024+ gti 4 (2938 + 3.74 x) 
Ξε αἱ -- gx3- 6274+ 1 
=a square 


=(x?-2x+1)%, say. 


Therefore - 6x7 =6x? Ξ gx, r=, and «+1=4 


3 
The triangle formed from 4 ‘ ὦ iS (2, 5 ; =) . Thus we may take as the auxiliary 


triangle (17, 15, 8). 
Take now 17, 15x, 8x for the sides of the triangle originally required to be found. 
We have then 


fte=—fn= 304 τοι 


I 
2 


’ 
3... 
[The auxiliary right-angled triangle was of course necessary to be found in order to 
make the final quadratic give a rational result.] 


Bachet adds after vi. 11 a solution of the problem represented by 


whence “τς, and the required triangle is (2 ; 22 *) . 


ΤΣ 
5 fn -- ξξα, 
to which Fermat adds the enunciation of the corresponding problem 
1 
ie 5 in =a. 


1 Though there are an infinite number of values of x for which 6.2 + 3 becomes a square, 
the resulting triangles are all similar. For, if x be any one of the values, the triangle is 
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Lemma 77 to the following problem. 

Given two numbers the sum of which is a square, an infinite 
number of squares can be found such that, when the square is multi- 
plied by one of the given numbers and the product is added to 
the other, the result is a square. 

Given numbers 3, 6. 

Let 2?+24%+1 be the required square which, say, when 
multiplied by 3 and then increased by 6, gives a square. 

We have 327 + 64+ 9 =a Square ; 

and, since the absolute term is a square, an infinite number 
of solutions can be found. 

Suppose, ἐν. 327 + 64+ 9=(3 — 31}, 

and aA: 

The side of the required square is 5, and an infinite 
number of other solutions can be found. 


12. To find a right-angled triangle such that the area added 
to either of the perpendiculars gives a square. 

Let the triangle be (57, 124, 13%). 

Therefore (1) 3027+ 12% =a square = 364%, say, 

and Ht 

But (2) we must also have 

304° + 5x =a square. 

This 1s however not a square when x= 2. 

Therefore I must find a square νι" to replace 362°, such 
that 12/(7? — 30), the value of + obtained from the 
first equation, is real and satisfies the condition 

3047 + 54 =a square. 

This gives, by substitution, 

(60m? + 25 20) (771 — 6072 + 900) =a square, 

or 60m? + 2520 =a square. 

This could be solved [by the preceding Lemma II] 7 
60+ 2520 were equal to a square. 

Now 60 arises from 5.12, ze. from the product of the 
perpendicular sides of (5, 12, 13); | 
2520 is 30.12.(12—5), ze. the continued product of the 
area, the greater perpendicular, and the difference 

between the perpendiculars. 


formed from x, 2x, and its sides are therefore 3.2, 4x”, 5x?; that is, the triangles are all 
similar to (3, 4, 5). Fermat shows in his note on the following problem, v1. 12, how.to 
find any number of triangles satisfying the conditions of this Lemma and ~o¢ similar to 


(3, 4,5). See p. 235, note. 


234 THE ARITHMETICA 


Hence we must find an auxiliary triangle such that 
(product of perps.) + (continued product of area, 
greater perp. and difference of perps.) =a square. 

Or, tf we make the greater perpendicular a square and 
divide out by it, we must have 
(lesser perp.) eee of area and diff. of perps.) 

=a square. 

Then, assuming that we have found two numbers, (1) the 
product of the area and the difference of the perpen- 
diculars and (2) the lesser perpendicular, satisfying 
these conditions, we have to find a square (#2) such 
that the product of this square into the second of 
the numbers, when gore to the first number, gives 
a square’, . 


1 The text of this sentence is unsatisfactory. Bachet altered the reading of the MSS. 
So did Tannery, but more by way of filling out. The version above follows Tannery’s text, 
which is as follows: ἀπάγεται els τὸ δύο ἀριθμοὺς εὑρόντας [for ὄντας of MSS.]<7év τε ὑπὸ::- 
τοῦ éuBadod καὶ τῆς ὑπεροχῆς τῶν ὀρθῶν, «καὶ τὸν ἐν τῇ ἐλάσσονι τῶν ὀρθῶν :-, αὖθις [for 
αὐτῆς of MSS.] ζητεῖν ηόν τινα, ὃς πολλαπλασιασθεὶς ἐπὶ ἕνα τὸν δοθέντα, - καὶ προσλαβὼν 
τὸν trepov >, ποιεῖ τετράγωνον. 

The argument would then be this. If (2, 2, 6) be the triangle (46>), we nove to make 


bp - bp (ὁ -- 2) ὁ ἃ square, 


or, if ὁ is a square, pte b¢ (ὁ.-- 2) must be a uae | 
The ultimate equation to be ieee (corresponding to ἜΝ 25 20, Ξὴ square) is 


bpm? + ᾿ bp (ὁ -- 2) b=a square, 


ἜΑ Saal 

or, if ὁ is a square, pi® + - bp (ὁ -- p)=a square ; 

and therefore, according to Tannery’s text, “the problem is reduced to this: Having found 
two numbers 3 (ὁ -- 2) and 29 [satisfying the conditions, namely that their sum is a 


square, while ὁ is also a square], to find after that a square such that the product of it 
and the latter number added to the former number gives 2 square.” 
The difficulty is that, with the above readings, there is nothing to correspond exactly to 


the phraseology of the enunciation of Lemma I, which speaks, not of making p+ bp (ὁ -- 2) 
a square when ὁ is a square, but of making ὁ -- 2, ὁ and 2 ἘΞ bp all simultaneously :quares. 


But the particular solution of the Lemma is really equivalent to making ὁ and p+ 2 bp (ὁ -- 2) 
2 
simultaneously squares. For the triangle is formed from a, 2a; this method of making 


ὁ a square (= 443) incidentally makes ὁ -- 2 a square (=a?), and »τ' 5 ἢ becomes Se 6a4, 


sits I ᾿ 
while ῬῪ ΤΌΣ (ὁ -- 2) becomes 3a?+6a%. Since the solution actually. ἘΠῚ is ὥξξι, ΤΣ 


effect is the same whichever way the problem is stated. And in any case, whether the 


expression to be made a square is 3222+ 6a! or 3a?m?+6a%, the problern equally reduces 
to that of making 3’?+6 a square. 
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flow to solve these problems is shown in the Lemmas. 
The auxiliary triangle is (3, 4, 5). [Lemma 1. 
Accordingly, putting for the original triangle (34%, 44%, 5x), 


627+ 44 
we have 
6x2 4 μι both squares. 

eee : ; 
eta es be the solution of the first equation ; 
then Sd 10 


“2,13 — 12m? + 36᾽ 
The second equation therefore gives 


96 τς a square 
ms -- 127,13 - 36 m—6 Ὁ q 
whence 12m? + 24 =a square, 


and we have therefore to find a square (7) such that 
twelve times it + 24 is a square; this is possible, since 
12+ 24 is a square [Lemma II]. 
A solution is #? = 25, 
whence 2-4, ; 
and (Ξ, 16} =| is the required triangle’. 
Ig” 19° 19 
13. To find a right-angled triangle such that its area minus 
either perpendicular gives a square. 
We have to find an auxiliary triangle exactly as in the 
last problem ; 


Bachet’s reading is ἀπάγεται els τὸ δύο ἀριθμῶν δοθέντων τοῦ τε ἐμβαδοῦ, καὶ τῆς 
ἐλάσσονος τῶν περὶ τὴν ὀρθήν, αὐτοῖς ζητεῖν τετράγωνόν τινα, ὃς πολλαπλασιασθεὶς ἐπὶ 
ἕνα τῶν δοθέντων, καὶ προσλαβὼν τὸν ἕτερον, ποιῇ τετράγωνον. 

1 Fermat observes that Diophantus gives only one species of triangle satisfying the 
condition, namely triangles similar to (3, 4, 5), but that by his (Fermat’s) method an infinite 
number of triangles of different species can be found to satisfy the conditions, the first 
being derived from Diophantus’ triangle, the second from the new triangle, and so on. 

Suppose that the triangle (3, 4, 5) has been found satisfying the condition that 


I 
ént+é(E-7). = ξ1-- ἃ square, 
where é, 7 are the perpendicular sides and ξ: ἡ. 


To derive a second such triangle from the first (3, 4, 5), assume the greater of the two 
perpendicular sides to be 4 and the lesser 3 +. 


Then in+& (E-7) = fn = 36 - 124" - Ba2=a square. 


Also | P=P4par5t+6xta2=a square. 
We have therefore simply to solve the double-equation 
' SE re 
; 25+ 6x+ x?=v? : 
which is a matter of no difficulty. Asa matter of fact, the usual method gives 
20667 20667 23729165 
+3=- - San? 4) τα πε ke 
5932280 5932259 5932 289 


, and the triangle is ( 
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this triangle is (3, 4, 5), and accordingly we assume for 
the triangle of the problem (34, 4%, 52). 
One condition then gives 653 -- 41 ΞΞ ἃ square = 772", say 


(ni -< 6), 
4 
and Oe ἢ 
The second condition gives 615 — 3x =a square; and, by 
substitution, 
2 pS ie σατας, square 
m*— 12m?+36 6 .-- »13 ν 
or 24 + 127? =a square. 


This is satishied by m= 1, 


whence +=4, and the required triangle is (= : 7 4) ‘ 


Or, if we do not wish to use the value 1 for 2, 
let #2 = 2+ 1, and (dividing by 4) we have 
3m? +6 = 32?+62+9 =a square; 
z must be found to be not greater than 43 (in order that 
m’* may be less than 6), and 722 will nee be greater than 
22. The solution 15 then rational}. 


14. To find a right-angled triangle such that its area minus the 
hypotenuse or sivas one of the perpendiculars-gives a square. 
Let the triancle-bel 34, 47, 5%). 
oo a 4 are both squares. 
62? -- 34 
Making the latter a square (= 7?x), we have 


ete 102 
sie aa (7? <6). 


Therefore 


1 Diophantus having solved the problem of finding a right-angled triangle § 7, & 
(¢ being the hypotenuse) such that 


I Ν 

Pl i, τς 

2 

are both squares, 

I 

: Ly ἢ 
Fermat enunciates, as susceptible of solution by his method, but otherwise very difficult, 
the corresponding problem of making 


fo : ξη 
both squares. 
Z 
Dies 


This problem was solved by Euler (Novi Commentarit Acad. Petropol. 1749, 11. (1751) )s 
PP- 49 5464. = Commentationes arith meticae, 1. pp. 62-72). 
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The first equation then gives 
54 ee 
7724 -- 127,1} - 36 O-—m 
or 1572? — 36 =a square. 

This equation we cannot solve because 15 15 not the sum of 
two squares’, Therefore we must change the assumed 
triangle. 

Now (with reference to the triangle 3, 4, 5) 157?=the 
continued product of a square less than the area, the 
hypotenuse, and one perpendicular ; 

while 36 = the continued product of the area, the perpen- 
dicular, and the difference between the hypotenuse 
and the perpendicular. 

Therefore we have to find a right-angled triangle (4, 2, 3, 
say) and a square (7?) less than 6 such that 

mwrPhp — pb. p(k — p) is a square. 

If we form the triangle from two numbers Δ, 1, and 
suppose that p=2X,X,, and if we then divide 
throughout by (4,—-X,)? which is equal to ἀ -- 2, we 
must find a square 2°[= m2"/(X, — 0} such that 

Shp—tpb.p is a square. 

The problem can be solved tf X,, X, are “similar plane 
numbers.” | 

Form the auxiliary triangle from similar plane numbers 
accordingly, say 4, 1. [The conditions are then 
satisfied? ] 

{The equation for 7 then becomes 

8.17m’—4.15.8.9=a square, 

or 1367? — 4320=a square. | 

Let‘ m?= 36. [This satisfies the equation, and 36 <area 
of triangle. ] 


, = a square, 


1 See p. 70 above. 
2 Diophantus states this without proof. [A ‘‘ plane number” being of the form a. ὁ, 
ἘΠ: ἘΠ m mt me? 
a plane number similar to it is of the form atte ὦ or a2 ab.) 
The fact stated may be verified thus. We have 
2? (X42 + XQ") 2X1 Χ9-- X Xe (X12 -- Xo?) 2X1 Xg=a square. 
The condition is satisfied if z2= 1, X2, for the expression then reduces to 4.X4?2.Vo?. Χο, 
In that case X 1X2 is a square, or X)/Xg is a square. 
5. Since ΞΕ, ΔΌΞΕΙ, παν 7#=— 17, 9=8, 0=15;.2°= A; τυ —4; and 


2ip-— pb. p=4. 17.8—4.15.8=2. 32=64, a square. 


4 The reason for this assumption is that, by hypothesis, 2?=s?/(X,—-Y»)?, or 
4 = m?/32, and m?= 36. 
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The triangle formed from 4, 1 being (8, 15, 17), we assume 
8x, 15%, 17x for the original triangle. 

We now put οὐ" = 32= 367", 

and r=. 


The required triangle is therefore @ 5, 31). 


Lemma to the following problem. 

Given two numbers, if, when some square is multiplied into 
one of the numbers and the other number is subtracted from 
the product, the result is a square, another square larger than 
the aforesaid square can always be found which has the same 
property. 

Given: numbers 3, 11, side of square’ Ὁ, say, so that 

3.25 —I1=64, a square. 
Let the required square be (+ + 5)*. 
Therefore 

3(4#+ 5)? — 11 = 327+ 30r+ 64 =a square 
= (8 — 2x), say, 

and wa Oo: 
The side of the new square is 67, and the square itself 


4489. 


15. To find a right-angled triangle such that the area added 
to either the hypotenuse or one of the perpendiculars gives a 
square. 

In order to guide us to a proper assumption for the 
required triangle, we have, in this case, to seek a 
triangle (4, ~, 0, say) and a square (7) such that 
m? > 4 pd, the area, and 

mhp—k po. ph ae is a square. 

Let the triangle be formed from 4, 1, the square (sm?) 
being 36, as before ; | | 

but, the triangle being (8, 15, 17), the square ts not 
greater than the area. 

We must therefore, as in the preceding Lemma, replace 
36 by a greater square. 

Now 4p = 136, and ἐ 26.2 (1 -- 2) = 60.8.9 = 4320, 

so that 136%? — 4320 =a square, 

which is satisfied by 7? = 36; and we have to find a larger 
square (z*) such that 

1362? — 4320 = a square. 
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Put z=m-+46, and we have ee 
(m? + 12m + 36) 136 — 4320 =a square, 

or 1362° + 1632m + 576 τε ἃ square = (km — 24), say. 
This equation has any number of solutions; eg., putting 

k = 16, we have 

m= 20, = 26; and 2?=676, 

We therefore put (87, 15%, 17%) for the original triangle, 

-and then assume 

602? + 84 = 6762, 


whence += ηἶγ, and the problem is solved’. 


1 In vi. 14, 15 Diophantus has shown how to find a rational right-angled triangle 
5 ἢ, & (where {is the hypotenuse) such that 


ae οὐ τ -- 
2 
are both squares, 

J δ 3 
ee 
Ξ ini 

or. (2) <i +¢ 
ἔ are both squares. 
: in Ἐξ 


In the Znventum Novum, Part 1. paragraphs 26, 40 (Oeuvres de Fermat, 111. pp. 341 
-2, 349-50) is given Fermat's solution of a third case in which - 
: 
πὴ) 
2 
are both squares. 
-_! é 
g 5 ω 
This depends on the Lemma: Taq find a rational right-angled triangle in which 
re oe 
ζ (e+ in) Ξ ξητεᾶ square. 


Form’a right-angled triangle from x+1, 13 the sides are then 
ΧΡΈΑ ΕΣ, A498, 2249. 
_ We must therefore have . _— 
(x? + 24+ 2) (27+ 3441) — (4 +1) (x? +22) =a square, 
or A+ 4234 6024+60+2=0 square 
= (x? + 24+1)?, say. 


Therefore x= aes and the triangle has one of its sides x?+2x negative. Instead 
2 


ἃ I 
therefore of forming the triangle from es I or from 1, 2, we form it from x+1, 2 and 


repeat the operation. The sides are then 
x*+ax+5, x7+2x-3, 4xt+4, 
and we have 
(a2 + 244 5) (x2 + 4x -1) — (24+ 2) (x? +22 -- 3) =a square, 
or aA + 423 + 6x7 + 20x41 =a square 
= (1 + 10x — x?)?, say, 
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16. To find a right-angled triangle such that the number 
representing the (portion intercepted within the triangle of the) 
bisector of an acute angle is rational’. 


A 
5a, Ax 
er 8-32 [8 adem 3 


Suppose the bisector AD = 5x, and one segment of the 
base (DB) = 3+; therefore the perpendicular = 41: 
Let the whole base CB be some multiple of 3, say 3; then 
Cl 3 37, 
But, since AD bisects the angle CAB, 
AC CD=AL: BD: 
therefore the hypotenuse AC = (3 — 34) ΞΞ4 -- 45. 


2 : τς : : 
whence += oe and the required auxiliary triangle is formed from 2,2 or from 29, 12, 


the sides being accordingly 985, 697, 696. 
(Fermat observes that the same result is obtained by putting »-: for x in the’ 


expression v4 + 423+ 622 +6x+2; for we must have 


2 
pt aptsysh yt = a square= (τι 57-9) ’ Pay 


17 


2 Es . ; 
whence oe , so that r= y--=—, and the triangle is formed from Ὁ. I or from 
πὴ . 12 12 


29, 12, as before.) 
We now return to the original problem of solving 


Se eee. 
ἕ 3 nae 


ἀν 


ἔπ: tg=o 


We assume for the required triangle (985, 697, 696x) and we have ~ n= 24255622, 


so that 
iat cae must both be squares. 
697% — 242550x7 
Assume that 697. — 242556x2= (6972)?, 
and we have x — 3482? = 697.22, 


985 697 696 
1045’ 1045’ 1045] 

[The 9854 -- 2425562" is a square by virtue of the sides 985, 697, 696 satisfying the 
985 _ 1 697-696 er 

Tok Grou which is a square 


I : : 
whence seer. and the required triangle is ( 
; 40 


conditions of the Lemma; for 985% -- 242556x?= 


if 985.1045 ~=.697 . 696 is a square, and 1045 = 697 +~.696.] 


1 Why did not Diophantus propound the analogous problem “ΤῸ find a right-angled 
triangle such that the sides are rational and the bisector of the right angle is also rational”? 
Evidently because he knew it to be impossible, as is clear when (a, ¢ being the perpen- 


diculars) the bisector is expressed as τς J/2. (Loria, op. cit. p. 148 2.) 
ate 
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Therefore [by Eucl. I. 47] 

1627 — 324+ 16 = 162° +9, 
and = ἥς. 

If we multiply throughout by 32, the perpendicular = 28, 
the base = 96, the hypotenuse = 100, and the bisector 
=.35" 

17. To find a right-angled triangle such that the area added 
to the hypotenuse gives a square, while the perimeter is a cube. 

Let the area be x and the hypotenuse some square 
minus Δ, Say 16 -- 1. 

The product of the perpendiculars = 27 ; 

therefore, if one of them be 2, the other is x, and the 
perimeter = 18, which zs not a cube. 

Therefore we must find some square which, when 2 is 
added to it, becomes a cube}. 


1 «Did Diophantus know that the equation #?+2=v° only admits of ove solution 
#%@=5, v=3? Probably not” (Loria, of. czt. p. 155). The fact was noted by Fermat 
(on the present proposition) and proved by Euler. 

Euler’s proof (Algebra, Part 11. Arts. 188, 193) is, I think, not too long to be given 
here. Art. 188 shows how to find x, y such that ax®+cy? may be a cube. Separate 
ax® +cy* into its factors + /atyJ/(-c), x J/a-yr/(-c), and assume 

KJatyJl(-c={pJatgl(-95%, 
: xJla-yJ/(-)={pla-g/(-4)}, 
the product (af? + cg”)? being a cube and equal to ax? + cy”. 

To find values for x and y, we write out the expansions of the cubes in full, and 

alatyrl(-¢)=ap? Jat 3αρὴφ ψ-- ἃ - 3εῤφ᾽ ψα -- cg? /(-4)s 

α ψα-  -- ἢ Ξ- αρὸψα -- 3αρὴφψί-- ἢ - 369? ψατ εφὴ (-- ἢ, 
whence a= ap — 3 7. 
I= 30p"q — cq". 

For example, suppose it is required to make x?+y? a cube. Here a=1 and c=1, 

so that x=p - 220" 
Bet) cal 7: 
while x?+y?=(7?+ 9). Ifnow p=2 and g=1, we find x=2 and y=11, whence 
at + y= 125 = 5%. 

Now (Art. 193) let it be required to find, if possible, in integral numbers, other squares 
besides 25 which, when added to 2, give cubes. 

Since x2+2 has to be made a cube, and 2 is double of a square, let us first determine 
the cases in which x?+2y? becomes a cube. Here a=1, c=2, so that 

x= p-6p9, y=30"'¢—-29°3 
therefore, since y= +1, we must have 
3220 -- 293 or 9 (3p?- 297) = #1; 
consequently g must be a divisor of 1. 

Let, then, g=1, and we shall have 3f?-2= ΕἸ. 

With the upper sign we have 37?=3 and, taking = — 1, we find x=5; with the lower 
sign we get an irrational value of 2 which is of no use. 


H, Ὁ. 16 
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Let the side of the square be +1, and that of the cube 
771 --- Ἰ. 

Therefore ?- 3m?+ 3m—1=m?+ 2772 -Ἐ 3, 
from which 7 is found?! to be 4. 

Hence the side of the square = 5, and that of the cube = 3. 

Assuming now « for the area of the original triangle, 
25 —-x for its hypotenuse, and 2, x for the perpen- 
diculars, we find that the perimeter is a cube. 

But (hypotenuse)? = sum of squares of perpendiculars ; 
therefore 2°—50r+625 =27+4; 

+ = §21, and the problem is solved. 


18. To find a right-angled triangle such that the area added 
to the hypotenuse gives a cube, while the perimeter is a square. 

Area x, hypotenuse some cube mznus x, perpendiculars %, 2. 

Therefore we have to find a cube which, when 2 is added 
to it, becomes a square. 

Let the side of the cube be #— 1. 

Therefore 2° — 372? + 372 + 1 =a square = (14m + 1), say. 

Thus 72 = 21, and the cube = (12) = 4213, 

Put now + ἐν the area, x, 2 for the perpendiculars, and 
4913_ x for the hypotenuse ; 

and + is found from the equation (4243 — x)? = 27+ 4. 

[~ = 24321185 and the triangle is (2, 24421185, 24153958) ] 


19. To find a right-angled triangle such that its area added to 
one of the perpendiculars gives a square, while the perimeter is 
a cube. : 

Make ἃ right-angled triangle from some indeterminate odd 
number*, say 2x+1; 

then the altitude = 27+ 1, the base = 222+ 2%, and the 
hypotenuse = 227 + 2r+ I. 


It follows that there is no square except 25 which has the required property. 

Fermat says (‘‘Relation des nouvelles découvertes en la science des nombres,” 
Oeuvres, 11. pp. 433-4) that it was by a special application of his method of descente, 
such as that by which he proved that a cube cannot be the sum of two cubes; that he proved 
(x) that ¢here ἐς only one integral square which when increased by 2 gives a cube, and 
(2) that there are only two squares in integers which, when added to 4, give cubes. The 
latter squares are 4, 121 (as proved by Euler, Algedra, Part 11. Art. 192). 

1 See pp. 66, 67 above. 

5 This is the method of formation of right-angled triangles attributed to Pythagoras. 
᾿ mt 15 ate odd number, the sides of the right-angled triangle formed therefrom are m, 


2 2 
= ~ (71? 1), - ~ (i? + 1), for m?+ Ἑ (702 -- = Ε (202 + 0} . Cf. Proclus, Comment. 
on Eucl. 1. jet Friedlein), p. 428, 7 sqq., etc. ete. 


ae 
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Since the perimeter =a cube, 
41 + 6r+2=(4¢+2)(*+1)=a cube; 
and, if we divide all the sides by ++ 1, we have to make 
4% + 2a cube. 
Again, the area + one perpendicular = a square. 
2 ἘΠ ΕΣ Or ΕῚ 
{γι} +1 
2434+ 52° + 4x 4+ 1 
4 244+ 1 
But 4%+2= a cube; 
therefore we must find a cube which is double of a 
‘square; this is of course 8. 
Théretote 47 +2 = 3 -and.4 14. 


The required triangle is G. ae 9) ; 


Therefore 


=a square ; 


that is, 


= 2 + 1 =a square. 


20. To find a right-angled triangle such that the sum of its 
area and one perpendicular is a cube, while its perimeter is a 
square. | 

Proceeding as in the last problem, we have to make 
41 +2 a square 
2x +1 a cube : 
We have therefore to seek a square which is double of a 
cube; this is 16, which is double of 8. 
Therefore 44+ 2=16, and += 3}. 


The triangle is (=, ‘3, 2) 
21. To find a right-angled triangle such that its perimeter is 
a square, while its perimeter added to its area gives a cube. 
Form ἃ right-angled triangle from 4, 1. 
The perpendiculars are then 2%, 2?— 1, and the hypotenuse 
47+. 
Hence 22? + 2% should be a square, 
and 2° + 227+. a cube. 
It is easy to. make 247+ 2% a square; let 27 1 24 = mx? ; 
therefore += 2/(7? — 2). 
By the second condition, 


8 8 
ainsens tomes must be a cube, 
(,»,3.---2}" (#°—2P m—2 
: ot ΨΝΝ ἜΣ ΠΗ͂Σ 
Ay (7m? — 2)8 


16—2 
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Therefore 2!=a cube, or 2772 =a cube = 8, say. 

Thus m=4, =~, τῇ, V=7- 

But one of the perpendiculars of the triangle is #*— 1, and 
we cannot subtract 1 from 75. 

Therefore we must find another value for x greater than 1 ; 
hence 269 <A. 

And we have therefore to find a cube such that 4 of the 
square of it is greater than 2, but less than 4. 

If 2 be this cube, 

24g. A, 

or Bins See TO: 

This is satisfied by 26 = 722, or 2° = 22. 

Therefore m=2%, m’?=$23, and += 
which is >I. 


Thus the triangle is known [4934, 215055 309238) 


$12, the square of 


22. To find a right-angled triangle such that its perimeter is 
a cube, while the perimeter added to the area gives a square. 

(1) We must first see how, given two numbers, a triangle 
may be formed such that its perimeter = one of 
the numbers and its area = the other. 

Let 12, 7 be the numbers, 12 being the perimeter, 7 the 

area. Ὲ 

Therefore the product of the two perpendiculars 


I 
=14=—. 141. 
If then =, 14% are the perpendiculars, 
; I 
hypotenuse = perimeter — sum of perps. = 12 27 144. 
Therefore: by ΤΕ], 1.47] 
a 2 = ins ἊΣ, os Dire 
ae 19627 +172 = 5200 = + 1962? ; 


that is, 172 = 3304+ , 
or 172 = 33627" +24. 


This equation gives no rational solution, because 867 — 24. 336 
2s not a square. 
Now 172 = (perimeter)? + 4 times area, 
24. 336 ΞΞ ὃ times area multiplied by (perimeter). 
(2) Let now the area = m, and the perimeter = any 
number which is both a square and a cube, say 64. 
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Therefore {4 (64? + 4)}?— 8. 642. γε must be a square, 

or 4m? — 24576m + 4194304 = a Square. 

Therefore 7? — 6144m + 1048576 = a square 

Also 721 - 64 - ἃ ie ; 

To solve this double-equation, multiply the second by 
such a number as will make the absolute term the 
same as the absolute term in the first. 

Then, if we take the difference and the factors as usual, 
the equations are solved. 

[After the second equation is multiplied by 16384, the 
double-equation becomes 

7,12 —6144m + 1048576=a square) 
16384 + 1048576=a erate 

The difference is 1? — 225287. 

If 1, m — 22528 are taken as the factors, we find 1 = 7680, 
which is an impossible value for the area of a right- 
angled triangle of perimeter 64. 

We therefore take as the factors 11, 7.0 — 2048; then, 
when the square of half the difference is equated to 
the smaller of the two expressions to be made squares, 
we have 


($9 + 1024)? = 16384 + 104857 


and m = 33424. 
ae I 
Returning now to the original problem, we put τ’ 2mMx 


for the perpendicular sides of the required triangle, 
and we have 


(64 ee 2m) ee + 4m?x? 

Ἔ ἜΣ : 
which leads, when the value of m is substituted, to 
the equation 


788482? — 84324 + 225 =0. 
The solution of this equation is rational, namely 


Ree) Bese ase oe 

98:6 448 170 
Diophantus would of course use the first value, which 
would give (448, 178, 5988) as the required right- 
angled triangle. The second value of x clearly gives 


the same triangle. ] 
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23. To find a right-angled triangle such that the square of its 
hypotenuse is also the sum of a different square and the side of 
that square, while the quotient obtained by dividing the square 
of the hypotenuse by one of the perpendiculars of the triangle is 
the sum of a cube and the side of the cube. 

Let one of the perpendiculars be x, the other 2”. 
Therefore (hypotenuse)? =the sum of a square and its 


: 13" 5 
side; also Ξ 


το 2°+ 2:ΞΞ the sum of a cube and its 


side. 
It remains that 24+ 2? must be a square. 
Therefore +* + 1 =a square = (% — 2), say. 
Therefore x = ?, and the triangle is found [#, 3, 18]. 


24. To find a right-angled triangle such that one perpendicular 
is a cube, the other is the difference between a cube and its side, 
and the hypotenuse is the sum of a cube and its side. 

Let the hypotenuse be 22+2, and one perpendicular 
4.53 | 

Therefore the other perpendicular = 227 = a cube = 2+, say. 

Thus x = 2, and the triangle is (6, 8, ro). 


It is on Bachet’s note to v1. 22 that Fermat explains his method of solving 
triple-equations, as to which see the Supplement, Section v. 

[No. 20 of the problems on right-angled triangles which Bachet 
appended to Book νι. (“To find a right-angled triangle such that its area 
is equal to a given number”) is the occasion of Fermat’s remarkable note 
upon the theorem discovered by him to the effect that Zhe area of a right- 
angled triangle the sides of which are rational numbers cannot be a square 
number. 


This note will be given in full, with other information on the same 
subject, in the Supplement. ] 


ON POLYGONAL NUMBERS 


All numbers from 3 upwards in order are polygonal, containing 
as many angles as they have units, e.g. 3, 4, 5, etc. 

“ As with regard to squares it is obvious that they are such 
because they arise from the multiplication of a number into 
itself, so it was found that any polygonal multiplied into a 
certain number depending on the number of its angles, with 

_ the addition to the product of a certain square also depending 
on the number of the angles, turned out to be a square. This 
I shall prove, first showing how any assigned polygonal 
number may be found from a given side, and the side from 
a given polygonal number. I shall begin by proving the pre- 
liminary propositions which are required for the purpose.” 


1. If there are three numbers with a common difference, then 
8 times the product of the greatest and middle + the square of the 
least = a square, the side of which is the sum of the greatest and 
twice the middle number. 
Let the numbers be 48, BC, BD in the figure, and we 
have to prove 8AB.BC+ BD? =(AB+ 2BC). 
2 Saas τυ B 


By hypothesis στ: ΟΡ, AB=BC+CD, BD=BC-—CD. 
Now 848. BC=4AB.BC+4+(4BC?+4BC.CD). 
Therefore 8AB.BC+ BD? 
=4AB.BC+48C?+(4BC.CD+ BD?) 
Ξ 435. BC+ALC7 FAD, [ΕἼ 1.8] 
and we have to see how 4.85--448.86-- 486" can 
_be made a square. 
[Diophantus does this by producing BA to £, so that 
AE = BC, and then proving that 
AB?+4AB.BC+48C=(BE+ EAP] 
It is indeed obvious that 
AB*+4AB.BC+4BC?=(AB+2BC). 


2. If there are any numbers, as many as we please, in Α.Ρ,, 
the difference between the greatest and the least is equal to the 
common difference multiplied by the number of terms less one. 
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[That is, if in an A.P. the first term is a, the common 
difference and’ the preatest term: 7,7 being. the 
number of terms, then 

l—-a=(n-1)6.] 
Let AB, BC, BD, BE have a common difference. 


A CG es ne B 


Now AC, CD, DE are all equal. 
Therefores24 = A.C > (ntmber of terms: ACY CD. 2) 
= AC x (number of terms in series — 1). 


3. If there are as many numbers as we please in A.P., then 
(greatest + least) x number of terms = double the sum of the 
terms. 

[That is, with the usual notation, 25 = 2 (/+a),.] 
(1) Let the numbers be 4, &, C, D, £, F, the number of 
them being even. 


ee ods eee ee Ok 
G ‘a M K ᾿ ; H 


Let GH contain as many units as there are numbers, 
and let GH, being even, be bisected at K. Divide 
GA into units at 7,47. 


Since f=—D=C—A, 
F+tA=C+D. 
But F4+A=(F+A).GL; 
therefore C+D=(F4+A).LM. 
Similarly E+ B=(F+A).MK. 


Therefore, by addition, 
A+6+C4+D+E+F=(F+A4).GK, 
Therefore 2(4+8+...)=2(F+A4).GK 


= (f+ A). GH. 
(2) Let the number of terms be odd, the terms being 
ΣΕ; 
fe ee BES Ce sD HE 
FO i K | G 


Let there be as many units in F/G as there are terms, 
so that there is an odd number of units. 

Let 2:7 be one of them; bisect WG at Καὶ, and divide HK 
τη Πα: 
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Since E-C=C-A, 
E+A=2C=2C.LK. 
Similarly BO 2C Η: 
Therefore A+H£+8+D=2C.HK 
Ξε C.3/G. 
Also C=C ΝΣ 


therefore, by addition, 


A+B+C+D+E=C.FG; 


and, since 2C=A+8, 


2(A44+B84+C4+D+£4)=(A+4+ 24). FG. 
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4. If there are as many numbers as we please beginning with 

I and increasing by a common difference, then the sum of all 
x 8 times the common difference + the square of (common 
difference — 2) = a square, the side of which diminished by 2 
= the common difference multiplied by a number which when 
increased by 1 is double of the number of terms. | 
[The a.P. being 1,1+4,...1+(#—1)6, and s the sum, 


we have to prove that 


σ. 86 -Ὁ (ὁ --- 2} = {ὁ (22: -- 1) Ὁ 2)", 
2.0. δός = 40°? — 4 (ὦ - 2) 20d, 


or 25 = bn? —(b—2)n 


=n2{2+(n—1) ὁ). 
The proof being cumbrous, I shall add the generalised 
algebraic equivalent in a column parallel to the 


text. ] 
Let AB, CD, EF be the terms in 
A.P. after 1: 


Let GH contain as many units 
as there are terms including I. 
Difference between 4 ¥F and 1 
= (diff. between A and 1) x (GH—1). 
[Prope 2) 


1+, 1+20, 1 + 34,.... 


ks 
OF M 
ΟΤ 
Ε 1 
Ἢ 
71 
ἀπ- ι τὸ (σι --- 1) ὁ 
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Put AK, EL, GM each equal 

to unity. 
. Therefore LF=KB.MAL. 

Make KN=2, and we have to 

inquire whether 
(sum of terms) x 8K + NB* 
={2+ KB(GH+ HM); 

Now sum of terms 
=4(FE+EL).GH 
=4(LF+2EL).GH 
ΑΚ ΧΗΣ Gi ΘΗΣ 

since LY = KB.MH [above]. 

Bisecting 7H at O, we have 

(sum of terms) 
= PeuGid 70 + 7. 
We- Rave: “therefore τὸ 
whether 
(KB.GH.HO+GA).8K B+ NB? 
is a square. 
Now AD. GH AO.8kE 
moh sine be 
SA ΡΣ 
Is then ; 
4GH.HM.KB?+8KB.GH+NB? 
a square ἢ 

Now 8GAH.KB 
=4GM.KB+4(GH+HM) KB, 

Als6 4GM: KB=|2NK. KB: 

and, adding V4?, the right-hand side 
becomes K4?2+ KN? ΓΕ ΟΙ 1 7] 
Isthen 4GAH.HM.KB? 
+4(GH+HM)KB+KB*+ KN 
a square? 

Again, KB?+4GH.HM.KB 
=GM’.KB*+4GH.HM. KB? 
=(GH+ HM). KB. [Eucl. 1. 8] 

Isthen (GH+HM). KB? 

+4(GH+HM)KB+ KN? 
a square? 
Make the number VO’ equal to 
(GH+HM). KB; 


[Prop 


inquire 
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Call the expression on 
the left-hand side YX. 


s=$(/+ 1) 
=4(/—1+2)n 
=4{(z—1)bn+4+ 25) 


i ee | 


BG i se : -᾿ 86+ 8bn 
+(6—2) 


Ἂς 


= 421 (71--- 1) 5- δόηι- (ὦ --- 2} 


Ξε 2:5:-.1} 5 
Ἔ4 ἴη -Ὁ (σι --- 1}} ὁ - δ᾽ +4 2? 


Ξε (γι -" 71. -- 1}} δ 
+ 4 νι -Ἑ (σι --- 1)} ὁ -Ἐ 2? 
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thus (GH + HMy.KB*= NO", as 
will be proved later’. 

Also 4NO=2.NO.N&K, ‘since 
NK =2. 

Is then VO? 4+ NK?+2NO'.NK 
a square? ᾿ 

Yes; it is the square on KO. 

And Therefore 
OK-2=NO0'=KB(GH+HM), | X={(w+n—1)b +2} 

while GH+ HM +1 = (twice number = {(2n—1)b+4+ 2} 

of terms). 

Thus the proposition is proved. 


“The above being premised, I say that, 


[5] If there be as many terms as we please in A.P. beginning 
from 1, the sum of the terms is polygonal; for it has as many 
angles as the common difference increased by 2 contains units, and 
its side is the number of the terms set out including 1.” 


The numbers being as set out in the figure of Prop. 4, we 
have, by that proposition, 
(sum of terms).8K8+ NS? = KO”. 
Taking another unit AP, we have KP =2, while KN=2; 
therefore P2, BK, BN are in A.P., SO that 
8PB.BK+NB?=(PB+2KBy;  [Prop. 1] 
and PB+2KB-2=PB+2KB—-PK =3KB8, 
while’ 3--}9l-= 2.2, or 3.16 one less than the double of 2. 
Now, since the sum of the terms of the progression 


1 Deferred lemma. 
To prove that (GH+HM)*?. KB? 
={(GH+HM). KB}. K 
Let a=GH+ HM, 
8Ξ ΧΔ,; D = B 
y=(GH+ HM). KB. 
Place DE (equal to a) and ZF (equal to β) in a 
straight line. 6 
Describe squares DH, EZ on DE, EF and com- 
plete the figure. 
Then DE: EF=DH: HAF, G H M 
and NEW ORE OY Ge ed ΕΣ 
Therefore WF is a mean proportional between the two squares, 
that is DH . FK=HF?, 
or a2. B? = (aB)?. 


nN 
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including unity satisfies the same formula? [literally 
“does the same problem”] as P£& does, 

while PA is any number and is also always a polygonal, 
the first after unity (for AF is a unit and AZ is the 
term next after it), and has 2 for its side, 

it follows that the sum of all the terms of the progression 
is a polygonal with the same number of angles as PS, 
the number of its angles being the same as the 
number of units in the number which is greater by 2, 
or PK, than the common difference AJB, and that its 
side is GH which is equal to the number of terms 
including 1. 

And thus is demonstrated what is stated by Hypsicles in 
his definition, namely, that, 

“If there are as many numbers as we please beginning 
from I and increasing by the same common difference, 
then, when the common difference is I, the sum of all 
the terms is a triangular number; when 2, a square; 
when 3, a pentagonal number [and so on]. And the 
number of the angles is called after the number 
exceeding the common difference by 2, and the side 
after the number of terms including 1.” 

[In other words, if there be an arithmetical progression 

I, 1+6, 1+ 26,... τ - (5 -- τ) ὁ, 
the sum of the z terms, or 47 {2 + (#2 —1) 8}, is the 
ath polygonal number which has (ὁ + 2) angles. ] 

Hence, since we have triangles when the common dif- 
ference is I, the sides of the triangles will be the 
greatest term in each case, and the product of the 
greatest term and the greatest term increased by I 
is double the triangle. 


1 Nesselmann (pp. 475-6), exhibits this result thus. 

Take the A.P. I, 1+6, 1+26, ... 1+ (2-1) 8. 

If s is the sum, 856 -Ὁ (ὁ —2)?= {ὁ (271 -- 1) +2}2. 

lf now we take the three terms 4-2, ὁ, ὁ - 2, also in A.P., 
86 (64+ 2) Ὁ (ὁ -- 2)2-Ξ {(ὁ- 2) +25}? 


= (34+ 2)?. 
Now 6+ 2 is the sum of the first two terms of the first series, and corresponds there- 
fore to s when z2=2; and 3=2. 2-1, so that 3 corresponds to 22-1. 


Hence s and 4+ 2 are subject to the same law; and therefore, as 6+2 is a polygonal 
number with ὁ + 2 angles, s is also a polygonal number (the zth) with 6+2 angles. 
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And, since PA is a polygonal with as many angles as 
there are units in it, 

and 8P2&.(PB—2)+(PB-4)= a square (from above, 
BE being equal to PB -- 2, and V4 to 68 — 4), 

the definition of polygonal numbers will be as follows : 

Every polygonal multiplied by 8 times (number of angles 
— 2)+square of (number of angles — 4) =a square’. 


The Hypsiclean definition and the new one being thus 
simultaneously proved, it remains to show how, when 
the side is given, the prescribed polygonal is found. 

For, having given the side GH and the number of angles, 
we know KB. 

Therefore (GH+ HM) KB, which is equal to VO’, is also 
given; therefore K O'(=NO'+NVK or NO’+ 2) is given. 

Theretore Ὁ is given; 

and, subtracting from it the given square on Δ᾽, we 
obtain the remaining term which is equal to the 
required polygonal multiplied by 8K 4. Thus the 
required polygonal can be found. 

Similarly, given the polygonal number, we can find its 


side GH. O. B.D. 


Rules for practical use. 


(1) To find the number from the side. 

Take the side, double it, subtract 1, and multiply the 
remainder by (number of angles — 2). Add 2 to the 
product; and from the square of the sum subtract 
the square of (number of angles — 4). Dividing the 
remainder by 8 times (number of angles — 2), we 
have the required number. 


1 Hultsch points out (art. Diophantos in Pauly-Wissowa’s Real-Encyclopddie der 
classischen Altertumswissenschaften) that this formula 
8P (a--2)+(a—-4)?=a square 
shows that Diophantus intended it to be applied not only to cases where a is greater than 
4 but also where a=4 or less. For 36, as Diophantus must have known, besides being 
the second 36-gon, is also a triangle, a square, and a 13-gon, inasmuch as 
8. 36 (3-2) +(3-4)?= 289=177, 
8. 36(4-2)+(4-4)?= 576=24, 
8. 36 (13 - 2) + (13 — 4)? =3249=577. 
And indeed it is evident from Def. 9 of the Arzthmetica that (3 -- 4)2=1, while it is 
equally obvious that (4 -- 4)?=o. 
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[If P be the zth a-gonal number, 
,}.8 (α-- 2) - (α -- 4)" Ξ (2 - (21 -- 1) (α -- 5}}" 
4222 — 1).6.: 2}} -- (α -- 4) 
εν sake ὃ (a— 2) ] 


(2) To find the side from the number. 


Multiply the number by 8 times (number of angles — 2) ; 
add to the product the square of (number of angles -- 4). 
We thus get a square. Subtract 2 from the side of 
this square and divide the remainder by (number of 
angles — 2) Add 1 to the quotient, and half the 
result gives the side required’. 
[n= PLCGRLACERES Co tat )] 


2 {---2 


Given a number, to find in how many ways tt can be polygonal. 


Let AZ be the given number, BC | [Algebraical equivalent] 
the number of angles, and in BC take | Number AB = P. 


CDa? Ci =4. Number of angles BC =a. 
H 
lak ees ee κ 
ρας τ δν 
᾿-- 
Since the polygonal AB has BC 
angles, 
(1) 8A48.B8D+ BE*=a square = FG?, | 8P (a — 2)+(a— 4) 
say. = {2+ (22-—1)(a—2)}? 
Cut of. AZ equal to tr: = X?, say. 
therefore 844.5D But 8P(a—2) 
=447.BD+4(AB+BA)BD. | =4(a-2)+4(2P—1)(a—2) 
Make DX equal to 4(AB+ BA), | = 2(a—2).2+4(2P—1)(a—2). 
and for 4A 5D put2bD De. DK =4(2P-—1) 
1 Fermat has the following note. ‘A very beautiful and wonderful proposition which 


I have discovered shall be set down here without proof. JZ/, iz the sertes of natural 
numbers beginning with 1, any number n be multiplied into the next following, n+1, 
the product is twice the nth triangular number; if n be multiplied into the (n+1)th 
triangular number, the product is three times the nth tetrahedral number; if n be 
multiplied into the (1+ 1)th tetrahedral number, the product is four times the nth triangulo- 
triangular number | figured number of 4th order]; and so on, ad infinitum. I do not 
‘think there can be, in the theory of numbers, any theorem more beautiful or more 
general. The margin is too small, and I am not at liberty, to give the proof.’ (Cf. 
Letter to Roberval of 4 November 1636, Oesvres de Fermat, 11. pp. 84, 85.) For a proof, 
see Wertheim’s Diophantus, pp. 318-20. 
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Therefore 
(2) fG4=K DDB +25) DE+LBE*, 


9 


=KD,DB+ BD) + DE, 
[Eucl. 11. 7] 
(4) =i0b Be De ἀοΙ 151] 
But, since DK =4(AB+4+ ΒΗ), 
DR > 4Ar > 4, 
and DC = half 4 or 2; 
therefore οχ τ CV. 


Therefore, if DK be bisected at 
L, L falls between C and XK. 
And, since DX is bisected at Z, 
ΚΡ ΣΈ = LB. 
whence KB.BD=LB?—LD* 
Therefore, by (4) above, 
(5) 2G? =] ΕΊΣ ΕΒ", 
or 226} ὲλ5Ξ 815 1} Ὲ5 
(6) or LDP] DE*=L Et — FG". 


Again, since 2D = DC and DC 
is produced to ZL, 
ED LOP CIN = DE; 
therefore 4.20 =D De? 


τ ΞΡ: 
(7) = Pht LG, 
Put FM=BL (for BL>FG, 
since FG?+ DL?=BL?+ ED’, 
while Dien), 


Therefore FM?-—FG?=EL.LC. 

Now, DK being bisected at Z and 
being equal to 4(AL+ δ), 
DE= (AB + Bi): 


And OC 2A: 

Therefore CL =44H, 
or Ὁ ΞΕ Οὗ 

But ved eae pe ee 
therefore ΞΕ, 
while Σ ΎΉΈΞΖΟΣ. 


Therefore AB. BH=3,EL .LC, 
or LE LC] WAL. 511. 
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X*=4(2P—1)(a—2) 
+2(a—2).2+(a-—4) 

= 4(2P — τ)(α -- 2) 
+ (a—2)+ 2? 

--  [4(2}} -- τ) Ἐπ -- 2] (α -- 2) 
Ἴ 2 


DL=2(2P—1) 
[BL =2(2P —1)+a-2] 


X? = {2(2P—1)+a— 2}? 
— {2(2P —1)}?+ 2? 

{2(2P —1)}? — 2? 

={2(2P—1)+a—2}?-X? 


[i =o 2P = 1.4.2, 
CL =2(2P—1)-2] 


{2(2P—1)+2}{2(2P—1)—2} 
= {2(2P—1)+a-—2}— x” 


FM =2(2P-1)+a-2 


Chaat 


ἘΞ 
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(8) Therefore 16P (P —1) 
16AB.BH= MF? — FG? ={2(2P—1)+a—2}?- XxX? 
(9) = GM*?+2FG.GM. | ={2(2P—1)+a-2-X}? 
+2X {2(2P—1)+a—2-—X} 
Therefore GJ is even. [={2(2P-2)-—2(z-1)(a-2)}? 
Let GM be bisected at V ......... + 2 {2 +(2n—1)(a@—2)} 
Pisa cbueieeasicGhcars ta emieecure aes visesseee | X{2(2P—2)-2(2-1)(a—2)}] 


{Here the fragment ends, and the question of course arises whether 
Diophantus ever actually solved the problem of finding in how many 
different ways a given number can be a polygonal. ‘Tannery went so far 
as to call the whole of the fragment, from and including the enunciation 
of the problem, the ‘‘vain attempt of a commentator” to solve it}. 
Wertheim? has however shown grounds for thinking that Diophantus did 
solve the problem and that the fragment is a genuine part of his argument 
leading to that result. The equation 

8P(a—2)+(a—4)?= {2 + (2-1) (α -- 2}}} 
easily reduces (by algebra) to 
8P (a -- 2) = 42 (a— 2) {2 + (w—1)(a—2)}, 
or 2P=n{2+(n—1) (a—2)}. 

Wertheim has shown how this result can be obtained bya continuation 
of the work, from the point where the fragment leaves off, in the same 
geometrical form which is used up to that point’, and how, when the 

1 Dioph. 1. pp. 476-7, notes. 

* Lettschrift fiir Math. u. Physik, hist. litt. Abtheilung, 1897, pp. 121-6. 

% The only thing, so far as I can see, tending to raise doubt as to the correctness of 


this restoration is the fact that, supposing it to be required to prove geometrically, from 
the geometrical equivalent of 
8 (a-2)+ (α -- 4)? = {2+ (2722 -- τ) (a—2)}?, 

that 2P=n {2+(2-1) (a-2)}, 
it can be done much more easily than it is in Diophantus’ proposition as extended by 
Wertheim. 

For let FG=2+(22-1)(a—2). Cut off HR equal to 2, and produce AF to S so that 
RS=a- 2. 


2n(a—2) 
τ ἀπ τι = 
——— ᾿ ain 
ino y ὃ 
We have now 8P.SR=FG2- SF? 
=(SG-SF)i— SF? 
= SG?2-25G. SF. 
Bisect SG at 7, and divide out by 4; 
therefore 4}. SRESTA=ST.SKF 
=ST(ST- SF) 
SST o7r 
=ST.(FR+RT). 


Now ST=2.SR, and FR=2, while R7=(n—-1). SR=(n—-1)(a-2). 
It follows that 2P=n {2+ (2-1) (a-2)}. 
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formula is thus obtained, it can be used for the purpose of finding the 
number of ways in which P can be a polygonal number. The portion of 
the geometrical argument which has to be supplied is, it is true, somewhat 
long, and its length and difficulty may, as Wertheim suggests, account for 
the copyist having failed, as it were, to see his way through it and having 


stopped through discouragement when he had lost his bearings. 
I shall now reproduce Wertheim’s suggested restoration of the rest of 
the problem. The figure requires some extension, and I accordingly give 


a new one after Wertheim. 


B Ε ¢ L ἐς - 
D 
F 8 τ ΡΟΝ Ν M 


The last step in the above fragment is 


(9) 2/G.GM+ GM?=16AB. BH. 


Bisect GM in J, 
so that GN= NM. 


Therefore, if we divide by 4, 
(10) /C.GN EON =448 FA, 


or 


(11) IN VWNG =“¢2AB ΩΝ, 


Put now FR=2AB, and RS=GN, 
so that GS = RV, and we have 
FS=FR-RS=2AB— RS, 


FN=FR+RN=2AB+RN, 
GN= RS = 2AB— FS. 
Substituting in (11), we have 
(12) (2AB+ RN)(2AB-FS)=4A4B. BA, 


2{2+(22—-1)(a-2)} 
{2(2P-2) -- 2 (κι -- τ)(α -- 2}} 
+ {2(2P—2)—2(n-—1)(a—-2) 
2102 (F=4) 


GN= NM 
= 2 ( -- τὴ -- (σι -- τ) (a—2) 


{2 + (221 -- τὴ (α -- 2}} 
{2 (.} -- τὴ -- (» -- τ) (a—2)} 
+ {2(.}-- 1) -- (σι -- τ)(α -- 2}} 
ΞΖ (7 -ὴ 


{2P+n(a-2)} 


{2 (P=1)-(a-1) (a2)} 
Ξ 4 725: τ} 


FS = 2P 
—{2 (P= 1)—(n=1)(a—2)} 
=2+("—1)(a—2) “ὦ 
FN=2P+a(a-2),- from above 
GN=2(P-1)-(u-1)(a@-2) 
RN=FN-—-2AB=n\(a—2) 
{2P+n(a—2)} 
{2 (P= 1)-(#- 1) (a—2)} 
= 4P(P-1) 
17 
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“or 
(13) 44B?-2AB(FS—- RN) 72 
-Ο ΟΞ, 5 ΛΑΒΟ AL. —2P{(m—1)(a—2)+2—n(a--2)} 
—n(a—2){(n-—1)(a-2) +2} 
Ar ar 
Therefore 
(14) 2AB(PS— KN) + RY ΣΟ 2P {2 -- (α -- 2}} 
=4AD AF, Ὁ (α -- 2) (σι --- τ) (α -- 2) + 2} 
» = gP 
or 
(15) 2AB(2AH+ RN-FS)=RN.FS. | 2P(a-—2) 
| ΞΞ γ (6 -- 2) [(σι -- τ)ζα -- 2) + 2) 


Now RV= FN - FR= FM- NM- FR = FM -}4GM- FR 
=BL—4GM-2AB=BD+}DK-}4GM-2AB 
= BD+2AB+2BH-4GM-—2AB 
=-BD+2BH-14GM, 


and FS = FR- RS 
Ξ 24,8 --τ ΟἿ. 
Therefore RN-FS=BD+2BH-2zAB 
wee = 3 -- 24 ΑἹ, 
and RN-—FS+2AH= BD. 


Again, we have 
RN=BD+2BH-34GM=BD+2BH-4BL+4FG 

=BD+2BH-4tBD-4tDL+thG ~ 
-1 52) ει 28.4-: δε τ 
=4BD+2BH-(AB+BH)+4/G 
=4B8D+BH-AB+34HG 
=4BD—-AH+34FG 
=4(BD+FG- 2A). 

But, from the rule just preceding this proposition, 

FG = BD (2n—-1)+2; 


therefore. BDAIG = 20. PD +2, 
or BD+fFG-2AH=2n. BD; 
therefore “ΞΕ BD, 
Accordingly the equation (15) above becomes 
(τὸ 2AD PDH, bl, 2P (6 -- 2) 
-or =n (a—2){(m—1)(a—2) + 2} 
(19) εν LS. 2P=n {(m—1)(a—2) + 2} 


Thus the double of any polygonal number must be divisible by its 
side, and the quotient is the number arrived at by adding 2 to the product 
of (side — 1) and: (number of angles — 2). 

For a triangular number the quotient is 2 +1, and is therefore greater 
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than the side; and, as the quotient increases by ~—1 for every increase 
of x in the number of angles (a), it is always greater than the side. 

We can therefore use the above formula (17) to find the number οἵ. 
ways in which a given number / can be a polygonal number. Separate 2P 
into two factors in all possible ways, excluding 1.27. Take the smaller 
factor as the side (μη). Then take the other factor, subtract 2 from it, 
and divide the remainder by (z- 1). If (#%-1) divides it without a 
remainder, the particular factors taken answer the purpose, and the quotient 
increased by 2 gives the number of angles (a). If the second ‘factor 
diminished by 2 is not divisible by (#—1) without a remainder, the 
particular division into factors is useless for the purpose. The number of 
ways in which / can be a polygonal is the number of pairs of factors 
which answer the purpose. ‘There is always one pair of factors which will 
serve, namely 2 and FP itself. 

The process of finding pairs of factors is shortened by the EGON Ie 
considerations. 

2P=n \(n-1)(a- Aa +2; 


therefore 2P/n=4+an—a—2n,. 
a 
and Pe ae caren 
γ1 (γ1 -- τ) 

2 ( -- ") ᾿ ; fone 
therefore not only 2//z but also n (n=) must be a whole number and, 
as @ is not less than 3, 

2(P—n) _ 
= 15 
n(n — ae 


and consequently . 
ἊΣ ον ΠῚ 

Thus in choosing values for the factor ἡ; we need not go beyond that 
shown in the right-hand expression. : 

Example 1. In what ways is 325 a polygonal number? 

Here —1+,/(1 + 8P) =-1 + J/(2601) = =50. Therefore 2 cannot be 
greater than 25. Now 2.325=2.5.5.13, and the only possible values 
for 7-are therefore 2,5, ΤΟΎ, ὅν. “Fhe corresponding values for a are 
shown in the following table. 


ὍΝ eek PKS me sh he 


@ | 325|.34] 9 | 6 | 3 


Example 2. P=120. 


WNBA I Bee Or 8. TO. ΠΕΣ [5 


@ A120) 400 sO ae 


17—2 


a an en | 
° Φ ° Ms ° 


τον Ὁ . τῶν 


ΟΝ ΒΡΕΟΤ ΘΟ OF Tet ARTVAME TION 


Equations of the first degree with one unknown. 
7, x-a=m(x—Dd). 
8. xta=m(x+td). 
9. a—-x=m(b—xX). 
Io, x+b=m(a—<X). 
it. £+0=m(%—a). 


(a+ b)x+(b+x)a=2 (a+), 
(a+ b)x+(at+x)b=2 (6+ 2) ai 
Determinate systems of equations of the first degree. 
iL αἰ γ γεῶ oy Hs; 


(a> ὁ). 


L+yV=a, x= My. 


2 
ἅ. NR-y=d, 2am). 
3. X+ty=a, x=my +t O. 


6. £24 7=24, —x2=—=-y =. 
J > am J 


X= Myo, V1) = 125, 2, = PXe 


17. Vrerwa=a 2+W+e=)0, WX HG, e+ s= 

18. Fe = 6,6 ey a, ey eae 

IQ. yt2t+w—x=a, 2+ wWt+x-y=b, W+XtY—-Z=6, 
xty+z2—-w=d. 


620, RPV 2a, K+ ΞΕ; prea nex. 


I I I 
Pa REV I ee ἀπε ae (ty > 2). 


2 


yaar zs as Ξεγ -- ΤΣ ἢ i 
Fe Το δον (5:6) (2 :τὸὴ- (:»..2)- (Zeta) 


=2—(Ge+e) +(Zy +d), 


x+y+Z=a. 


212, δχ ὁ X= +Jg=A, X= Mey 71 = NM, (Xp> Hay Ji > Jo). 
. t3. XX HV Ἔ JqH=4+2,=a 

(ἡ, 5 X55 Ji 7 3% 2, > Be). 
: 15. x+ta=m(y—a), yt+b=n(x-9d). 
τὸ... PPP Ha 6 EO ROS VS. 


a, 


} 


Determinate systems of equations reducible to the first degree 


1200, ἐὰν oe. 
26. 24) 4. 2-7 =, 


* Probably spurious. 


"ΡΒ 
»- ». — »- Lom 
3 bs : A Ms 
Ww 
Ww 


a ee Be cn tee Post 
GW 
-- 


ΠΟ". 
1.30] 
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x= my, w+yP=n(x+y). 
Lamy, +n {x —y). 
L=my, Coy Ξε κα x Ὁ γ). 
x=my, —-y=n (x—y). 
Cont. 2 =, AV =a a +). 
Cor 2. samy, sven (x —¥). 
L=my, ἡ» Ξι ἃ, 
R= My, ἡ, = Ty. 
v= my, yon (x+y). 
x= my, y=n(x—-y). 
Cor. x=my, x2=ny. 
ἊΝ δ 2]: 
ae) SUNY αἰ ΞΞ ΙΧ. 
ORS, Sle). 
ἀϑγξα, wap Seay ee. 


Ξε (y-+:2), Sh= net 2), XY =P (e+ 7). 


Determinate systems reducible to equations of second degree. 


[᾿ 27: 
a 


ἵν ads 
oe 2: 
Iv. 15. 
fe 34. 


IV. 35; 
ἵν: 2}. 


LAY =A, XY ΞΕ δὶ 

x—y=a, xy=b. 

K+y=a8, +P =o. 

e+ P=a, ἃ ἘΞ: 

S-P=a, ΑΞ ΞΟ, 

(yts)x=a, ¢tx)y=d, (x+y) z=. 

yet(y+s)=@-1, ax+ (+x) =P—-1, xyt+(x+ypHP-1. 
ya —(y+2)=a?-1, sx—(e +x) =P —-1, xy—(x+y)=C-1. 
yo=m(xt+y+2), sx=n(x+y+2), xy=p (x+y + 2). 


Lemimato v8... γόξ 34 =07, ay =<. 


Systems of equations apparently indeterminate but really reduced, by 
arbitrary assumptions, to determinate equations of the first degree. 


I. 14. 


xy=m(x+y) [value of y arbitrarily assumed]. 

xy=m (x+y) and xy=m(x—-y), ᾿ 

(cis 31) ea ey) 

(cf. 1. 34.) 22-y=m(x—y) - [x assumed = 2y]. 

(cf. 1. 32.) 27+ y?=m (xy) 

(cf. 1. 33-) 2—y=m(xt+y) 
x?—y?=m(x—y)+a_ [Diophantus assumes x —y = 2]. 


ee et a rae ey reper ee [value of y assumed] 
Ὁ Ὀδασος erie am = a eee ccs = τον ee on . 
771 7,7 im 2 , 


7 


Ι Ι Baie 
== ef wy —— yt 
» @ In? in 


πο ρον. [value of y assumed]. 
Patt aS | 
* Probably spurious. 
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I I ὙΠ oe 
I. 24. See ay eee τὸ Ὁ 
[value of y +z assumed]. 


I I 
x+— s+wy=y+—(st+w+ex 
cic ἐς ΟΕ wW)=y ma ) 


=sts(wtary)=wt-(w+y +2) 


t | [value of y +z +z assumed]. 
* Seay ΤΣ ) (: ) 
Hochye. MCh, 1 22. "τ ( «τὰ + Pans 
= Ὁ +6)+(Za+a)as—(t +e) (< +3) 
Ne Sha ΞΞ "ἢ Num Coe cals 
| [ratio of x to _y assumed]. 
I I ‘I | eae 
IV. 33. xttyem(y-ty), εξ τ («- Σαὴ 
| Diophantus assumes : Siar Oa i 


Indeterminate equations of the first degree. 


Lemma to Iv. 34. xy+(x+y)=a [Solutions ἐν ἀορίστῳ. 
te yy IV 35. xy (ety) =a y practically found in 
ν᾽ "ἀν. ἀν». ay) ; terms of x. ] 


Indeterminate analysis of the second degree. 
[ Hei. ay Sa 
ΠΣ trae Te 
{ Nets 7" Sa. ἧς 
Τὰ τ. Shear Ae pes, 
1 τ. ἃ Ξ- αι", 6 x=7. 
le 1: Pagar eae 
1 τ ΞΘ 1. “ney eee aw ya ee 
{ἘΞ ΠῚ»... VV 62 -—L=0, SH Ξε 
ἢ το: RSW Oe yao. 
π. 19. 2®—y?=m(y?— 22), 
i 20. (AV st, yee, 
1 2 ee ee yea ae 
τ 22. Ke VS, Ἐν) = ot 
Ik 23. (ct yaw, fet yac. 
-24. (x+yPtxu=u’, (x+y)? + yao". 
25. (fu) = 20, (ety ayer. 
1-26; BY PLS; AP PVH, EU Se: 
We. 29 AY XH, ay HU, CHV ES. 
1.28. Oy eae oye ya, 
εν 50.. BS eae ray ar. 
Il. 30. axyt+(x+y)=u, xy—(x+y)=0% 
* Probably spurious. 


“ως ee  ἐπλοος ῶχοςς πτλεςς 
» »- 
— 


Ill. 


fe 
IV. 


a. 
ἜΣΤΩ. 
ἘΠῚ: 
ἈΠῸΣ 
Ran: 


αἰ μὲν 


Py Sh 
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xy+(xt+yl=wv, xy—(x+y)=v, x+y =m 

Vigau, seo ok + ΤΟΣ 

Y—2=@, S-—-xH=0, V-y=w'. 

P+ (at γιὲ τι, γε (σα Ἐν 2) τοῦ, P+ (xt+yt+s)=w 
αἰ --(ἀ τ γε λφ[πιῖβ γ᾽ --(α τ γε οέυΉτυ", σ' -- (ὰ Ὁ Κ Ὁ 2) ΞΞ τοῦ. 
(xnty+s)-x =u, (x+y+2)-pu=av’, (χα τ ) Ὁ 2) -- 25 Ξ το". 
(x+y+sPtxsu, (xt+yt+2P+yar, (τσ τ γι 2)3 5 - εὐ, 
(c+y+2?—x=u, (xnt+y+2)P—ya=v, (α τ τ 2)" - 2 -Ξ εὐ. 
x—-(xtyt+spae, y—(xt+y+2Pav, 2-(x+y+ 2)}Ξ τὖἷ. 
xt+yts=F, yts—x=e", s+x-yH=", x+y—z2=W". 

Re gi Bd 2 1 ee ee Oe 

1.3.) Ξϑὅξες, PSH, St eS ey το". 

tyt+ staal, y+ s+ a=", s+xX+a=V, x+y +ax=w". 
x+yt+e—a=0, yt2-aG=", 2+x-a=0', x+y-a=w". 
Vora, 26+ a=, x) +a =u, 

y2—-a=U, 2x—a=V', xy—a=w". 

Yt X=, xt ya, xy+s=w". 

VE—hH=U, 2x-VHV, KY —sH= a. 

yer Kae, χε 7 =v, xy τ 23 -- τοῦ. 

γει(γειητποἣς sx+(2+x)=0, αν τ (ety) Ξε τοῦ. 
ye—(yts)=u’, 25--ἰξ Ἐ ) Ξε, ay—(xty) Ξε τὸ. 
αι γε, ἂν Ξε, xyty=ur 
xy —(x+y)=?, χν-- τευ, xy—y=w". 


9 


‘ z 
(αι + Xy τας + XP? + = yep 


ye 


(x, + Hq + X3+ X%4)? + X= ” 


u 
(x, + Xt X3+ x4)? +x eae - 


qe 
ea eevee) ea : 
(αι ) es 


PLyaw LV eVvH a. 
V+y=u, x+y= 2. 

Kt1=2, yer H=w, ety+1 =v, x-yt1=w 

x+yt a= (xy?) +(y?— 2°) +(x?- 2) (x> y> 2). 
xtyts=F, Ptyav, ~P+zav, P+ x=w. 
xtyts=0, @-y=v, P-zav*, P-x=0". 
yeti=uw, ext+i=0, xyt+1=w. 

CX PLaTy Nya IHS, et Le, 

Tike We, Nek Ee, πα το 

xg=y, x-y=w, x-2=0, y-s=W (x>y>z2). 
xyotx=, xysty=v, αγΖ ὁ 5 -Ξ τοῦ. 

αγε--ατεμἣ, xys—y=v", χγξ -- 2 -- τοῦ. 


- * Probably spurious. 


γον, 


ἜπΠΠΠΠ oe pS) "5" Θϑ Re ee 
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P+yPtert+urt+x+yt+s+w=a., 

αὐ γι 2 τὺ"--(χ Ἐν Ὲ 2: τύ) τε α. 

σφ Έγει, (πα αἡ (Ὁ - δ) Ξ μ, 

ΧΎΞα, ἂν τ Ξ ἀγϑΞ Ξν. 
x~y=m(y—2), pr sae, σι χευ,, xty=w". 
e_y=m(y—2) VtZ=U, 24+ xX=0)7, +Y=H. 

L2=7), X—-G=, γ- τεῦ", 2-- αΞϑ τυ" 

ay, KPaH=v, γεᾶξεθ, Ζ. 3 τὸ" 

K+a=P7, yra=sS, σεατ, 

yeta=, 2x+a=v', xyia=w. 

C-aSr ΑΞ 2:3: 5537 

γε-ατεῦ, “α. --α τεῦ, αν -- α Ξ- τοῦ. 

Vea oy ΞΟ, Ὁ ee 

YEP eau, ok ee ee ao, MY + ay = 0. 
ea Ξ ae cee Ξε, Neneh : ᾿ 
γ42-.-»- τε δὶ W2N-B—-K=V*, χγ-- ἃ -- )} Ξε τοῦ, 

ye Kau δὰ yo, Ky eS we 


Lemma.1 to-v.-7.. ΟΡ tery =. 


V. 


Sa ee eee 


ν. 20; 


ot 


ΤῸ: 
14. 


276 
22. 


23 
eA 
5: 


26. 


a7. 
28. 


9 


“4 


u’? 


yy 
1 pawrsto= (3), 


ἐεατγεὴς- {κι}. 


we (mtyta)={™ 


ἢ δ᾽ 
πε(στνεῆ- ΟΝ sek (ety+2)={ ἢ 
75: vig = i 


“03 
nyt (w+y+2)={ ae 

τυ 

(οἰ ατο τ ν ΔΕ ΞΕ 1 ΞΘ". 

CAPES, Baa, Κ»βε ξεν ΞΡ, 

PVT, ὦ τ ξΞ, γ, Ἐ Ξεῦ"- 

ἃ Κι ΞΕ OR, eee. 

LAVACA VE, Ἐπ ἄξεθ, ἀν = ee 

x+y+Z+W=aA, 

LEPELHS, PROP ΕΞ, srw ΞΙΡ, Waxes yaw. 

De ee ar ee a yee ἀν eee 

as a ὧν ex u”, 475: -y* = uv xy? g? — “3 ἘΞ “ὦ. 

x? eee i Σ᾽ = (5 ἢ τς 1. δ᾽ = a “43 = Σ᾽ = “0. 

πε ἀν Ts ἀρ aa 

Ὑ Σ Ξ-θε, Se aia’, ey alee, 

Lave He la aU a = ΊΝ". 

PrtPeta=v, P+ xP +a=v, P+yra=w". 

P+tP—-a=, 2+xe8-a=v, f+y—a=w. 

mx+ny=wv, wWt+a=(x+y)’. 


Lemma 2 to vi. 12. ax°+b=u? (where ἃ τ ὁ - οἷ. 
Lemma to ΥἹ. 15. a@x*—6=2 (where ad?—4=2 is known). 


[π||:.1.8]. 
[π||-.-.16]} 


ΠΡ 52} 
[y. 21]: 
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2 ve 
xy+xuty=u?, xt+1 er aus 1): 


᾿ υ 
xy —(x+y) =v, πα ξ τ Cam) 
er ΞῚ 
=5 


ri Gee) Sy ae as Mea sg 7 wt 


Indeterminate analysis of the third degree. 


{1v. 8]. 


CY oe, 


Cbs Ry ae, 

ἈΠΕ fe da at ak 

REA AR eee tN ie 

Le =e, ty =e 
VP at, wy He 


epoxy Really reducible to second 


degree. 


eae aes the same real 
S+y=e#, P+rx=v’, 
e+yv=a, ἀ ΞΕ Ξ- νὰ, 
xty+z=a, xyz={(x—y) τ (x—2)+(y—2)}? (5».}5 2). 
xytxau, xyty=v. 
xy—-x=u, ἂγ- γεν. 
αν τ (α τ))τειῖδ, ἂν -- (Σ Ἐ )γ7) Ξε τ. 
ἰὴ ie τὸ 
(x+y+2)u=hu(ut1), (xty+z)yHV, (α Ἐν 5) 2:-Ξ τοῦ. 
(x+ytzP+uaue, (xtytsPtyav, (σα τ} 2)5: 2- εὐἷ, 
(x+y+z%—x=u, (xnty+2P—yHur, (σα Ἐν 2) -- 2-Ξ τοῦ. 
“--(α τγεοβενῖ, y—(xtyt+2hau, 2-- (« Ἐ}) τ σ)}Ξ τοῦ. 
σιγι σε, (ιγιεβισχειῖβ, (xnty+s2Ptyav’, 
(α Ἐν Ὁ 2)" Ὁ 2- τοῦ. 
xtyts=l, (xn+yt+sp—x=u, (xntytspPp—y=V, 
(x+y+2)?—s=w". 
xtyts=f, x—(xtyt+sh=e, y—(xt+yt shar, 
4--(α την τ 8)5-Ξ το. 
x+yte=a, (ιγιηβιχειβ (x+y+2P+y=P, 
(x+y+zP+s=w". 
xn+y+z=a, (xt+yt+2P—x=u, (xnt+y+2)P y=, 
(σ τιν 2)" -- 4- τοῦ. 
ety tea—, x—(xtytzP=u, y—(xtytzP=r, 
2-- (ἀ τ. τ 2) ΞΞ τοῦ. 
χεγει,; αὐ Ξε. 


2 
[1v. 9, ro]. w+ =< (ety). 


ΓΝ rr]. 


ei: 
Py (0.9 
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[v. 15} 2+ + 2-—3=27. 
[v. 16]. 5-- (α +72 + 2) Ξ ε΄. 
[v. 17}. +++ 3=27. 
Indeterminate analysis of the fourth degree. 
Vi2G. ΧΕ) pee = 1, 
[v. 18]. s7+574+27-3=u4. 

Problems of constructing right- ἘΠ ΦῚ triangles with sides in rational 
numbers and satisfying various other conditions. 

[N.B. I shall use x, y for the perpendicular sides and z for the 
hypotenuse in all cases, so that the condition χα" γ᾽ Ξε σῇ must be under- 
stood to apply in every case in addition to the other conditions specified. }’ 
Lemma to v.97: y=), = 25 93- 
2—-x=w, g—y=v'. 


day + (x+y) =a. 
jay —(e4y) =a. 


Wit ἃ. 
{yr ὅς. 3. ΞΟ eye, 

γι. ἃ. Aa aS. 
δ 4. ἔχν--α- 
Vin τς a hay Se. 
vi. 6. duy+x=a. 
VI. 7. dxy—x=a. 

8. 

9. 

Io. 


day +(x +2) =a. 
ee τὴν τί +2) =a. ἃ 
Lemma τ οὐ τς ἀξ πε ξο toy +p H ee". 
Vi 2 SAV eS Say Vee. 
e τ... gxy—x=u, ixy—y=v’. 

VI. 14. gxy—-2=, dxy-—xa=v*. 
ie 16. payee, αν τ xe =i. 
Vie tO. Se poe ys 

νι. τῈ. ἀχγε σοι, xtyts=v. 

he 18, gxyte=@, x+yts=0". 

γ. τὸ. dtaeytx=4, xt+yt+e=v'*. 

a δὸς, ἐγ SL ye = O. 

VI. 21. ἘΞ, txyt(xt+y+z)=0%. 

{vr 22. xtyt+s=u, gxyt(xtyt+z)=v%. 

Wis 25. ee ee Ὁ. 

γε τε ΕἸ Ξε So. a: 
[vi 6,9]. ἘΠ) εὐ νεῖ. 

[νι. 8, 9]. (8 ὦ Ὁ} Ἄνα = 

ig ἀν ἘΠ]: a aaa al +4dmxy =. 

[vi.i2|. pris). day, x=" (x>y). 

[vi. 14, 15]. wex—day.x(s—x)=v* (u*<or> hxy). 


SUPPLE MENT 


ADDITIONAL NOTES, THEOREMS AND PROBLEMS BY FERMAT, 
TO WHICH ARE ADDED SOME SOLUTIONS BY EULER 


I HAVE generally referred to the notes of Fermat, and allied propositions 
of his, on the particular problems of Diophantus which were the occasion 
of such notes, illustrations or extensions; but there are some cases where 
the notes would have been of ainnroparaonete length to give in the places 
where they occur. Again, some further explanations and additional 
theorems and problems given by Fermat are not in the notes to Diophantus 
but elsewhere, namely in his correspondence or in the Doctrinae Analyticae 
Inventum Novum of Jacques de Billy ‘‘based on various letters sent to 
him from time to time by Pierre de Fermat” and originally included at the 
beginning of the 2nd (1670) edition of Bachet’s Diophantus (the /nventum 
Novum is also published, in a free French translation by Tannery, in 
Ocuures de Fermat, Vol. 1π|. pp. 323-398). Some of these theorems and 
problems are not so closely connected with particular problems in Dio- 
phantus as to suggest that they should be given as notes in one place 
rather than another. In these circumstances it seemed best to collect the 
additional matter at the end of the book by way of Supplement. 

' In the chapter on the Porisms and other assumptions in Diophantus 
(pp. 106—110 above) I quoted some famous propositions of Fermat on the 
subject of numbers which are the sums of two, three or four square numbers 
respectively. The first section of this Supplement shall be devoted to 
completing, so far as possible, the story of Fermat’s connexion with these 
theorems. | 


SECTION I. 


ON ‘NUMBERS SEPARABLE INTO INTEGRAL SQUARES. 


As ἜΝ ΤΣ ΠῚ Fermat enunciated, on Diophantus Iv. 29, a very 
general theorem of which one part nie that Every number 1s either a 
square or the sum of two, three or four squares. We shall return to this 
later, and shall begin with the case of numbers which are the sum of 
two squares. 
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1. On numbers which are the sum of two squares. 


I may repeat the beginning of the note on III. 19 already quoted (p. 106). 

“A prime number of the form 47 +1 is the hypotenuse of a right-angled 
triangle in one way only, its square is so in two ways, its cube in three, its 
biquadrate in four ways, and so on ad infinitum. 

‘The same prime number 4z +1 and its square are the sum of two 
squares in one way only, its cube and its biquadrate in two ways, its fifth 
and sixth powers in three ways, and so on ad infinitum. 

“If a prime number which is the sum of two squares be multiplied into 
another prime number which is also the sum of two squares, the product 
will be the sum of two squares in two ways; if the first prime be multiphed 
into the square of the second prime, the product will be the sum of two 
squares in three ways; if the first prime be multiplied into the cube of the 
second, the product will be the sum of two squares in four ways, and so on 
ad infinitum.” 

Before proceeding further with this remarkable note, it is natural to 
ask how Fermat could possibly have proved the general proposition that 
(a) Every prime number of the form 4n+1 ts the sum of two square 
numbers, which was actually proved by Euler’. Fortunately we have 
in this case a clear statement by Fermat himself of the line which his 
argument took. In his “ Relation des nouvelles découvertes en la science 
des nombres” sent by Fermat to Carcavi and shortly after (14 August, 
1659) communicated by the latter to Huygens, Fermat begins by a refer- 
ence to his method of proof by indefinite diminution (descente infinie or 
indéfinie) and proceeds? thus: ‘‘I was a long time before I was able to 
apply my method to affirmative questions because the way and manner 
of getting at them is much more difficult than that which J employ with 
negative theorems. So much so that, when I had to prove that every 
prime number of the form 4n+% 1s made up of two squares, 1 found myself 
in a pretty fix. But at last a certain reflection many times repeated gave 
me the necessary light, and affirmative questions yielded to my method, 
with the aid of some new principles by which sheer necessity compelled me 
to supplement it. This development of my argument in the case of these 
affirmative questions takes the following line: if a prime number of the 
form 47+ 1 selected at random is not made up of two squares, there will 
exist another prime number of the same sort but less than the given 
number, and again a third still smaller and so on, descending ad fnfinitum, 
until you arrive at the number 5 which is the smallest of all numbers of 


1 Novt Commentarii Academiae Petropolitanae 1752 and 1753, Vol. iv. (1758), 
pp. 3-40, 1754 and 1755, Vol. v. (1760), pp. 3-58=Commentationes arithmeticae 
collectae, 1849, 1. pp. 155-173 and pp. 210-233. 

2 Oeuvres de Fermat, 11. p. 4.32. 
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the kind in question and which the argument would require zo¢ to be made 
up of two squares, although, in fact, it is so made up. From which we 
are obliged to infer, by reductio ad absurdum, that all numbers of the kind 
in question are in consequence made up of two squares.” 

The rest of the note to Diophantus 111. 19 is as follows. 

“From this consideration it is easy to deduce a solution of the problem 

“70 find in how many ways a given number can be the hypotenuse of 
a right-angled triangle. 

‘Take all the primes of the form 47+1, e.g. 5, 13, 17, which measure 
the given number. 

“If powers of these primes measure the given number, set out the 
exponents of the powers; e.g. let the given number be measured by the 
cube of 5, the square of 13, and by 17 itself but no other power of 17; 
and set out the exponents in order, as 3, 2, I. 

_ ‘Take now the product of the first of these and twice the second, and 
add to the product the sum of the first and second: this gives 17. Multiply 
this by twice the third exponent and add to the product the sum of 17 and 
the third exponent: this gives 52, which is the number of the different right- 
angled triangles which have the given number for hypotenuse. [lf a, ὁ, ¢ be 
the exponents, the number of the triangles is 4adc + 2(6¢ + ca+ab)+at+b+e.] 
We proceed similarly whatever the number of divisors and exponents. 

‘Other prime factors which are not of the form 47+ 1, and their 
powers, do not increase or diminish the number of the right-angled triangles 
which have the given hypotenuse. 


“ProsLeM 1. Zo find a number which ts a hypotenuse in any assigned 
number of ways. 

“Let the given number of times be 7. We double 7: this gives 14. 
Add 1, which makes 15. ‘Then seek all the prime numbers which measure 
it, ze. 3 and 5. Next subtract 1 from each and bisect the remainders. 
This gives 1 and 2. [In explanation of the process it is only necessary to 
observe that, for example, 2 {4adc+2(dct+cat+ab)+a+b+e}+1 is equal 
to (24 - 1) (26 τ τ) (26: 1), and so on.] Now choose as many prime 
numbers of the form 47 +1 as there are numbers in the result just arrived 
at, ze. in this case two. Give to these primes the exponents 1, 2 re- 
spectively and multiply the results, ze. take one of the primes and multiply 
it into the square of the other. 

“It is clear from this that it is easy to find the ssad/est number which 
is the hypotenuse of a right-angled triangle in a given number of ways.” 

[Fermat illustrates the above further in a letter of 25 December 1640 
to Mersenne’. | 

To find a number which ts the hypotenuse of 367 different right-angled 
triangles and no more. 


1 Oeuvres de Fermat, 11. pp. 214 sq. 
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Double the number and add 1; this gives 735. ‘Take all the divisors 
which are prime numbers: these are 3, 5, 7, 7. Subtract 1 from each and 
then divide by 2; this gives 1, 2, 3, 3. We have then to take four prime 
numbers of the form 47+ 1 and give them 1, 2, 3, 3 respectively as ex- 
ponents. ‘The product of these powers is the number required. 

To find the least such number, we must take the four /eas¢ primes of the 
form 4” +1, 1.2. 5, 13, 17, 29, and we must give the smallest of them, 
in order, the largest exponent ; z.e. we must take 5%, 13°, 17? and 29 in this 
case, and the product of these four numbers is the least number which is 
the hypotenuse of 367 right-angled triangles and no more. - 7 

If the double of the given number + 1 is a prime number, then there is 
only one possible divisor. Suppose the given number is 20; the double 
of it p/us 1 is 41. Subtracting unity and bisecting, we have 20, so that the 
number to be taken is some prime number of the form 47 +1 to the power 
of 20.| ; 


‘“PROBLEM 2. 70. find a number which shall be the sum of two squares 
in any assigned number of ways. 


“Let the gtven number be το. Its double is 20, which, when separated 
into its prime factors, is 2.2.5. Subtract 1 from each, leaving 1, 1, 4. 
Take three different prime numbers of the form 471 1, say 5, 13, 17, and 
multiply the biquadrate of one (the exponent being 4) by the product 
of the other two. The result is the required number. 

‘““By means of this it is easy to find the smallest number which is the 
sum of two squares in a given number of ways. 

“In order to solve the converse problem, 

“Zo find in how many ways a given number is the sum of two squares, 
“Jet the given number be 325. The prime factors of the form 42 +1 
contained in this number are 5, 13, the latter being so contained once only, 
the former to the second power. Set out the exponents 2, 1. Multiply 
them and add to the product the sum of the two: this gives 5. Add 1, 
making 6, and take the half of this, namely 3. This is the number of ways 
in which 325 is the sum of two squares. 

‘If there were three exponents, as 2, 2, 1, we should πο δα thus. 
Take the product of the first two and add it to their sum: this gives 8. 
Multiply 8 into the third and add the product to the sum of 8 and the 
third: this gives 17. Add 1, making 18, and take half of this or 9. ‘This 
is the number of ways in ee the number taken in this second case is 
the sum of two squares. [If a, 4, ¢ be the three exponents, the number 
of ways is 4 {abe+ (bc + ca + ab) +(a+b4+c)+1} provided that the number 
represented by this. expression is an integér.] 

“Tf the last number which has to be bisected should be odd, we 
must subtract 1 and take half the remainder. 
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᾿ς “But suppose we are next given the foilowing problem to solve: 

“To find a whole number which, when a given number ts added to 77, 
becomes a square, and which is the hypotenuse of any assigned number of 
right-angled triangles. 

“This is difficult. Suppose eg. that a number has to be found which 
is a hypotenuse in two ways and which, when 2 is added to it, becomes 
a square. 

“The required number will be 2023, and there are an infinite number 
of others with the same property, as 3362 etc.” 


2. On numbers which cannot be the sum of two squares. 


In his note on Diophantus v. 9 Fermat took up a remark of Bachet’s 
to the effect that he believes it to be impossible to divide 21 into two 
squares because ‘‘it is neither a square nor by its nature made up of two 
squares.” Fermat’s note was: ‘The number 21 cannot be divided into 
two squares (even) in fractions. That I can easily prove. And generally 
a number divisible by 3 which is not also divisible by 9 cannot be divided 
into two squares either integral or fractional.”’ 

He discusses the matter more generally in a letter of August 1640 
to Roberval’. | 

‘“‘T have made a discovery ἃ propos of the 12th [gth] proposition of 
the fifth Book of Diophantus (that on which I have supplied what Bachet 
confesses that he did not know and at the same time restored the corrupted 
text, a story too long to develop here). I need only enunciate to you my 
theorem, while reminding you that I proved some time ago that 

“A number of the form 4n—1 ts neither a square nor the sum of two 
squares, either in integers or fractions.” 

[This proposition was sent by Mersenne to Descartes, on 22 March 
1638, as having been proved by Fermat. | 

‘“‘ For the time I rested there, although there are many numbers of the 
form 42+ 1 which are not squares or the sums of squares either, e.g. 21, 
33, 77, etc., a fact which made Bachet say on the proposed division of 21 
into two squares ‘It is, I believe, impossible since 21 is neither a square 
nor by its nature made up of two squares,’ where the word 7veor (I think) 
clearly shows that he was not aware of the proof of the impossibility. 
This I have at last discovered = comprehended in the following general 
proposition. 

“Tf a given number is divided by the greatest square which measures tt, 
and the quotient is. measured by a prime number of the form 4n—1, the given 
number ts neither a square nor the sum of two squares either integral or 
Jractional. 


1 Oeuvres de Fermat, 11. pp. 203-4. 
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“EXAMPLE. Let the given number be 84. ‘The greatest square which 
measures it is 4, and the quotient is 21 which is measured by 3 or by 
7, both 3 and 7 being of the form 4z—1. I say that 84 is neither a square 
nor the sum of two squares either integral or fractional. 

“Let the given number be 77. ‘The greatest square which measures it 
is 1, and the quotient is 77 which is here the same as the given number 
and is measured by 11 or by 7, each of these numbers being of the form 
4n—1. I say that 77 is neither a square nor the sum of two squares, 
either in integers or fractions. 

“1 confess to you frankly that I have found nothing in the theory of 
numbers which has pleased me so much as the proof of this proposition, 
and I shall be glad if you will try to discover it, if only for the purpose 
of showing me whether I think more of my discovery than it deserves. 

‘Following on this I have proved the following proposition, which 
is of assistance in the finding of prime numbers. 

“Tf a number ts the sum of two squares prime to one another, I say 

thai it cannot be divided by any prime number of the form 471 -- τ. 
_ “For example, add 1, if you will, to an even square, say the square 
10 000 000 000, making 10 0q0 000 oor. I say that 10000 009 001 cannot 
be divided by any prime number of the form 4-1, and accordingly, 
when you would try whether it is a prime number, you need not divide by 
ΡΒ eae aes 12 

(The theorem that Vumbers which are the sum of two squares prime to 
one another have no adtvisors except such as are likewtsethe sum of two squares 
was proved by Euler’.) 


3. LMumbers (1) which are always, (2) which can never be, the sum 
of three squares. 


(1) Zhe number which ts double of any prime number of the form 
8n—1 ts the sum of three squares (Letter to Kenelm Digby of June 1658)’. 

£.g. the numbers 7, 23, 31, 47 etc. are primes of the form 8%—1; the 
doubles are 14, 46, 62, 94 etc.; and the latter numbers are the sums of 
three squares. 

Fermat adds “I assert that this proposition is true, though I do so in 
the manner of Conon, an Archimedes not having yet arisen to assert it 
or prove it.” 

Lagrange* remarks that he has not yet been able to prove the pro- 
position completely. The form 8 -- τ reduces to one or other of the three 


1 Novi Commentarit Acad. Petropol. 1752 and 1753, Vol. Iv. (1758), pp. 3-40= 
Commentationes artthmeticae, 1. pp. 155-173. 

2 Oeuvres de Fermat, 11. pp. 402 sqq. 

3 ‘Recherches d’Arithmétique” in Berlin A/émotres 1773 and 1775= Oeuvres de 
Lagrange, 111. p. 795. 
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forms 247 —1, 2471  , 2471 15, of which the first two only are primes. 
Lagrange had previously proved that every prime number of the form 
242 +7 15 of the form x?+6y?. The double of this is 2x? + 12y*, and 

2x? + τ2γ = (x + 2y)? + (x— 2y)? + (2), 
that is, 2x?+ 1275 is the sum of three squares. 

The theorem was thus proved for prime numbers of the form 87 — 1, 
wherever 21 is not a multiple of 3, but not for prime numbers of the form 
2471 — I. 

Legendre’, however, has the theorem that Zvery number which ts the 
double of an odd number ts the sum of three squares. 

(2) Vo number of the form 24n+ 7 or 4™(24n+7) can be the sum 
of three squares. 

This theorem is substantially stated in Fermat’s note on Dioph. v. 11. 
We may, as a matter of fact, substitute for the forms which he gives the 
forms 8z+7 and 4” (8 + 7) respectively. 

Legendre? proved that numbers of the form 87+ 7 are the only odd 
numbers which are not the sum of three squares. 


4. Every number ts either a square or the sum of two, three or 
four squares. 


This theorem is also mentioned in the “Relation des nouvelles dé- 
couvertes en la science des nombres” already quoted, as a case to which 
Fermat ultimately found himself able to apply the method of proof by 
descente. He says* that there are some other problems which require new 
principles in order to enable the method of descente to be applied, and the 
discovery of such new principles is sometimes so difficult that they cannot 
be arrived at except after very great trouble. 

“Such is the following question which Bachet on Diophantus admits 
that he could never prove, and as to which Descartes in one of his letters 
makes the same statement, going so far as to admit that he regards it as 
so difficult that he does not see any means of solving it. 

“ Every number is a square or the sum of two, three or four squares. 

“JT have at last brought this under my method, and I prove that, if 
a given number were not of this nature, there would exist a number smaller 
than it which would not be so either, and again a third number smaller 
than the second, etc. ad infinitum; whence we infer that all numbers are 
of the nature indicated.” 

In another place (letter to Pascal of 25 September, 1654)", after quoting 
the more general proposition, including the above, that every number is 


1 Legendre, Zahlentheorie, tr. Maser, I. p. 387. 
2 Jbid. p. 386. 

3 Oeuvres de Fermat, 11. p. 433- 

4 Ibid. p. 313. 
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made up (1) of one, two, or three triangles, (2) of one, two, three or four 
squares, (3) of one, two, three, four or five pentagons, and so on ad infinitum, 
Fermat adds that “to arrive at this it is necessary— 


(x1) To prove that every prime number of the form 4n+1 ts the sum 
of two squares, €.8. 5, 13, Τῇ, 20, 37. elt: ; 


(2) Given a prime number of the form 47+ 1, as 53, to find, by a 
general rule, the two squares of which it is the sum. 


(3) Lvery prime number of the form 3n+1 ts of the form x° + 33", 
45. 1» 13) 19, 31, 37, ele. 

(4) Every prime number of the form 8n+1 or 8n + 3 15 of the form 
ἀπε στ MoT Ty ἀν PO Aly AS ες 

(5) There is no rational right-angled triangle in whole numbers the 
area of which is a square. 

“This will lead to the discovery of many propositions which Bachet 
admits to have been unknown to him and which are wanting in Diophantus. 

‘‘T am persuaded that, when you have become acquainted with my 
method of proof in this kind of proposition, you will think it beautiful, and 
it will enable you to make many new discoveries, for it is necessary, as you 
know, that multi pertranseant ut augeatur scientia | Bacon].” 

Propositions (3) and (4) will be mentioned again, and a full account 
will be given in Section 11. of this Supplement of Fermat’s method, or 
methods, of proving (5). αἱ 

The main theorem now in question that every integral number is the 
sum of four or fewer squares was attacked by Euler in the paper! (1754- 
1755) in which he finally proved the proposition (1) above about primes 
of the form 421 +1; but, though he obtained important results, he did not 
then succeed in completing the proof. Lagrange followed up Euler’s 
results and finally established the proposition in 1770% Euler returned 
to the subject in 1772; he found Lagrange’s proof long and difficult, and 
set himself to simplify it®. 

(The rest of the more general theorem of Fermat quoted above, the 
portion of it, that is, which relates to numbers as the sum of 2] or fewer 
n-gonal numbers, was proved by Cauchy‘*.) 


* Novi Commentarii Acad. Petropol. for 1754-5, Vol. v. (1760), pp. 3-58= Com- 
mentattones arithmeticae collectae, 1849, 1. pp. 210-233. 

2 Nouveaux Mémoires del Acad. Roy. des Sciences de Berlin, année 1770, rae 1772, 
ΡΡ- 123-,33-Ξ Oeuvres de Lagrange, 11. pp. 187-201: cf. Wertheim’s account\in his 
Diophantus, pp. 324-330. 

* “ Novae demonstrationes circa resolutionem numerorum in quadrata,” Acta Erudit. 
Lips. 1773, Pp- 193; Acta Petrop. 1. 11. 1775», p- 48; Comment. arithm. 1. pp: 538-548. 

* Cauchy, ‘‘ Démonstration du théoréme général de Fermat sur les nombres polygones,” 
Oeuvres, 11° Série, Vol. VI. pp. 320-333. See also Legendre, Zahlentheorie, tr. Maser, 
II. pp- 332-343. 
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Under this heading may be added the further proposition that 

“Any number whatever of the form 8n —1 can only be represented as the 
sum of four squares, not only in integers (as others may have seen) but in 
Sractions also, as 1 promise that I will prove?.” 


5. On numbers of the forms x? + a2y*, x? + 3y, x2 + 53 respectively. 


(1) Lvery prime number of the form 8n+1 or 8n+3 is of the form 
xP + 2y?, 

This is one of the theorems enunciated in the letter of 25 Sept., 1654, 
to Pascal? and also in the letter of June, 1658, to Kenelm Digby®. 

[In a paper of 1754 Euler says that he does not yet see his way to 
prove either part of the theorem’. In 1759 he says® he can prove the 
truth of the theorem for a prime number of the form 821 - τ, but not for 
a prime of the form 8+ 3. Later, however, he proved it for prime 
numbers of both forms®. Lagrange’ also proved it for primes of the form 
82 + 3.] 

(2) Lvery prime number of the form 3n+1 ts of the form x? + 3”. 

The theorem is stated in the same two letters to Pascal and Digby 
respectively. 

Lagrange naturally quotes it as ‘‘ All prime numbers of the form 6% +1 
are of the form x? + 37°,” for of course 37 + 1 is not a prime number unless 
m is even. 

The proposition was proved by Euler®. Lagrange proved? (a) that all 
prime numbers of the form 12%—5 are of the form x?+ 37°, (ὁ) that all 
prime numbers of the form 127-1 are of the form 3x°—y*, and (ὦ that 
all prime numbers of the form 12”+1 are of doth the forms x* + 3y’ and 
3", 

(3) Vo number of the form 3n—1 can be of the form x? + 39”. 

In the “Relation des nouvelles découvertes en la science des nombres 
Fermat says that this was one of the negative propositions which he proved 
by his method of descente. 


10) 


1 Letter to Mersenne of Sept. or Oct. 1636, Oeuvres de Fermat, 1. p. 66. 

2 Oeuvres de Fermat, 11. p. 313. 

5. Jbid. 11. p. 402: 

4 “ Specimen de usu observationum in mathesi pura (De numeris formae 2aa + 46)” in 
Novi Commentarii Acad. Petrop. 1756-7, Vol. vi. (1761), pp. 185-230= Comment. 
arithm. 1. pp. 174-192. 

5 Nout Commentariit Acad. Petrop. 1760-1, Vol. vill. (1763), pp. 126-8 = Comment. 
arithm. 1. p. 296. 

6 Commentationes arithmeticae, 11. p. 607. 

7 & Recherches d’Arithmétique ” in Oeuvres de Lagrange, 111. pp. 776, 784- ; 

8 « Supplementum quorundam theorematum arithmeticorum, quae in nonnullis de- 
monstrationibus supponuntur (De numeris formae aa+ 366)” in Mout Comment. Acad. 
Petrop. 1760-1, Vol. VIII. (1763), pp: 105-128 = Comment. arithm. 1. pp. 287-296. 

9 Op. cit., Oeuvres de Lagrange, 111. pp. 784, 791. 

 Ocuvres de Fermat, 11. p. 431. 

18—2 
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(4) Lf two prime numbers ending in etther 3 or 7 which are also of the 
form 4n+ 3 are multiplied together, the product ts of the form x* + 5”. 

This theorem also is enunciated in the letter of June, 1658, to Kenelm 
Digby. Fermat instances 3, 7, 23, 43, 47, 67 etc. as numbers of the kind 
indicated. Take, he says, two of these, eg. 7 and 23. The product 161 
will be the sum of a square and 5 times another square, namely 81 + 5. 16. 

. He admits, however, that he has not yet proved the theorem generally: 
‘“‘T assert that this theorem is true generally, and I am only waiting for 
a proof of it. Moreover the square of each of the said numbers is the sum of 
a square and 5 times another square: this, too, I should like to see proved.” 

Lagrange proved this theorem also’. He observes that the numbers 
described are either of the form 202+ 3 or of the form 207+ 7, and he 
proves that all prime numbers of these forms are. necessarily of the form 
2x°+ 2xy +37. He has then only to prove that the product of two 
numbers of the latter form is of the form «7+ 5)”. 

This is easy, for 


(2x7 + 2xy + 3.9") (2x"? + 2x'y'+ 3 y"") = (20x! + xy’ + yx' + Zyy')l? + 5 (αγ' — yx’). 


6. LMumbers of the forms x*—2y? and 2x*—y". 


Fermat’s way of expressing the fact that a number is of one of these 
forms 15 to say that it is the sum of, or the difference between, the two smaller 
sides, 2.6. the perpendicular sides, of a right-angled triangle. Like Diophantus, 
he ‘‘forms” a rational right-angled triangle from two numbers x, y, taking 
as the three sides the numbers x? + y’, «2 —y®, 2xy respectively. The sum 
therefore of the perpendicular sides is x? + 2xy—y* or (x +y)?— 2», and 
their difference is either x*—2xy—y* or 2xy—(x?— γ᾽), that is, either 
(x—y)?— 27 or )γ -- ( -- »}. 

The main theorem on the subject of numbers of these forms is, as 
a matter of fact, contained, not in a letter of Fermat’s, but in two letters 
of Frénicle to Fermat dated znd August and 6th Sept., 1641, respectively *. 
It is, however, clear (cf. the letter in which Fermat had on 15th June, 1641, 
propounded to Frénicle a problem on such numbers) that the theorem was 
at any rate common property between the two. 

Frénicle’s two statements of the theorem are as follows: 

‘Every prime number of the form 821 +1 is the sum of the two smaller 
sides of a (right-angled) triangle, and every number which is the sum of the 
two smaller sides of a (right-angled) triangle with sides prime το one another 
is of the form 87 + r.” 

‘““Every prime number of the form 8”+1, or which is the product 
of such prime numbers exclusively, is the difference between the two 
smaller sides of an infinite number of primitive right-angled triangles.” 


1 Op. ctt., Oeuvres de Lagrange, 11. pp. 784, 788-9. 
5 Ooi de Fermat, V1. pp. 231, 235. 


THEOREMS AND PROBLEMS BY FERMAT 277 


Lagrange? quotes the theorem in the form 

All prime numbers of the form 8n+1 are-ef the form γῆ = γέ, 

Lagrange himself proves? that all prime numbers of the form 8 — 1 are 
of doth the forms x? -- 2y? and 2x? —y”, and observes? that this theorem is more 
general than that of Fermat so far as prime numbers of the form 8z—1 are 
concerned. ‘This, however, seems scarcely correct if the further explanations 
given by Frénicle are taken into account. For Frénicle shows clearly, 
in the second of the two letters referred to‘, that he was fully alive to 
the fact that numbers which are of the form x? — 2y” are also of the form 
2x*—y?; and indeed it is obvious that he was aware that 

x? — ay?= 2(x + y)?— (x + 27}. 

Lagrange proved in addition® that 

Every prime number of the form 8n+ 1 ts at the same time of the three 
forms x°+ 27, x-—2y, 207-y*. 

This is, I think, really included in Frénicle’s statements when combined 
with Fermat’s theorem (1) above to the effect that every prime number 
of the form 8z+1 1s of the form χϑ + 2y”, 

The problem propounded by Fermat to Frénicle in connexion with the 
numbers now under consideration was :—- 

Given a number, to find tn how many ways it can be the sum of the two 
smaller sides of a right-angled triangle. 

Frénicle replied that this involved also the problem of finding a number 
which will be the sum of the two smaller sides of a nght-angled triangle in 
an assigned number of ways and no more, and tried, but unsuccessfully’®, 
to bring these problems under a rule corresponding to that by which 
Fermat found the number of ways in which a prime number of the form 
4n +1 can be the hypotenuse of a right-angled triangle (see p. 269 above), 
but with a prime number of the form 85,1 Ὁ 1 substituted.for the prime 
number of the form 4z+1. I cannot find that Fermat ever communicated 
his own solution, at all events in the correspondence which we possess. 


SECTION. IT, 


EQUATION x?— Ay?=1. 


History of the equation up to Fermat’s time. 

Fermat was not the first to propound, or even to discover a general 
method of solving, the problem of finding any number of integral values of 
x, y satisfying the above equation, wherein 4 is any integral number not 
a square. But Fermat rediscovered the problem and was perhaps the first 

1 Of. cit., Oeuvres de Lagrange, 111. Ὁ. 778" 2 Ibid. p. 784. 3 Jbid. p. 788. 

4 Ocuvres de Fermat, 11. pp. 235-240. 

5 Op. cit., Oeuvres de Lagrange, U1. Ὁ. 700. 

6 See Oeuvres de Fermat, 11. pp. 231, 238 sqq. 
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to assert that the general solution is always possible whatever be the 
(non-square) value of 4. The equation has a history of over 2000 years, 
and that history, even in outline, requires, as it has now obtained, a book 
to itself’. This note will therefore be confined, practically, to recalling, in 
the briefest possible way, the recorded stages anterior to Fermat, and then 
to setting out somewhat fully the passages in Fermat’s writings which throw 
the most light on his connexion with the subject. 


The Pythagoreans. 
We have seen (p. 117 above) that the Pythagoreans had already 
discovered a general solution of a particular equation of this type, namely 


σὰ eX, 
by which all the successive values of x, y satisfying the equation were 


ascertained. If x=/, y=g satisfies the equation 2x? — y? = +1, they proved 
that the equation 2x?— y?=¥ 1 is satisfied by 


Pi=P+9, δι, Ξ 22) Ὁ, 
the equation 2x?—y?=+1 again by 
Po=At A 92= 221 Ὑ A, 
and so on. As p=1t, g=1 Satisfies 2x?—y?=+1, we have all the suc- 
cessive solutions of 2x?—y?=+1 by forming (71. 4), (fo, ge) etc. in accord- 
ance with the law. 


Archimedes. 

The solution of the above equation by the Pythagoreans was evidently 
used in order to obtain successive approximations to \/2. 

Consequently, when we find Archimedes giving, without explanation, the 
fractions 7$3 and 4°27 as being approximately equal to ,/3, the hypothesis of 
Zeuthen and Tannery that he arrived at these approximations by obtaining 
successive solutions of equations of a similar form, but with 3 substituted 
for 2, is one of the most natural that have been suggested. The equations 
are in this case 

x? — 3)" ΞΙΊ, 
xe 5 3y=-2. 

Tannery shows how the law for forming successive solutions of such 
simple cases as these can easily be found when we have found by trial 
(which is not difficult) the three simplest solutions. If we take the more 
general equation 

x? -—ay=r, 


1 H. Konen, Geschichte der Gleichung t? - Du? =1, Leipzig (S. Hirzel), rgor. 

? Zeuthen, ‘‘ Nogle hypotheser om Arkhimedes kvadratrodsberegning,” 7 tdsskrift for 
Mathematik, v1. Raekke, 3. Aargang, pp. 150 sqq.; P. Tannery, “Sur la mesure du cercle 
d’Archiméde” in Aémotres de la soc. des sciences phys. et nat. de Bordeaux, 115 Sér. ἵν. 
1882, p. 303; see Giinther, ‘‘ Die quadratischen Irrationalititen der Alten und deren 
Entwickelungsmethoden” in Adbhandlungen zur Gesch. der Mathematik, Heft rv. 1882, 
pp. 87-91; Konen, of, cet. p. 15. 


THEOREMS AND PROBLEMS ΒΥ FERMAT 279 


of which x = 2, γ Ξε ῷ is a known solution, and put 


pi = αὐ + Bg, 9: = yp + 89, 
it is sufficient to know the three simplest solutions in order to find a, β, y, 
8; for, substituting the values of (2, 7), (f1; 91) and (22, gz) where (2, 92) 
are formed from (2),, φι) by the same law as (fy, g,) are formed from (2, ¢), 
we have four simultaneous equations in four unknown quantities. ‘Taking 
the particular equation | 
ae eae 

we easily find the first three solutions, namely (f= 1, g=0), (2: = 2, Ζι ΞΞ 1) 
and (f.=7, 7 = 4), whence 


2. ΞΞα, I=y, 


ἡ = 20:46, 4 = 2y+4, 
and ΞΘ y= 1,0 — 2, 0 Chae 


2ιΞ τῇ ὃ 3%, M=Prt 29. 
But there is evidence that Archimedes dealt with much more difficult 
equations of the type, for (as stated above, p. 123) the Cattle-Problem 
attributed to him requires us to solve in positive integers the equation 


x? — 47294949" = I. 

There is this difference between this equation and the simpler ones 
above that, while the first solutions of the latter can be found by trial, 
the simplest solution of this equation cannot, so that some general method, 
e.g. that of continued fractions, is necessary to find even the least solution 
in integers. Whether Archimedes was actually able to solve this particular 
equation is a question on which there is difference of opinion; ‘Tannery 
thought it not impossible, but, as the smallest values of x, y satisfying the 
equation have 46 and 41 digits respectively, we may, with Giinther, feel 
doubt on the subject. There is, however, nothing impossible in the 
supposition that Archimedes was in possession of a general method of 
solving such equations where the numbers involved were not too great for 
manipulation in the Greek numeral notation. 


Diophantus. 
Tannery? was of opinion that Diophantus dealt with the equation 
e—-Ap=!I 
somewhere in the lost Books of the Avithmetica. Diophantus does indeed 
say (Lemma to VI. 15) that, if a, ὁ are any numbers and ax? -- ὦ is a square 
when «x is given a certain value 2, then other values of x greater than 2. can 
also be found which have the same property ; and Tannery points out that 


1 Giinther, of. cit., pp. 92-93 note. Cf. Konen, of. thay po 14: 
2 Tannery, ‘‘L’Arithmétique des Grecs dans Pappus” in Mémoires de la soc. des 
sciences phys. et nat. de Bordeaux, 119 Sér. 11.) 1880, pp- 37° 54: 
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we can, by making suppositions of the same kind as Diophantus makes, 
deduce a more general solution of the equation 
ea AP oat 
when one solution (2, ¢) is known. 
Put Pr=Mx—p, Ζι ξ ἃ ἜΦ, 
and suppose 
21. — Ag) = n?x? — ampx + 25 — Ax? -—2Agx—Ag?=1; 


therefore (since 23 — Ag’ = τ) 
me AS + Ag 
ἘΞ. 


and, by substitution in the expressions for 2), 7;, we have - 


(m? ΟΣ deren & 2mp + (γι ἘΣ 
Eis m?— A A m?— A 


and in fact J? =4¢7=1: | 

If an integral solution is wanted, one way of obtaining it is to substitute 
u/v for m where u?— Av?=1, i.e. where uw, Ὁ is another solution of the 
original equation, and we then have 


2ιξίμ τ Av’) p+2Auvg, g,=2puv + (μδ- Av’) g. 


But this is all that we can get out of Diophantus as we have him, and 
it will be observed that here too we must have ascertained two solutions of 
the one equation, or one solution of it and a solution of an auxiliary equation, 
before we can apply the method}. 


1 It may be observed that, in the particular case of the equation x2-3y?=1, the 
assumption of z, v satisfying the equation will not enable us to obtain from the formula 


Ai= (w+ Av?) p+2Auvg, 9)=2puvt (12+ Av?) Ὁ 
above given the simpler formula otherwise obtained by Tannery (p. 279 above), namely 
Pi=2P +39, M=p+ 293 
for, if (21, 71) is to be a different solution from (2, 7), we cannot make #=1, v=o, but 
must take w~=2, v=1, whence, putting 4 =3, we obtain 
Ai=7P+12, 91=46+79; 
which is the same as 22, ge, the next solution to Jj) =2f+ 39, g1=P + 2. 
In order to get the latter we have to take τέ, v satisfying, not x?-3y?=1, but 


x*—37%= -- 2. 


The values τέξει, v=1 satisfy x?-3y?= -- 2, and 
_(#+ 30") p+ Ouvg _ “2:1 6g _ 
ur — 372 ay — (29 + 39); 
_ 2uup + (4? + 303) _Pt4ag_ f 
τ — 372 at =F. (f+ 29) ; 


and of course 2; = + (29+ 39), g1= +(f+2¢) can be taken, since they equally satisfy 
pr- 392= I., 
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The Indian Solution. 

If the Greeks did not accomplish the general solution of our equation, 
it is all the more extraordinary that we should have such a general solution 
in practical use among the Indians as early as the time of Brahmagupta 
(born 598 a.p.) under the name of the “cyclic method.” Whether this 
method was evolved by the Indians themselves, or was due to Greek 
influence and inspiration, is disputed. Hankel held the former view’; 
Tannery held the latter and showed how, from the Greek manner of 
deducing from one approximation to a surd a nearer approximation, it is 
possible, by simple steps, to pass to the Indian method* The question 
presumably cannot be finally decided unless by the discovery of fresh 
documents; but, so far as the other cases of solution of indeterminate 
equations by the Indians help to suggest a presumption on the subject, 
they are, I think, rather in favour of the hypothesis of ultimate Greek 
origin. Thus the solution of the equation ax — dy =c given by Aryabhata 
(born 476 A.D.) as well as by Brahmagupta and Bhaskara, though it 
anticipated Bachet’s solution which is really equivalent to our method of 
solution -by continued fractions, is an easy development from Euclid’s 
method of finding the greatest common measure or proving by that process 
that two numbers have no common factor (Eucl. vii. 1, 2, X. 2, 3)%, and 
it would be strange if the Greeks had not taken this step. The Indian 
solution of the equation xy = ax + by +<, by the geometrical form in which 
it was clothed, suggests Greek origin‘. 


The ‘‘cyclic method” of solving the equation 
RA τι 


is found in Brahmagupta and Bhaskara® (born 1114 A.D.) and is well 
described by Hankel, Cantor and Konen’. 


The method is given in the form of dogmatic rules, without any proof 
of the assumptions made, but is equivalent to a preliminary lemma followed 
by the solution proper. 


1 Hankel, Zur Geschichte der Math. im Alterthum und Mittelalter, pp. 203-4: 

2 Tannery, ‘‘Sur la mesure du cercle d’Archiméde” in Afém. de la soc. des scvences 
phys. et nat. de Bordeaux, 115 Sér. 1v., 1882, p. 325; cf. Konen, pp. 27-28; Zeuthen, 
‘“‘L?Oeuvre de Paul Tannery comme historien des mathématiques” in Bibliotheca Mathe- 
matica, V13, 1905-6, pp. 271-273. δι 

3 6. R. Kaye, ‘Notes on Indian mathematics, No. 2, Aryabhata” in Journal of the 
Asiatic Society of Bengal, Vol. iv. No. 3, 1908, pp- 135-138. 

4 Cf. the description of the solution in Hankel, p. 199; Cantor, Gesch. d. Math. 13, 
p- 631. 

5 The mathematical chapters in the works of these writers containing the solution in 
question are contained in H. T. Colebrooke’s Algebra with arithmetic and mensuration 
from the Sanskrit of Brahmegupta and Bhaskara, London, 1817. 

6 Hankel, pp. 200-203; Cantor, Jg, pp- 632-633; Konen, of. cét., pp. 19-26. 
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Lemma. 
If x=, y=g bea solution of the equation 
AP + S= τ" 
and x=/’, y=g' a solution of the equation 
Ay as S00) 
then, say the Indians, « = 22, + Aggq’, y =pg' + 2,9 1s a solution of the equation 


Ay Ess =x. 
In other words, if 


Agtis=f” 
Ag’ +s =p? ἐξ 
then A (pq +79) + 55’ =(pp' + Aggy. 


This is easily verified’. 
In particular, taking s=s’, we find, from any solution x=/, y=g of 


the equation 
Ay τύ =x", 


a solution x = 7? + Ag’, y= 2Ξφ of the equation 
Pe ae ea Oo 
Again, particular use of the lemma can be made when s=+1 or s=+2. 
(2) Jis=+1,4nd x=, y=¢ is a‘solution of 
Ay hrs, 
then x= 7°? + Ag’, y = 2f¢ is another solution of the same equation. 
lfs=—1, and x=, y=7 18 a solution of ᾿ς 
Ava Tae 
then x = 77+ Ag’, y = 2f¢ is a solution of 
Ay Pai, 
(6) Ifs=+2, and x=, y=q is a solution of 
Ay + 2=x", 
then x= 7° + Ag’, y= 2f¢ is a solution of 
AY +a =x". 
In this case, since 2g is even, the whole result when the values of 
x, y are substituted must be divisible by 4, and we have x = (22: Ag’), 
y = pq as a solution of the equation 


Aye ta 


1 For, since s=Z? - Aq?, s’=p'2 — Aq’?, 
ss'=( p? — Ag?) (p2 — Aq’) 
=( pp’)? + (Agq')? — A ( £9’)? - A ( '9)? 
= {(p0')? = 2App'9q' + (Agg’)?} — A {(p9')? = 2pp'¢q' + (2'9)?} 
= ( pp’ + Aqq')? — A ( pg’ +p'¢)?. 
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Solution proper of the equation x?— Ay’ =1. 

We take two numbers prime to one another, 2, 7, and a third number s 
with no square factor, such that 

Ag’ +s =p’, 
the numbers being also chosen (in order to abbreviate the solution) such 
that s is as small as possible, though this is not absolutely necessary. 
(This is a purely empirical matter; we have only to take a rough ap- 
proximation to ,/A in the form of a fraction 2|Φ.) 

[It follows that s, g can have no common factor ; for, if δ were a 
-common factor of s, g, it would also be a factor of 25, and 25, g? would have 
a common factor. But 2, g are prime to one another. | 

Now find a number ~ such that 


9, = .2 ΜΗ is a whole number. 


[This would be done by the Indian method called cuffaca (“ pulveriser ἢ), 
corresponding to our method by continued fractions. | 

Of the possible values of ~ a value is taken which will make 7*- 4 
as small as possible. 

Now, say the Indians, we shall have: 


Sat is an integral number, 


EER S 
and Ags + 5 (Ὁ ") = py. 


(Again the proofs are not given; they are however supplied by Hankel’.) 


1 Since yee a is an integral number, all the letters in gis=f+g7 represent 
integers. 
Further, s=p?- Aq?; 


therefore, eliminating s, we have 
gi (p?- Ag’) =p +97, 
or 2(2φι - 1)=9 (7 + A991). 
Since 2, g have no common factor, g must divide fg; — τ ; that is, 


Pn! 
g 


=an integer. 


We have next to prove that s;=(72 -- 4)/s is an integer. 


2 wy gqi2s® — 2f915 +5 


ao ae 
Now v2—A = {ns S τ Mig » since ὑπ ὦ -“φ: 


σΣ(σιἢς -- 2691 Ὁ τὴ 
φ' 
and, since s, g have no common factor, it follows that 
gis — 2pqiti PO 75 | 
g? Wes 
»-4. gys—rpgitt _ gi?(p2- Ag?) -ῤφιε τ (2φι- τὰ 49 
a = 92 ἘΠ φ2 - 7 Y1"- 


therefore is an integer, 


is an integer. 
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We have therefore satisfied a new equation of the same form as that 
originally taken". 

We proceed in this way, obtaining fresh results of this kind, until we 
arrive at one in which s=+1 or + 2 or +4, when, by means of the lemma, 
we obtain a solution of 

Ay eae 

Example. ‘To solve the equation 67y? + 1 = 2”. 

Since 8? is the nearest square to 67, we take as our first auxiliary equation ~ 
672 Ὁ τοῦ Ξ 8. sothat p= ὃ, 91,0 — 4. 


Thus g,=- ae We put γ- 7, which makes g, an integer and at the 


2 -- 

same time makes s, = -- 1.5] = 6 as small as possible. 

Thus φι Ξ- --ῦ, 21-- (2Φι -- τ) 9 -- -- 41, 
and we have satisfied the new equation 

O7.5°+6= 49" 

Next we take g,= ὅτ 9 , and we put 5. Ξ πὸ giving g,=11; thus 

rs — 6 
a aed =—7, and p,=( 2,92 — 1)/9, = 90, and 

67 ATL) = 700. 
Next φ, -Ξ- -- rae and we put 7) = ὃ; giving g,=— 27 ; therefore 
γι -- 6 --ρο. 27 --1 
oe το ἈΞ 9 = =— 22%, and 


67 2} 2 = (300), 
As we have now brought our s down to 2, we can use the lemma, and 
OP) 27 e228) a= (220 677), 
or 67 (11934)? + 4 = (97684); 
therefore, dividing by 4, we have 
67 (5967)? + 1 = (48842)? 
Of this Indian method Hankel says, “It is above all praise; it is 
certainly the finest thing which was achieved in the theory of numbers 


1 Hankel conjectures that the Indian method may have been evolved somewhat in 
this way. 
If 49?+s5=f? is given, and if we put 4g”+5’=f”, then 
A (pq -2.4)}5 +55 =( pp’ -- Aggy’). 
Now suppose 7’, g’ to be determined as whole numbers from the equation fy’ - f’g=1, 
and let the resulting integral value of 22’ — Agg’ be +. 
Then 4 +55’=7%, and accordingly 72— 4d must be divisible by s, or s’=(A -- 7%)/s is 
a whole number. 
Eliminating 2’ from the two equations in 7’, g', we obtain: 
ψ- (2: Ἐφ») (22-- Ag?)=(p+ar)Is, 
and, as stated in the rule, ~ has therefore to be so chosen that (f+97)/s is an integer. 
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before Lagrange” ; and, although this may seem an exaggeration when we 
think of the extraordinary achievements of a Fermat, it is true that the 
Indian method is, remarkably enough, the same as that which was redis- 
covered and expounded by Lagrange in his memoir of 1768’. Nothing is 
wanting to the cyclic method except the proof that it will in every case 
lead to the desired result whenever 4 is a number which is not a square ; 
and it was this proof which Lagrange first supplied. 


Fermat. 


As we have already said, Fermat rediscovered our problem and was 

the first to assert that the equation 

LP Ay ΞῈ, 
where 4 is any integer not a square, always has an unlimited number 
of solutions in integers. 

His statement was made in a letter to Frénicle of February, 1657”. 
Fermat asks Frénicle for a general rule for finding, when any number not a 
square ts given, squares which, when they are respectively multiplied by the 
given number and unity 1s added to the product, give squares. If, says 
Fermat, Frénicle cannot give a general rule, will he give the smallest value 
of y which will’ satisfy the equations 61y?+ 1 = x? and 1ogy* + 1 =x" ῥ᾽ 

At the same time Fermat issued a challenge to the same effect to 
mathematicians in general, prefacing it by some remarks which are worth 
quoting in full’, | 

“There is hardly any one who propounds purely arithmetical questions, 
hardly any one who understands them. Is this due to the fact that up to 
now arithmetic has been treated geometrically rather than arithmetically? 
This has indeed generally been the case both in ancient and modern 
works; even Diophantus is an instance. For, although he has freed 
himself from geometry a little more than others have in that he confines 
his analysis to the consideration of rational numbers, yet even there 
geometry is not entirely absent, as is sufficiently proved by the Ze/etica 
of Vieta, where the method of Diophantus is extended to continuous 
magnitude and therefore to geometry. 

“Now arithmetic has, so to speak, a special domain of its own, the 
theory of integral numbers. ‘This was only lightly touched upon by Euclid: 
in his Elements, and was not sufficiently studied by those who followed 
him (unless, perchance, it is contained in those Books of Diophantus of 

1 “Sur la solution des. problémes indéterminés du second degré” in ALémozres de 
Acad. Royale des Sciences et Belles-Lettres de Berlin, t. XXII. 1769 (= Oeuvres de 
Lagrange, 11. pp. 377 sqq-). The comparison between Lagrange’s procedure and the 
Indian is given by Konen, pp. 75-77: 

2 Oeuvres de Fermat, 11. pp. 333-4: 

3 Fermat evidently chose these cases for their difficulty ; the smallest values satisfying 
the first equation are y= 226153980, += 1766319049, and the smallest values satisfying 
the second are y= 15140424455100, V= 15807067 1986249. 

4 Oeuvres de Fermat, 11. pp- 334-5: 
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which the ravages of time have robbed us); arithmeticians have therefore 
now to develop it or restore it. 

““T’o arithmeticians therefore, by way of lighting up the toad to be 
followed, I propose the following theorem to be proved or problem to 
be solved. If they succeed in discovering the proof or solution, they will 
admit that questions of this kind are not inferior to the more celebrated 
questions in geometry in respect of beauty, difficulty or method of proof. 

“ Given any number whatever which ts not a square, there are also given 
an infinite number of squares such that, 70 the square 1s multiplied into the 
given number and unity ts added to the product, the result ts a square. 

“Example. Let 3, which is not a square, be the given number; when 
it is multiplied into the square 1, and 1 is added to the product, the result 
is 4, being a square. 

“The same 3 multiplied by the square 16 gives a product which, if 
increased by 1, becomes 49, a square. 

‘‘And an infinite number of squares besides 1 and 16 can be found 
which have the same property. 

‘But I ask for a general rule of solution when any number not a square 
is given. 
“εις let it be required to find a square such that, if the product of the 
square and the number 149, or τοῦ, or 433 etc. be increased by 1, the 
result is a square.” 

The challenge was taken up in England by William, Viscount Brouncker, 
first President of the Royal Society, and Wallis’, At first, owing apparently 
to some misunderstanding, they thought that only rational, and not neces- 
sarily integral, solutions were wanted, and found of course no difficulty in 
solving this easy problem. Fermat was, naturally, not satisfied with this 
solution, and Brouncker, attacking the problem again, finally succeeded in 
solving it. The method is set out in letters of Wallis? of 17th December, 
1657, and 30th January, 1658, and in Chapter xcvitl. of Wallis’ Algebra ; 
Euler also explains it fully in his 4/gebra*, wrongly attributing it to Pell*. 


* An excellent summary of the whole story is given in Wertheim’s paper ‘‘ Pierre 
Fermat’s Streit mit John Wallis” in Abhandlungen zur Gesch. der Math. 1x. Heft 
(Cantor-Festschrift), 1899, pp. 557-576. See also Konen, pp. 29-43. 

ἢ Oeuvres de Fermat, 111. pp. 457-480, 490-503. Wallis gives the solution of each 
of the three difficult cases last mentioned. 

® Euler, Algebra, Part 11. chap. VII. 

* This was the origin of the erroneous description of our equation as the ““ Pellian ” 
equation. Hankel (p. 203) supposed that the equation was so called because the solution 
was reproduced by Pell in an English translation (1668) by Thomas Brancker of Rahn’s 
Algebra; but this is a misapprehension, as the so-called ‘‘ Pellian” equation is not so 
much as mentioned in Pell’s additions (Wertheim in Bzb/otheca Mathematica, 1118. 
1902, pp. 124-6; Konen, pp. 33-4 note). The attribution of the solution to Pell was a 
pure mistake of Euler’s, probably due to a cursory reading by him of the second volume 
of Wallis’ Ofera where the solution of the equation ax? + 1=y? is given as well as informa- 
tion as to Pell’s work in indeterminate analysis. But Pell is not mentioned in connexion 
with the equation at all (Enestrém in Bib/iotheca Mathematica, 1113, 1902, p. 206). 
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Fermat appears to have been satisfied with the actual solution’, but 
later he points out that, although Frénicle and Wallis had given many 
particular solutions, they had not supplied a general proof? (2.6. presumably 
that the solution is always possible and that the method will always lead 
to the solution sought for). He says, “1 prove it by the method of 
descente applied in a quite special manner....The general demonstration 
will be found by means of the descente duly and appropriately applied.” 

Further on, Fermat says he has discovered ‘‘ general rules for solving 
the simple and double equations of Diophantus.” 

“Suppose, for example, that we have to make 


2x* +7967 equal to a square. 


“TI have a general rule for solving this equation, if it is possible, or 
discovering its impossibility, and similarly in all cases and for all values 
of the coefficient of x* and of the absolute term. 6 0 

‘« Suppose we have to solve the double-equation 

2x + 3 =square 
5.8 ae ῈΞ ae 

‘“‘Bachet boasts, in his commentary on Diophantus*, of having dis- 
covered a rule for solving in two particular cases; I make it general for 
all kinds of cases and can determine, by rule, whether it is possible or ποῖ" 

Thus Fermat asserts that he can solve, when it is possible to solve 
it, and can determine, by a general method, whether it is possible or 
impossible to solve, for any particular values of the constants, the more 
general equation 

xv— Ay=B. 

This more general equation was of course solved by Lagrange. How 

Fermat solved it we do not know. It is true that he has sometimes been 


1 Letter of June, 1658, to Kenelm Digby, Oeuvres de Fermat, 11. p. 402. 

2 ‘Relation des nouvelles découvertes en la science des nombres,” Oeuvres, 11. p- 433+ 

3 See on Diophantus iv. 39, and above, pp. 80-82. ; 

4 With this should be compared Fermat’s note on Dioph. Iv. 39, where he says, 
similarly : 

‘¢ Suppose, if you will, that the double-equation to be solved is 

2.x + 5 =square 
6x + 3 =square : 

‘The first square must be made equal to 16 and the second to 36; and others will be 
found ad infinitum satisfying the question. Nor is it difficult to propound a general rule 
for the solution of this kind of question.” 

No doubt the double-equation in this case, as in the others referred to in the ‘‘Relation,” 
would be transformed into the single equation 

t2- Ατῶτε 8 
by eliminating x. I think this shows how Fermat was led to investigate our equation: 
a question which seems to have puzzled Konen (p. 29), in view of the fact that the actual 
equation is not mentioned in the notes to Diophantus. The comparison of the two places 
seems to make the matter clear. For example, the two equations mentioned above in 
this note lead to the equation ¢?-3%2=-12, and the solution ‘=6, “=4 is easily 
obtained. 
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credited with the very same solution of the equation x?— Ay’=1 as that 
given by Brouncker and Wallis; but this idea seems to be based on a 
misapprehension of a sentence in Ozanam’s Algebra (1702). Ozanam 
gives the Brouncker-Wallis solution as “une régle générale pour résoudre 
cette question, qui est de M. de Fermat”; and possibly the ambiguity 
of the reference of ‘‘qui” may have misled Lagrange and others into 
supposing that the ‘“‘régle” was due to Fermat. 

For the history of the equation after Fermat’s time I must refer to 
other works and particularly that of Konen’. Euler, Lagrange, Gauss, 
Jacobi, Dirichlet, Kronecker are the great names associated with it. I 
will only add a few particulars with regard to Euler? as coming nearest 
to Fermat. : 

In a letter to Goldbach® of roth August, 1730, Euler mentions that he 
requires the solution of the equation x?— Ay?=1 in order to make 
ax? +bx+ca complete square. He goes on to observe that the problem 
of solving x*— Ay?=1 in integers was discussed between Wallis and 
Fermat and that the solution (which he already attributes to Pell) was 
set out in Wallis’ Opera. ‘There is an indication in this very passage that 
Euler had then only read the Brouncker-Wallis correspondence cursorily, 
for he speaks of the equation 109)?+1=.? as being the most difficult 
case solved by them, whereas the most difficult examples actually solved 
δ 6. 2429), 7 Ξὰ and 3137° +1 Ξ 

A paper of a year or two later? contained the proof that the evolution 
of successive solutions of ax?+ dx +¢=y? when one is known requires that 
one solution of a&+1=7" must also be known. Similarly, in his Algebra*, 
he shows that the solution of the latter equation is necessary for finding all 
the possible solutions of the equation ax?+6=y°, the importance of which 
remark is emphasised by Lagrange®. | 

In’ the paper quoted in the last paragraph Euler finds any number 
of successive solutions of ax?+ dx+c¢c= 7", and the law for forming them, 
when we are given one value 2 of x which will make ax?+dx+c¢ a 
complete square and one value 2 of € which will make aé* + 1 a complete 
square, or, in other words, when an? +d2+c=m and af?+1=¢%. He 
then takes the particular case ax? + dx+d*= 7" where (since x=0, y=d 
satisfies the equation) we can substitute o for ~ and 4 for m in the 
expressions representing the successive solutions of ax? +dx+c=y. Then 
again, putting =o and d=1, he is in a position to write down any 

* Konen, of. cit.; cf. Cantor’s Geschichte der Mathematik, 1v. Abschnitt xx., as 
regards Euler and Lagrange. 

2 Cf. Konen, of. cit. pp. 47-58. 

ὃ Correspondance mathématique et physique de quelques célebres géometres du XVIlieme 
siecle, publi€e par P. H. Fuss, Pétersbourg, 1843, I. p. 37. 

* “De solutione problematum Diophanteorum per numeros integros” in Commentarit 
Acad, Petropol. 1732-3, VI. (1738), pp. 175 sqq.= Commentationes arithm. 1. pp. 4-10. 


5 Algebra, Part 11. ch, VI. 
6 Additions to Euler’s Algebra, ch. VIII. 
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number of successive solutions of aé?+1=7? when one solution ἔ -- 2, 
ἡ Ξε ῷ 1s known. The successive values of ¢ are 


0, 2, 22, 42" -- 2, “ἘΝ 


and the corresponding values of 7 are 


I, 9; 27) — I, ac 39) --- 
the law of formation being in each case that, if 4, B be consecutive values 
in either series, the next following is 2gB — A. 

The question then arises how to find the first values 2, g which will 
satisfy the equation. Euler first points out that, when @ has one of many 
particular forms, values of 2, g can at once be written down which satisfy 
the equation. The following are such cases with the obvious values of 
2 and ¢. 

a πος Yoel ee -ς 
4=F 5; p26) is 24 ΤᾺ; 
Ga wet ae pase, ΖΞ Εἰ 
(where a may even be fractional provided ae?-? is an integer), 
a = (ae? + Ber) + 200 + 2B; p=e, gaae't + Bet! +1, 
=the tae. pak, g=taheh + tr. 

But, if @ cannot be put into such forms as the above, then the method 
explained by Wallis must be used. Euler illustrates by finding the least 
values 2, g which will satisfy the equation 31€?+ 1 =7%, and then adds a 
table of the least solutions of the equation aé&+1-= 7° for all values of 
a (which are not squares) from 2 to 68. 

The important remark follows (§ 18) that the above procedure at once 
gives a very easy way of finding closer and closer approximations to the 
value of any surd ,/a. For, since af? + 1 =’, we have ,/a= ,/(g?— 1), 
and, if g (and therefore 2 also) is large, g/f is a close approximation to ,/a; 
the error is not greater than 1/(2f*,/a). Euler illustrates by taking ,/6. 
The first solution of 62 -+1=7/7 (after é=0,4—1)is¢=2,g—5, Taking 
then the series of values above given for a€? + 1 = 7”, namely 

ΞΟ)» 20g) 407° = py 02 A, -B, 2g =A; 
WET ἡ, 2 HA AP Hg 2, SF, eg -- £, 
and substituting = 2, g=5, the successive corresponding values P, Q 
of & ἡ respectively become 
P= 0, 2, 20, 198, 1960, 19402, 192000, 1901 TOS, -<. 
Q=1, 5, 49, 485, 4801, 47525, 479449, 4656965, ... 


and the successive values Q// are closer and closer approximations to ,/6. 
It will be observed that the method of obtaining successive approximations 


H. D. 19g 
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to ,/a from successive solutions of a?+1 =" is the same as that which, 
according to the hypothesis of Zeuthen and Tannery, Archimedes used in 
order to find his approximations to ,/3. 


The converse process of finding successive solutions of ag? + 1 = 7” by 
developing ,/a as a continued fraction did not apparently occur to Euler 
till later. In two letters' to Goldbach of 4th Sept. 1753 and 23rd Sept. 
1755 he speaks of a “certain” method and of improvements which. he had 
made in the “ Pellian” method but gives no details. His next paper on 
the same subject? returns to the problem of finding all the solutions of 
ax? +bx+c=y or ax?+b=y" when one is known, and in the course of 
his discussion of the latter he arrives at “the following remarkable theorem 
which contains within it the foundation of higher solutions. 


“Tf Lay = ὦ satisfies ax? +p =e, 
and C= 0; pom Sashes og ΞΕ." 
then x =bctad, y = bd + aac satisfies ax® + pg = y”.” 


That is to say, Euler rediscovers and recognises the importance of the 
lemma to the Indian solution, as Lagrange did later. 

More important is the paper of about three years later* in which Euler 
obtained the solution of the equation a*— Ay?=1 by the process of con- 
verting ,/A into a continued fraction, this course being the reverse of that 
which was, according to the’ hypothesis of Tannery and Zeuthen, followed 
by Archimedes, and to the feasibility of which Euler had called attention 
in 1732-3. He begins by stating, without proof, that, if g?=/~?+ 1, then 
g/p is an approximation to ,//, and g// is ‘“‘such a fraction as expresses 
the value of ,// so nearly or exceeds it so little that a closer approxtmation 
cannot be made except by bringing in greater numbers.” Next he develops 
certain particular surds, namely ,/(13), ./(61) and ,/(67), after which he 
states the process generally thus. If ./z be the given surd and 7 the root 
of the greatest integral square which is less than z, the process will give 


the successive quotients a, J, 4, d, being found by means of the process 
shown in the following table: 


1 Correspondance etc., ed. Fuss, pp. 614 sq., 629 sq. 

2 “De resolutione formularum quadraticarum indeterminatarum per numeros integros” 
in Movt Commentarit Acad. Petr. opol.’ 1762-3, IX. (1704), pp. 3 sqq. = Commentat. arithn. 
I. pp. 297-315- 

* “De usu novi algorithmi in problemate Peltiend solvendo” in Mov Commentarii 
Acad, Petropol. 1765, X1. (1767), pp. 28-66 = Commentat. arithm. 1. pp. 316-336. The 
paper seems to have been read as early as 15 Oct. 1756. 
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Take and It follows that 
Il Az=v | aaz-A2¥=s-y72 | ag tt 
Il.’ A=aa-A ἐμ ZENE PP . 1s 
τ Ὁ ἢ y= -ατὸκ5- ) ἘΞ τα 
IV. D=yc-C δεότ 7 =pte(C-D) ¢g2t2 
V. £=8d-D ex 5 - γε 4.2- 2) 55:5 
Εἴ; etc 


(This is of course exactly the process given in text-books of Algebra, 
e.g. Todhunter’s. ) 

Euler now remarks as follows. 

1. Thenumbers 4, 23, C, D... cannot exceed v; the first, 4, is equal 
to Ὁ; since a Ξ (5. A)/a, aa— A= B Sv, and so on. | 

2. Unless where one of the numbers a, β, y, 8... is equal to unity, 
none of the corresponding quotients a, ὦ, ὦ, d... can exceed v. 


3. When wearrive at a quotient equal to 2v, the next quotients will be 
a, b, ῳ d@... in the same order. 


4. Similar periods occur with the letters a, B, y, ὃ... and the term 
of this series corresponding to a quotient 20 is always 1. 

The successive convergents to the continued fraction are then investi- 
gated and it is shown that, for successive convergents g/f beginning 
with o/1, 
μ φ' —2sp?=—a, +B, --γ, τ δ, -- ε etc..in order. 

It follows that the problem is solved whenever one of the. terms with a 
positive-sign, B, 8, Κα etc., becomes 1. as 

Since unity for one of the terms a, B, y, ὃ corresponds to the quotient 
20, and each fresh period begins with 20, the first period will produce 
a convergent g/f such that φῇ — z#?=+1, and the negative sign will apply 
if the number of quotients constituting the period is odd, while the positive 
sign will apply if the number of quotients is even. In the latter case we 
have a solution of our equation at once; if, however, φῦ -- 22’ ΞΞ -- τ, we 
must go on to the end of the second period in order to get an even number 
of quotients and so satisfy the equation g’—2f’=+1. Or, says Euler, 
instead of going on and completing the second period, we can satisfy 
the latter equation more easily thus. 


Suppose φ5 -- sp” =—1, and assume 
p =2pq, J = 29° +1. 
Then 4 — sp =4gi t+ 4g? + ΤΆΣ 


=1+497(¢°—2f* +1) 
= 1. 
19--2 
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[This last derivation of a solution of y?—zx*=1 from a known solution 
of y? — zx? = —1 is of course the same as the Indian method of doing the 
same thing, for they assumed 7’ = 249, φ' = 9? + 22°, and g’ + f° =9°+(¢? + 1).] 

We thus see that in Euler’s method there is everything necessary to the 
complete solution of our equation except the proof that it must always lead 
to the desired result. Unless it is proved that the quotient 2v will actually 
occur in the development of the continued fraction in every case, we cannot 
be sure that the equation has any solution except x=0, y= 1. 

I cannot, I think, do better than conclude by a quotation from 
H. J. 5. Smith’, the first part of which is well known’. ‘ Euler observed 
that [if 7?- DU*=1] 7/U 15 itself necessarily a convergent to the value 
of ,/D, so that to obtain the numbers Z' and JU it suffices to develop ,/D 
as a continued fraction. It is singular, however, that it never seems to 
have occurred to him that, to complete the theory of the problem, it was 
necessary to demonstrate that the equation is always resoluble and that 
all its solutions are given by the development of /D. His memoir 
contains all the elements necessary to the demonstration, but here, as 
in some other instances, Euler is satisfied with an induction which does 
not amount to a rigorous proof. The first admissible proof of the re- 
solubility of the equation was given by Lagrange in the AZélanges de la 
Société de Turin, Vol. iv. p. 41°. He there shows that in the development 
of ,/D we shall obtain an infinite number of solutions of some equation of 
the form 7?—-DU?=A and that, by multiplying together a sufficient 
number of these equations, we can deduce solutions of the equation 
T?—DU*=1. But the simpler demonstration of its solubility which 
is now to be found in most books on algebra, and which depends on 
the completion of the theory (left unfinished by Euler) of the development 
of a quadratic surd as a continued fraction, was first given by Lagrange 
in the Aiist. de PAcadémie de Berlin for 1767 and 1768, Vol. ΧΙ, p. 272, 
and Vol. xxiv. p. 2364, and, in a simpler form, in the Additions to Euler’s 
Algebra’, Art.-39.” 


1 “*Report on the Theory of Numbers, Part 111.,” British Association Reports for 1861, 
London, 1862, p. 315= Collected Works, Vol. 1., Oxford, 1894, p. 192. 

2 It is given in Cantor, Gesch. d. Math. 1V. 1908, p. 159, and referred to by Konen, 
op. cit. p. 51: 

- § Solution d’un probléme d’Arithmétique,” finished at Berlin on 20th Sept. 1768 
and published in Miscellanea Taurinensia, 1v. 1766-1769= Ocuvres de Lagrange, 1. 
pp- 671-731. 

4 The references are: ‘‘Sur la solution des problémes indéterminés du second degré,” 
read 24th Nov. 1768 and published in the A/émozres de 4 Académie Royale des Sctences 
et Belles-lettres de Berlin, Vol. XX111., 1769, pp. 165-310= Oeuvres de Lagrange, 11. 
ΡΡ. 377-5353 ‘‘ Nouvelle méthode pour résoudre les problémes indéterminés en nombres 
entiers,” read 21st June, 1770, and published in AZémotres de l’ Académie Royale des 
Sctences et Belles-lettres de Berlin, Vol. XX1V., 1770, pp. 181-256= Oeuvres de Lagrange, 
II. pp. 655-726. 

5 The Additions of Lagrange were first printed as an appendix to Z/énens a’ Algibre 
par M. 2. Euler traduits de allemand, Vol. 11., Lyons, 17743 second edition, Paris, 
1798 ; they were thence incorporated in Oeuvres de Lagrange, VU. pp. 158 sqq. 
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SECTION III. 
THEOREMS AND PROBLEMS ON RATIONAL RIGHT-ANGLED TRIANGLES. 


1. On No. 20 of the problems about right-angled triangles added 
by Bachet to Book vi. (“To find a right-angled triangle such that its 
area is equal to a given number”) Fermat has a note which shall be 
quoted in full, not only for the sake of the famous theorem enunciated 
in it, but because, exceptionally, it indicates the lines on which his proof 
of the theorem proceeded. 

“ΤῊΣ area of a right-angled triangle the sides of which 
are rational numbers cannot be a square number. 

“This proposition, which is my own discovery, I have at length 
succeeded in proving, though not without much labour and hard thinking. 
I give the proof here, as this method will enable extraordinary develop- 
ments to be made in the theory of numbers. 

“Tf the area of a right-angled triangle were a square, there would exist 
two biquadrates the difference of which would be a square number. Con- 
sequently there would exist two sguare numbers the sum and difference of 
which would both be squares. ‘Therefore we should have a square number 
which would be equal to the sum of a square and the double of another 
square, while the squares of which this sum is made up would themselves 
[¢.e. taken once each] have a square number for their sum. But if a square 
is made up of a square and the double of another square, its side, as I can 
very easily prove, is also similarly made up of a square and the double of 
another square. From this we conclude that the said side is the sum of the 
sides about the right angle in a right-angled triangle, and that the simple 
square contained in the sum is the base and the double of the other square 
the perpendicular. 

“This right-angled tnangle will thus be formed from two squares, 
the sum and the difference of which will be squares. But both these 
squares can be shown to be smaller than the squares originally assumed 
to be such that both their sum and their difference are squares. Thus, 
if there exist two squares such that their sum and difference are both 
squares, there will also exist two other integer squares which have the same 
property but have a smaller sum. By the same reasoning we find a sum 
still smaller than that last found, and we can go on ad injinitum finding 
integer square numbers smaller and smaller which have the same property. 
This is, however, impossible because there cannot be an infinite series 
of numbers smaller than any given integer we please.—The margin is too 
small to enable me to give the proof completely and with all detail. 

‘‘By means of these considerations 1 have also discovered and proved 
that 2o triangular number except 1 can be a biquadrate.” 
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As Wertheim says, it may have been by following out the indications 
thus given by Fermat that Euler succeeded in proving the propositions 
that χα -- γ' and x*+ γ' cannot be squares, as well as a number of other 
theorems connected therewith (Commentationes arithmeticae collectae, 1. 
pp.. 24 sqq.; Algebra, Part u. Chapter x1u.). 


Zeuthen! suggests a method of filling out Fermat’s argument, thus. 
The sides of a rational right-angled triangle can be expressed as 
G4, 9, 25}. 

As a common factor in the sides would appear as a square in the 
number representing the area, we can neglect such a factor, and assume 
that «?— y? and therefore also x + y and x—y are odd numbers and that 
x, y are prime to one another, so that x, y, x+y, x—y are all Dale to 
one another. 

We have now to test the assumption that the area of the triangle 
ay (% — y) (5 +) 
is a square. If so, the separate factors must be squares, or 
| 1 Ξ ΞΖ: 
Go ap aa 
(“There would exist two biquadrates the difference of which [ed — a4] would 


bea square, and Sis hale there would extst two Sees the sum and adiffer- 
ence of which [μὴ + v", u* — Ὁ] would both be squares,” Fermat.). 


~ From the last two equations we obtain he 


| i Pane =P 0) 
(We should have a square number which would be equal to the sum 
of a square and the double of another square | p= χοῦ + 9°,” F ermat.) 


Now 2 τ and p—g are both even numbers because, on the above 
assumptions, ~” and σὴ are both odd; but they cannot have any other 
common factor except 2, since zw? and τῇ are prime to one another. It 
‘follows therefore from the last equation that 


2m n 


φερε, p-9={" 


. where 21 is an even number. 


2m’ 


We obtain, therefore, 
os Wa : τς, (m0)? + (2 : 
2 


στιν Ses ? n° af Oe te 
The whole numbers 7? and ς are therefore sides of a new right-angled 


2,,2 


triangle with the square area 


1 Zeuthen, Geschichte der Mathematik im Xvi. und ΧΝΤΙ. Jahrhundert, 1903, p. 163. 
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(“ If a square is made up of a square and the double of another square 
[2 = 20° + g’], its side is, as I can very easily prove, also made up of a 


2 
square and the double of another square | pam t+ 2(=) ] . From this we 


conclude that the said side is the sum of the sides about the right angle 
in a right-angled triangle, the square [7m] being the base and the double of 


2 
the other square [2 (=) ] the perpendicular,” Fermat.) 


That the sides of the new triangle are less than those of the original 
triangle is clear from the fact that the square on its hypotenuse x? or 
x 1s a factor of one of the perpendicular sides of the original triangle’. 

As now an infinite series of diminishing positive whole numbers is 
impossible, the original assumption from which we started is also impossible. 

It will be observed, as Zeuthen says, that the proof includes also the 
proof of the fact that «*—v* cannot be a square and therefore cannot be 
a fourth power, from which it follows that the equation τ =v + τοῦ cannot 
be solved in whole numbers, and consequently cannot be solved in rational 
numbers either. 


The history of this theorem would not be complete without an account 
of a ‘‘proof originating with Fermat” which Wertheim has reproduced?. 
In the small paper of Fermat’s entitled ‘‘ Relation des nouvelles découvertes 
en la science des nombres*” containing a statement of his method 
of “diminution without limit” (descente infinie or indéfinie) and of a 
number of theorems which he proved by means of it, there is a remark 
that he had sent to Carcavi and Frénicle some proofs based on this — 
method. And, sure enough, Frénicle gives a proof by this method of 
the theorem now in question in his “ Traité des triangles rectangles en 
nombres*.” Wertheim accordingly concludes that we have here a proof 
of Fermat’s. A short explanation is necessary before we come to Frénicle’s 
proof. 

We obtain a right-angled triangle z, x, y in rational numbers (2? = x? + y’) 
if, a, ὁ being any integers and a>4, we put 

=F EOL =O =f, = 200. 
If a is prime to 4 and one of these numbers is even, the other odd, then 
it is easily shown that the greatest common measure of x, y, 2 Is I. 

In the right-angled triangle a? — 4? and 2ad are the perpendicular sides, 


1 Zeuthen’s inference at this point diverges slightly in form from what we actually find 
in Fermat’s own statement of his argument. Fermat does not actually say that the new 
right-angled triangle is a triangle in smaller numbers than the original triangle and with 
the same assumed property, but that its formation gives us two new square numbers the | 
sum and difference of which are squares, and which are smaller than the two squares 
originally assumed to have this property. 

2 Zeitschrift fiir Math. u. Physik, hist. litt. Abtheilung xLiv. 1899, pp. 4-6. 

3 Oeuvres de Fermat, Vol. 11. pp. 431-6. 

4 Mémotres de ? Académie Royale des Sciences, V., Paris, 1729, pp. 83-166. 
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and (a?— 65) αὖ is the area. a, ὁ are called the generating numbers (the 
numbers from which the triangle is formed) and if ἃ is prime to 4, and one 
of them is odd and the other even, so that x, y, z have no common factor 
except 1, the triangle is called a primitive triangle. 

If (a*— 6°) ad is the area of a primitive right-angled triangle—and it 
is enough to prove the proposition for such—each of the three numbers 
a — 6", a, ὁ is prime to the other two. If, then, the product is a square 
number, each of the three factors must be square, and in that case a?— ὁ 
will be the difference between two fourth powers. The theorems 

(1) the area of a right-angled triangle in rational numbers cannot be 
a square number, and 

(2) the difference of two fourth powers cannot be a square, 
accordingly state essentially the same fact. 

The proof which Frénicle gives of the first of these ΣΤΡ} ΠΡ δὲ depends 
on the following Lemmas. 

Lemma I. 27 the odd perpendicular of a primitive right-angled triangle 
is a square number, there exists a second primitive right-angled 
triangle with smaller sides which has for its odd perpendicular 
the root of the said square number. 

If Ξε ξεν it follows that a?=2?+¢, so that a, J, ¢ are the sides 
of a night-angled triangle. The odd perpendicular of this second triangle 
is ¢, for by hypothesis αὖ is odd; consequently the even perpendicular is 
ὦ, while a is the hypotenuse. The triangle is “primitive” because a 
common divisor of any two of the three numbers “a, ὦ, ¢c would divide 
the third, while by hypothesis a, ὦ have no common factor except 1. 
Next, the second triangle has smaller sides than the first, since εξ ὃ" 
a<a’+ 0, b<2ab. 

By this lemma we can from the triangle 9, 40, 41 derive the triangle 
3, 4, 5, and from the triangle 225, 25312, 25313 the triangle 15, 112, 113. 

Lemma II. Jf iz a primitive right-angled triangle the hypotenuse as 
well as the even perpendicular were square, there would extst a 
second primitive right-angled triangle with smaller sides which 
would have for hypotenuse the root of the hypotenuse of the first, 
Jor odd perpendicular a square number, and for even perpendicular 
the double of a square number. 

Let the sides of the first triangle be a?+0*, a?—0*, 2ab. If 2ab were 

a square, ab would be double of a square; therefore, since a, ὦ are prime 
to one another, one of these two numbers, namely the odd one, would 
be a square, and the other, the even one, would be double of a square. 
Let a be the odd one of the two, 4 the even. If now the hypotenuse 
a’ +06? were a square number c*, we should have a second right-angled 
triangle a, ὦ, c which would necessarily be primitive and in which the sides 
would be smaller than those of the first triangle; for c<@, 6<2ad and 
a<a’—&sinceat+b>a,a—-b21. 
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By means of the above two lemmas combined we can now prove that 
the area of a primitive right-angled triangle cannot be a square number. 

Let the sides of the triangle be a?+ ὁ", a?- ὁ5, 2ab. If now the area 
were square, the product of the perpendicular sides would be double of 
a square. But the perpendicular sides are prime to one another. ‘There- 
fore the odd perpendicular a?— J? would be a square, and the even 
perpendicular 2aé the double of a square. But, if αὖ -- ὦ were equal to 
ce’, we could (by the first Lemma) find a second primitive triangle with 
smaller sides in which the odd perpendicular would be «, the even per- 
pendicular 4, and the hypotenuse a. Again, since 2a would be double 
of a square, αὖ would be a square, and, since a is prime to 4, both a and 
ὦ would be squares. The second triangle would accordingly have a square 
number both for its hypotenuse (a) and for its even perpendicular (ὁ). 
That is, the second primitive triangle would satisfy the conditions of the 
second Lemma, and we could accordingly derive from the second primitive 
triangle a third primitive triangle with still smaller sides which would, 
exactly like the first triangle, have a square number for its odd perpendicular, 
and for its even perpendicular the double of a square number. 

From this third triangle we could obtain a fourth, and by means of the 
fourth we could obtain a fifth with the same property as the first, and so 
we should have an unending series of primitive right-angled triangles, each 
successive triangle having smaller sides than the one before, and all being 
such that the odd perpendicular would be a square number, the even 
perpendicular the double of a square number, and consequently the area 
a square number. This, however, is impossible since there cannot be an 
unending series of integral numbers less than any given integral number. 

Frénicle proves, by similar considerations, that metther can the area ofa | 
right-angled triangle in rational numbers be the double of a square number. 


In enunciating Fermat’s problems on right-angled triangles I shall in 
future for brevity and uniformity use , ἡ, ζ to denote the three sides, while 
¢ will always represent the hypotenuse and &, 7 the two perpendicular sides. 

2. To find a right-angled triangle (ζ, & ἡ) such that 

C= 1" 
eles 

[Since 0 =& +7’, this problem is equivalent to that of finding x, y such 
that ; 

6 ΞΙῪ 
e+ P= a ‘ 
which is Question 17 in Chapter xiv. of Euler’s Algebra, Part 11. | 
First method. 
Form a right-angled triangle from the numbers x + τ, x; the sides will 


then be , 
C= 2xrt+oaxti1, €=2X+1, N= 2x°+ 2X. 
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We have then the double-equation 
| 2 + 2x + 1 =u) 
2χ τ 4χετ-τῖ) ὶ 

The ordinary method οὗ Diophantus gives the solution « =—142; the 
triangle will therefore be formed from —? and —1/ or, if we take the 
numerators only, — 5 and — 12, and the triangle is (169, — 119, 120) which 
is equally the result of forming a triangle from + 5 and + 12. 

But, as one of the perpendiculars is negative, we must find another 
value of x which will make all three sides positive. 


We accordingly form a triangle from «+5 and 12, instead of from 
5 and 12, and repeat the operation. ‘This gives for the sides 


C=x?+10x+169, €=x*+10X—119, = 24xX+ 120, 
and we have to solve the double-equation 
Δ +100 4109 = 7, 
M4 2) Ἐ. a we, 
Making the absolute term the same in each, we have to solve 
x + 10x+ 169 = τ, 
169x? + 5746x + 169 =v”. 
‘The difference is 168x? + 5736x, which we may separate into the factors 
14x, 12x + 2888 (the sum of the terms in x being 26x or 2. 135). 


Equating the square of half the sum of these factors to the larger 
expression, or the square of half their difference to the smaller, we find 
in the usual way 


The triangle is therefore formed from 23529995, 12, or from 2150905, 
246792, and the triangle itself is . 


4687298610289, 4565486027761, 1061652293520, 


the hypotenuse and the sum of the other two sides being severally squares. 


Second method. 
This is the same as the first method up to the forming of the triangle 
from x + 5 and 12 and the arrival at the double-equation 
10k +100 7", 
C4 πε: LHe. 
Multiply the two expressions together, and we must have 
xt + 440° + 510x7+ 5756x Ὁ 169 =a square 
| = (13 + 328 18.5- 2%), say; 


this gives, as a matter of fact, the sam 


oO 


alue of x, namely 
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and the triangle is the same as before’. | 
In his note on Diophantus vi.. 22 Fermat says that he confidently 

asserts that the above right-angled triangle is the smallest right-angled 
triangle in rational numbers which satisfies the conditions. : 

[The truth of this latter assertion was proved by Lagrange. Lagrange 
observes that, since £+ 7 =y”, &2 + 7? =<4, say, we have, if we put s for  -- ἡ, 

23...) = 2x", 

or 2. —i=2?, 
and, if x, y is any solution of the latter equation, 


ἐξ. +2), 7= 10}. Ὁ. 
1 For comparison we may give Euler’s solution (A/gebra, Part I1., Art. 240; Commen- 
tationes arithmeticac, 11. p. 398). 
We have to solve the equations 
- #+y=e 
x? 4-y2=4 ὶ : 

First make χϑ- γ8 a square by putting «=a? -- ὁ3, y=2ad, so that 

aie x2 + y2 = (a2 + 52/2, 
To make the last expression a fourth power put a=/?- φῇ, 6=2p9, so that - 

at + = (p2+ 92), 


and accordingly x2 + y?= (23- 9)". 

We have now only to make x+y a square. 

Now x=a-B=pt-6p'g?tg', y=2ab=47'9 - 409°; 
therefore 21:4232 -- 6233 -- «295 + gi=a square. 


In solving this we have to note that 2, g should be positive, must be > (for other- 
wise y would be negative), and a>4¢ in order that . may be positive. 


Put p+ apg — 6p'9? -- 4py3 + φ'τε( 2" - 2pq +-9°)"s 
and we obtain 423 -- 6f°92= -- 4p°9 + 6f?9?, whence 22 =3 : 
But, if we put 2553, g=2, we find x= — 119, a negative value. 


To find fresh values, we can substitute for 2 the expression $¢+~7 and solve for the 
ratio g/7; then,.by taking for g the numerator and for 7 the denominator of the fraction 
so found, we find a value for 2 and thence for x, y. This is Euler’s method in the 
Algebra. But we avoid the necessity for clearing of fractions if (as in the Comment. 
arithm.) we leave 2 as the value of g and substitute 3+ for 3 as the value of 2. 

_ . We. then have . pi= 81 + 1084.4 5407+ 1203 Ὁ οἱ, 
ree shit +4p3g= 2164+2160+7207+ 82%, 
— 6p2g2=:— 216 -- 1440 — χυῦ, 
- 4pg3= -- οὐ - 320, 
: ; +g4= 16, 
whence x + =1 + 148v+ 10202 + 2023 +74=a square=(1+74v— 0"), say; 
and we obtain 


1343 ae _ 1469 hil 5 
νεῖν and 2Ξ2: Ἐν pes while 7 =2. 


1343=42V, Or V= 


Taking integral values, we put p= 1469, g=84. 

Therefore a= 1385 .1553=2150905, 6=168.1469=246792, 
and x= 4565486027761, y= 1061652293520, 
which is the same as Fermat’s solution. 


2 NM. Mémoires de ? Acad. Royale des Sciences et Belles-lettres de Berlin, année 1777, 
Berlin, 1779 = Oeuvres de Lagrange, IV. pp- 377-398. 
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He sets himself therefore to find a general solution of the equation 
2x4—y'= 2? and effects it by a method which is a variation of Fermat’s_ 
descente, one of the most fruitful methods, as Lagrange observes, in the 
whole theory of numbers. The modified method consists of two parts, 
(1) a proof.that, assuming that there exist integral values of x, y greater 
than 1 which satisfy the condition 2x'—y*=2?, there are still smaller 
integral values which will also satisfy it, (2) the discovery of a general 
method of deducing the latter from the former. This being done, and 
it being known that x=1, y=1 are the minimum values, the successive 
higher values are found by reversing the process. Lagrange found that 
the four lowest values for x, y give the following pairs of values for ἕ, 7, 


namely 
(1) €=1 τ τ, ἢ: Ὁ, 
(2) ξξετσο y= =110, 
(3) €= 2276953 » N=— 473304, 


(4) &=1061652293520, »= 4565486027761, 
so that the last pair (4) are in truth, as Fermat asserts, the smallest possible 
values in positive integers. | 
3. Lo find a right-angled triangle 6, ξ, ἡ such that 


ζ--τῷ 
δ --η- 
[This is of course equivalent to solving 


gre gt 
5 “1; ae 


:] ὡς 


Form a triangle from the numbers x + 1, 1; the sides will then be 


x+y = wt | 


Can ten 4+ 5. f= n° ee. δὴ ΞΞ δ 4: 
We have then to solve the double-equation 
VP+eaxt+2=v° 
xe—2=v" 

Solved in the ordinary way, this gives x =—14; consequently the 
triangle is formed from —,%, 1, or from —5, 12. 

We could proceed, as in the last problem, to deduce a new value for «x, 
but we observe that the triangle formed from 5, 12, ze. the triangle τόρ, 
110, 120, satisfies the conditions. 


4. To find a right-angled triangle ζ, ἕξ, ἡ such that 
c= ᾿ 


ἔξ τ »ιη τ οὖ 
where m is any number. 


Fermat takes the case where m = 2. 
Form a triangle from «, 1; the sides are then (=x°+1, €=2°-1, 
i= ox. 
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Therefore 
2 
oars must both be squares. 
w+ 4x-1 
The difference = 2 — 45, and by the usual method we find x = ὧς. 


But  -- x?-—1 is negative unless x>1. We therefore begin δ υτῆ and 
form a triangle from «+5, 12. 


The sides of this triangle are 
x*+10x+169, x°+10xX—119, 245 τ 120. 
We have therefore to solve the double-equation 
+ 10x+ 169 =” 
a 5S4 ie 1= “| 
Fermat multiplies the two expressions together and puts 


x* + 6823 + 87047 + L101 2x + 20449 =a Square 


06 6262703 +2\2 cay 
= (143 + 223 X—SostsoTe), Say 5 


._ 96051795411 
therefore X= -TT7900zZ510» 


and the triangle is formed from 103447257961, 17749110120. 
The double-equation could also have been solved by the usual 
Diophantine method, as in the next problem to be given. 


5. 70 find a right-angled triangle ζ, ξ, ἡ such that 


1 
E-myn=Vv" , 


Form a triangle from x + 1, 1, so that the sides are 


where m ts any number. 


Suppose that m= 2. 


Ca eet oe; 6 aN tex, nex 2. 
Therefore we have to solve 
Yee + 246 
e-eax-4=v" 
Solving in the usual manner, we obtain x = — 14, so that the triangle is 
formed from — τὅς, 1, or from — 5, 12, and is ΡΒ ἢ (169, 119, -- 120). 
We have to replace the value of x by a value which will avoid the 
negative sign. Form a triangle, then, from x -— 5, 12. 
The sides are χ"-- τοῦ - τόρ, χα -- 10x—119, 245 -- 120. 
The double-equation now becomes 
x*—10x+ 169 = 4 
x? — 58x +121 τις 
Multiply the second equation by 89, and we have to solve 


x? — τοῦ + nes 
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The difference = τ αὐ — S30? x = Pox (G¢4%-+74). 
Equating the square of half the ciference of the factors to the smaller 


expression (or the square of half the sum to the larger), we have 


4 — 4593455 
Pe, £0) 0: LG? 


and the required triangle is formed from 4363225, 552552, the sides being 
19343046113329, 18732418687921, 4821817400400. 

Or again in this case we can multiply the expressions a?— 1ox +169 

and x? — 58x +121 and put their product 
xt — 6823 + 870x?— 11012” + 20449 =a square 
= (143 — ἔα + x”), say, 
and the result will be the same as before, 
= ABE 


6. Zo find a right-angled triangle ζ, &, ἡ such that 


f= 
ὁ δ ΕΟ ΤΟ 
$+ Mn=U 


where m ἧς any given number. 
Let m= 3. Form a triangle from x+1, 1; its sides will be 
C= Oke) = kb ee, y= oe 4 2, 
We have therefore to solve the double-equation 
eee 
+ 8x δε 
Solving this in the ordinary:manner, we shall find «= τς. 
Hence the triangle is formed from 23, 1, or (in whole numbers) from 
13,193 the sides are therefore 413, 28. 319. 
peat also finds the solution by multiplying the two expressions and 
making the product a square; 
x4 + 10x%° + 2247+ 12x =a square 
= (x? + 5x — 3), say. 
This gives the same value of x as before, x= τς; and the triangle 
1. 1, 25,372, 
7. Lo find a right-angled triangle ζ, ἕξ, ἡ such that 


ἐπ 
E-—mn= "| 

where m is a given number. 

Fermat takes the case m = 3. 7 

Remembering that in. the corresponding problem with a f/ws sign we 
found the triangle 313, 25, 312 which is formed from 13, 12, we form the 
triangle in this case from x — 13, 12; its sides are 

C= x? — 26x + 313, €=a°-— 26x Ὁ 25, n= 245 -- 312. 
We have then δ" -- Δκόχ Ὁ 25 = 27 
αὐ -- 98x + 961 ΕἸΣ 
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Multiplying the first expression by 4%, we have to solve the double- 

equation 
OER x? — 25985 44961 =u” 
x? - 98x +961 -- τ 

The difference = 93,82? — 22538 y = 28 x (28% — 14288), 

Proceeding as usual, we find x =7¢83731; the triangle is formed 
from x — 13, 12, or (in whole numbers) from 23542921, 3820440, and the 
sides are 

568864891005841, 539673367418641, 179888634210480. 
The same result is obtained by multiplying the expressions x” — 26x + 25 
and x*— 98x + 961 and making the product a square; we put 
xt — 124% + 3534x7 — 27436x + 24025 =a Square 
= (x? — 235556 + 155)", 
and the result is « = 2483731, as before. | 


8. Zo find a right-angled triangle © ξ, ἡ such that 
f= 
C+ min=v 


Suppose = 2. Form a triangle from x +1, 1; the sides are 


where m ts any given number, 


C= +2x+2, E= xX? + 2x, N= 2x +2. 
We have then to solve the double-equation 
ΔΑ ΞΕ ΝΜ 
πε 

The usual method gives x= 4, and the triangle is formed from ᾧ, 1, or 
(in whole numbers) from 5, 4, being the triangle (41, 9, 40). 

Since (+4 Ξ αὐ + 45 + 4 =a square, we have actually solved the problem 
of finding a right-angled triangle G &, n such that 


ἐπ ιὸ 
Capea 
C+2n=wv 


9. 70 find a right-angled triangle & ἕ, ἡ such that 


Sau: 
» ’ 
C-mn=v" 
Suppose 7 = 2. 


᾿ Since the corresponding problem with a flus sign just preceding has 
the solution (41, 9, 40) formed from the numbers 5, 4, we form a triangle 
in this case from x—5, 4; the sides are 


where m is a given number. 


C=x°-—10x+41, €=x°—10x+9, ἡ = 85 -- 40. 
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We have then to solve the double-equation 
x-—I10ox+ g=# 
x? — 26x + ὍΣ ἢ 
De Billy (or Fermat) observes that this double-equation ‘seems to admit 
of solution in several ways, but it will be found that it is hardly possible to 
find a practical solution except by the new method” (expounded earlier in 
the Znventum Novum) of making the absolute terms equal (instead of using 
the equal terms in x’, which method gives, in fact, the value x=0). That 
is to say, we make the absolute terms in the two expressions equal by 
multiplying the first by 23+, and the double-equation becomes 


121 χϑ- 1210+ 121 = 4" 
Ἄς ΦΟΧ + 12S ᾿ 

The difference = 4+}22°— 275 x= χ( ἔα -- 133). 

Equating the square of half the difference of the factors to τ", or the 
square of half their sum to #?, we find «= 838. 

Therefore the triangle is formed from 43%, 4 or (in whole numbers) 
from 493, 132, and the sides are 260473, 225625, 130152. 

Since €-y=2°—18x+ δὶ =a square, the above actually amounts to the 
solution of the problem of fading a right-angled triangle 6, £, ἡ stich that the 
three conditions 


=U 
C-n= 0 
ζ-- 2η-- τοῦ Ἔ 


are simultaneously satisfied. 

De Billy (or Fermat) observes however that, while the above ove solution 
satisfies the conditions of both problems, it is not so with all solutions of 
the problem involving the two conditions only; but only primitive triangles 
satisfying the conditions of that problem satisfy the additional condition. 
Thus the triangle (624, 576, 240) 1s such that one of the perpendicular 
sides is a square and the difference between the hypotenuse and twice the 
other perpendicular is also a square, but the hypotenuse mzzws the latter 
perpendicular is not a square. 


10. 70 find a right-angled triangle 6, ξ, ἡ such that 


as 
ge eae 
ξ- y=? 
ἡ-- ξη τ τοῦ 


Assume x, 1 -- x for the sides ξ, ἡ about the right angle respectively. 

This supposition satisfies the second condition. 

Again, since ξη -- α -- αἰ, the third and fourth conditions are satisfied, 
fOr Var we = 1 — 204 xe 
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It remains to satisfy the conditions 
ηΞ- 1.-- x= LF 
and C=247?=1-2x4+ 2x°=a ae 
The difference = 2x?—x«=4x (4x—2), and we find, in the usual way, 
x= $9. 
The triangle is (44, $2, 4%). 


11. 70 find a right-angled triangle ζ, &, ἡ such that 
€£=a cube 
ξ--λέητεα ca 

Fermat assumes €=1, y=, so that the first condition is satisfied, 
1 being a cube. 

We must now have 1 --χεμ 
and also pasa 

The difference = x*+ ἐκ = 4 (4x +2), and we find x =— 33 

In order to derive a positive value for x we substitute y — 
the equations, which gives 


72 ἢ ; 
for x in 


361 
oe to 4y= u”, 
2, 544 124609 _ 
Y-35gX + Seer - ν᾿ 


Make the absolute term in the first equation equal to that in the latter 


by multiplying by era and we have to solve 


The difference = y* — ἐξ 


We find accordingly 


- LS VOLTA G 2S 435 
JY =-S09TODZS200 


272 _ 90032607119 
80970928200" 


and eS ma fae 
The triangle.is then 
121087412881 I 900 ϑέδοτιι 9 
80970928200 » “2 809TO09Z8200° 


12. 70 find a right-angled triangle ζ, ξ, ἡ such that 
C+ hina 
Form a triangle from the numbers x +1, x; the sides are 
C=exr2+exti1, ἐξα ΕἸ, N= 2x?+ 2K. 


Thus €+ dé) = 2x5 + 5x?+ 3x41 must be a square. 


Suppose 2x3 + 5x2? + 3x +1 = (Fx +1), 
and we have w= -AB 


H. D. 20 
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Now substitute y — 4, for « in the expression to be made a square, and 


we have 
Bs BAO} 19 2180 
ay —APy' + say + Fee = 4 Square 


ἘΣ Ὁ a 7 \2 
= (537 + 75)” Say, 
_ 15389 SHERSOCo lie 207s 
whence » Ξ ἡ 5. and X=-9y7—-—“s- Ξ 55 Τῇ. ; 


The triangle is accordingly found. 


13. 70 find a right-angled triangle ζ, ξ, ἡ such that 
E+ λξητειᾷ, 
Form a triangle as before from x + 1, x, and in this case we shall have 
2x° + 3x7 + 34+ 1=a square 


— fio. 2 
= (ge + 1)’, say, 
whence x= — 3. 


Substitute γ -- 3 for « in the expression to be made a square; thus 
ay + y+ 85} + ose =a Square 
= (387 Ὁ ye)’, say, 
whence Y= T3e3, and “= i333 -s= 138 


the triangle being therefore 


943 
12293 


14. 70 find a right-angled triangle 6, &, ἡ such that 

(E+ 0) — ξξη τε μὲ 
Let é=x%, n=1 5 then ζξ Tea ee 
Also, by the condition of the problem, «?+ 3” +1=a square 
The usual method of solution gives « =— ὅδ, 


Substitute therefore y— $3 for x in the two expressions, and we have 
the double-equation 


Or, if we make the absolute term in the first expression the same as in 


the second by multiplying by $323, 
6:3:2'9' , 2 101251 Groene ΝᾺ 
1300) —-3zsse) +3304 =2 
2 55 δ8ϑ29. 2 
Dea) ton 


} . 5960,,2 2163,,_ 36 120 2163 
The difference = $339)" — 3738) = 37) Cat) - 3651), 
— 94105 =~ δ. 389655 
and we find y= gzg33p 50 that r=y—ig= ees, 
Therefore the two perpendicular sides of the triangle, in whole numbers, 


are 39655, 129648, and the hypotenuse is 135577. 
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15. To find a right-angled triangle ζ, ξ, ἡ such that 
(€+)? + dén=a square. 
This problem is mentioned in Fermat’s letters to St Martin of 31st May 
and to Mersenne of 1st September 16431. The result only is given (in 


the letter to Mersenne), and not the solution ; but it can easily be worked 
out on the lines of the solution of the preceding problem. 


Let =x, 7=1; we must therefore have 
ee both squares. 
eP+Ex+1 
Solving in the usual way by splitting the difference $x into the factors 
geox we tnd χΞ- 89. 
Substitute γ — 39 for « in the two expressions, and we have to solve 
a aes 
J + ay * (a0) = 
Multiply the last by (82)? so as to make the absolute terms the same; 
and we have to solve 


y— By + (BE) τό 
48)" τ EDP. Shy + (BB) = 0% 


The difference = {(23)?- a + 253R ey 
=A8ty (Ey + A) 
We therefore put (y — 483 ie =" — Shy + (88), 
whence γί ἰῷ — £5) = (09) - (83), 


114231 ἘΞ 0. :-Ξ- 190281 
and γ- τ 0. 50 that x= y— 33 = 19028). 
The required triangle is therefore (795,559, 199281 1) or, in whole 
numbers, (205769, 190281, 78320). 


16. 70 find a right-angled triangle ζ, ἕξ, ἡ such that 
C+m.tin=a square. 
Fermat takes the case where = 2. 
Form a triangle from the numbers x, 1; the sides are then 
C=. 41, San aa, 
Thus we must have (x? + 1)? + 2x («?—1) a square, that is, 
x4 + 20° + 2x7 - 2x+1=a Square 
= (x? + x + 4)?, say, 
whence x=1. 


1 Ocuvres de Fermat, 11. pp. 260, 263. 


20-:----2ὼ 
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᾿ 


But this value makes «*—1 negative; so we must seek another by 
putting y + 4 for « in the expression to be made a square. 
We have 74+ 37° 3 γ-- y+ 5S3 =a square 
Ξ- (δ -- ὑπ} + 307") Say. 
This gives y= 482583, and χ-γῈ}1- τι τ, 
Therefore the triangle is generated (in whole numbers) from 571663 
and 436440. . 


De Billy adds that there is one case in which the problem is impossible. 
Tannery observes in a note that this remark seems to refer to the case in 
which m = ὃ. 


17. 70 find a right-angled triangle ζ, ξ, ἡ such that 
ξ' --δίξητεα square. 
Form a triangle from x—1, 4; the sides will then be 
f=x—2n417, €=2°-2x4=15, y= 82-8. 

Thus (x? — 2% —15)?—(4x— 4) (x?— 2x—15) must be a square, that is, 

x4 — 803-1447 + 112% + 165 =a square 

= (x?—4x—15)?, say. 
This gives « =— 48, and accordingly, to find another value, we substitute 
y —4 for « in the expression to be made a square. 


We must therefore have os 
yt — 38y° + 1007 42 _ 54314 ai 81225 square 


= 285\2 
=(y°—19y— τ} say. 
This gives y = $423, and x=y—16=$57). 


The triangle is therefore formed from £991, 4, or (in whole numbers) 
from 6001, 2280. 


The sides are therefore 41210401, 30813601, 27364560. 


18. Zo find a right-angled triangle ζ, ἕ, ἡ such that (if ὃ >) 
(ξ -- ἡ)" -- 27? =a square. 
This problem is enunciated in Fermat’s note on vi. 22. He merely 


adds that the triangle (1525, 1517, 156) formed from 39, 2 satisfies the 
conditions, but does not give the solution. 


The solution is however easy to obtain by his usual method, thus. 
Form a triangle from x, 1, so that 
C= 44) ἐξ τ Y= on 
Then (ξ -- η)" — 29? = (x? — 2” —1)?- 8.3 
= x4— 4x8 - 6x74 4x41. 
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. 
This has to be a square; let it be equal to (χ -- 25 -- 5)", say ; this gives 
4AX+1=20x + 25, 
or x=— ὃ. 


The triangle formed from -- ὃ, 1, or from —3, 2, will have one side 
negative. To avoid this, we proceed as usual to form a triangle from 


Y — 3, 2. 

Thus C=y-—6x+13, €=y'—-6y+5, n=4y-12, 
and ο΄ (€=9)?= 29? = (9? -- τὸν Ὁ 11)" -- 2 (4y— 12)? 

= γ' -- 207° + 102y?— 148y + 1. 

In order that this may be a square, suppose it equal to (y?— τον — 1)? or 
y' — 207° + 98y? + 207 +1. 

It follows that ro2y?— 148y = 98y" + 20), 
and y= 42. 

The triangle required is formed from y—3, 2, that is, from 39, 2, 
and is accordingly 1525, 1517, 156. 


Fermat does not tell us in the note on vi. 22 what use he made of this 
problem, but the omission is made good in a letter to Carcavi', where he 
says that it was propounded to him by Frénicle (who admitted frankly that 
he had not been able to solve it), and that it served to solve another 
problem which had occupied Frénicle. The latter problem is the 
following. 


19. Zo find a right-angled triangle ζ, ξ, ἡ such that 


¢ 
C—n} are all squares. 
ξ ἢ 


Fermat does not actually give the solution, but presumably it was 
somewhat as follows. 


Form a triangle from two numbers x, y ; the sides are then 
(20 +7, f=) τ N= 2xy. 
Now (—n=x7 + γ" -- 2xy and is 2250 facto a square. 


The other conditions give ; 
x? + y*=a square, 


and χἢ -- γ -- axy=(x—y)? -- 2y?=a square. 
These conditions are satisfied by the two perpendicular sides of the 
triangle of the last problem, that is, by x= 1517, y= 156. 
1 Oeuvres de Fermat, 11. p. 265. 
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The triangle required is therefore formed from 1517, 156 and is 


(2325625, 2276953, 473304): 


The present seems to be the appropriate place for a problem contained 
in a letter from Fermat to Frénicle the date of which was probably 
15 June 1641’. ; 

20. To find all the right-angled triangles in integral numbers such that 
the perpendicular sides differ by τ. 

If a right-angled triangle is formed from x, y, the difference between 
the two perpendiculars is either «?—y*?—2xy or 25} -- (“3 -- γ), that is 
to say, either (x—y)?—2y? or 2γῇ -- (ἃ -- "). As this difference is to be 1, 
we have to find all the integral solutions of the equation 

ay way ak: 

Those who are familiar with the history of Greek mathematics will here 

recognise an old friend. The equation is in fact the indeterminate 


equation 
26 --η Ξ I, 


which the Pythagoreans had already solved by evolving the series of 
“side-” and “diagonal-” numbers described by Theon of Smyrna, the 
property of which they proved by means of the geometrical theorems 
of Kuel 1. Ὁ, τὸ: 
If x, y are two numbers such that - 
ax?— y= +1, ° 
then the numbers x+y, 2x + will satisfy the equation 
2: —P=— 1 ; 
fresh numbers formed from x+y, 2x + by the same law will satisfy the 
equation 
26%?@-y?=+1, 
and so on. 


Take now the equation 
ey) eo 
where x, y are two numbers from which a right-angled triangle has been 
formed. We can deduce a right-angled triangle formed from x’, y’ where 


ay? — (x! —y'P=F 1; 
for by the above law of formation we have only to take 
Y= + (x-y)= 4%, 
α΄ -- )γ' Ξ 2» (5 -- )γ,-: α Ἐν, 
whence also x =2x+y. 


1 Oeuvres de Fermat, 11. pp. 221 544. 
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Fermat gave two rules for the formation of this second triangle. The 
first rule is in the letter above quoted. 


First Rule. ἢ, 2, ὁ be any right-angled triangle satisfying the con- 
dition (4 being the hypotenuse, > ὁ and 2 -- ὁ -- τ), then, if a triangle be 
taken in which 

the least side =2h+f+ 26, 


the middle side = 24+f+ 26+1, 
the greatest side = 34 + 2 (2 τ 4), 
this triangle also will be a right-angled triangle satisfying the condition. 
To verify this from the above considerations we have to consider two 


cases, according as 2xy is greater or less than x” — γ΄. 


Take the case in which 2xy > χἢ-- γ; then 


2)" —(x—yP=+ 1, 
and accordingly 


5 die Ca de Sia 
or ney sony. 
The least side, therefore, of the second triangle 
ax'y' = 2% (24+ y)=2 (x? + y") + (2xy) + 2(x?—y’) ; 
the middle side 
Kay Sony ἘΠ: 
and the hypotenuse 
x3 + yt = (220+ y)? + x2 = 3 (x? + y?) + 2(x?—y? + 2xy). 
The expressions on the right hand are those given by Fermat's rule. 
Second Rule. 


This rule is given in a letter of 31 May 1643 probably addressed 
to St Martin’. 


Fermat says: Given any triangle having the desired property, then, to 
find another such triangle from it, ‘subtract from double the sum of 
all three sides each of the perpendiculars separately [this gives two of the 
sides of the new triangle], and add to the same sum the greatest side [this 
gives the third side].” 


That is to say, the sides of the new triangle are respectively 
2(2x7 + 2xy) —(x?-y’), 
2(2x? + 2xy) — 2xy, 


2(2x? + 2xy) + (x? Ὁ γ᾽). 


1 Ocuvres de Fermat, 11. p. 259+ 
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In fact the three expressions reduce as follows : 
2(2x7+ axy) — (“ἢ -- y?) = 3x7 + 4.) τ y? = (2x + y)? — x’, 
2(2x? + 2xy) -- 2xy = 2xu(2x + y), 
2(2x7+ axy) +27 + γ =(2x+y)? + x?; 
and the result agrees with the formation of the triangle from x’, y’ above. 


From the triangle (3, 4, 5) we get (20, 21, 29); from the latter the 
triangle (119, 120, 169), and soon. The sixth such triangle is (23660, 


23661, 33461).. 


21. 70 find all the rational right-angled triangles in whole numbers 
which are such that the two perpendiculars differ by any given number. 


To his explanation of the First Rule above, applicable to the case 
where the given number is 1, Fermat adds in his curt way: ‘‘same method 
for finding a triangle such that the difference of the two smaller sides is 
a given number. 1 omit the rules, and the limitations, for finding all the 
possible triangles of the kind required, for the rule is easy, when the 
principles are once admitted.” 


He adds, however, to his Second Rule? its application to the case 
where the given number is 7. 


There are, he says, two fundamental triangles with the desired property, 
namely 5, 12, 13 and 8, 15, 17. [In the case of the former 2xy > x?— 7’, 
and in the case of the second x?—y?> 2xy.] 

From the first triangle (5, 12, 13) we deduce, by the Rule, a triangle 
with the sides 2. 30-12, 2. 30—5, 2. 30+ 13 or (48, 55, 73); from the 
second a triangle with the sides 2.40-15, 2.40-8, 2.40+17, or 
(65, 72, 97)- 

And so on, ad infinitum. 

Next to the explanation of the first of the above Rules Fermat 
mentions, in the same letter, the problem 7 


22. 70 find right-angled triangles in integral numbers ζ, ἔξ, ἡ (ξ ἡ) 
such that 
ζ-η 
ξ- ἢ 
He observes that alternate triangles of the series in which the two 
smaller sides differ by 1 satisfy the conditions, those namely in which the 
smallest side ἡ is 2xy and not x*—y*; for x?+y?—2xy is a square, and 
€—y, being equal to 1, is also a square. 


are both squares. 


1 Oeuvres de Fermat, 11. p. 259. 
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Thus, while 3, 4, 5 does not satisfy the conditions, (20, 21, 29) does, 
and, while the next (119, 120, 169) does not satisfy the conditions, the 
triangle after that, namely (696, 697, 985), does. 


Frénicle naturally objected, in his reply, that the triangles should not 
be limited to those in which the smaller square representing the difference 
between the perpendicular sides is 1, and proposed the problem in the form 


To find all the triangles (€, &, ἡ) such that 

ζ ἢ 

= 

and one square does not measure the other. 


are both squares, 


Fermat seems to have, in the first instance, formed the triangle 
from two numbers x, y where 
S241; yoor—2, 
and then to have given the more general rule of forming a triangle from 
διε, y=2(r—S)s, 
where 7, s are prime to one another (Letter from Frénicle of 6 Sept. 
1641)’. 

It appears from a letter of Fermat’s to Mersenne of 27th January 
1643” that St Martin propounded to Fermat the problem, apparently 
suggested by Frénicle’, 

Given a number, to find how many times it is the difference between the 
(Derpendicular ?| sides of a triangle which has a square number for the 
difference between its least side and each of the two others respectively. 

The number given was 1803601800, and Fermat replies that there are 
243 triangles, and no more, which satisfy the conditions. He adds “ The 
universal method, which I will communicate to him if he asks for it, is 
beautiful and noteworthy, although I doubt not that Frénicle has already 
given him everything on the subject of these questions.” 


23. To find two triangles, 6, ἔξ ἢ and C, ξ) ἡ (E>, € >) such that 
aed | 
ἐ--η-ξ -- 7" 
Suppose the two triangles formed from (x, y) and (x’, y’) respectively, 
the sides being 
πα ES 2595. Hees: 
C2 ys SH2xny,, Vase yy 
1 Ocuvres de Fermat, 11. p. 233. 


2 Tbid., p. 250. 
* Idid., p. 247: 
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Then we must have 
ἀρ ma 
and ay —(x- δε" -".} J” 
which equations show that y = γ΄, and that 
Cea gic a idk Glee 
are three squares in arithmetical progression. 


Suppose that these squares are 1, 25, 49 respectively; thus y=5; 
<=—y=1, so that ἀξ. ἘΠῚ; x —y=7, so that x =5 + 7. 


Fermat accordingly gives the rule: Find three squares in arithmetical 
progression ; then form the first triangle from (1) the sum of the sides of 
the first and second squares and (2) the side of the second, and the 
second triangle from (1) the sum of the sides of the second and third 
squares and (2) the side of the second?. 


In the particular case, the triangles are formed from (6, 5) and from 
(12, 5) respectively ; the triangles are therefore (61, 60, 11) and (169, 120, 
119) respectively. 


For solving the problem of finding three square numbers in arithmetical 
progression Fermat seems first to have given a rule which was not general, 
and then in a later document to have formed the sides of the three squares 
as follows : ; 

P—28, 731: 275 Ὁ 223, P+ 475: 28%, 


Frénicle formed them thus?: 
2 = 22 ὅτ q's es q”, 2 + 2pg — φ᾽, 
the latter form agreeing with Fermat’s if τ 7 Ἑ 5, and φ -Ξ 5. 


Frénicle expresses his formula neatly by saying that we take for the 
side of the middle square the hypotenuse of any primitive triangle formed 
from 2, g, le. 22: φ΄, for the side of the smallest square the difference 
between the perpendicular sides of the same triangle, 1.6. 23 -- φῇ -- 24g, and 
for the side of the largest square the sum of the perpendicular sides of the 
same triangle. 


Suppose the primitive triangle is (28, 45, 53) formed from (7, 2). 
Then the sides of the three squares in arithmetical progression are 17, 53 
and 73, the squares themselves being 289, 2809, 5329. ‘The triangles 
derived from these squares and having the above property are formed from 
(79, 53) and from (126, 53) respectively, and are therefore (7709, 7420, 
2091) and (18685, 13356, 13067). 


1 Oeuvres de Fermat, 11. p. 225. 
2 Jbid., τι. pp. 234-5. 
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24. 170 find two right-angled triangles (ζ, ἕξ, n) and (ζ΄, ξ΄, 1') such that 
ξ΄ ηΞξ- ᾿ ' 
ξ-ξζ 
Form the triangle ζ, ἕ, ἡ from the numbers x, 1; then 
C= 44, £=7—1) η- 25. 
Thus ξ΄ τ αὐ τα; and, since ¢’—y'=€—y=x?—2x—1, it follows that 
ἢ = 2% +2. 


It remains to secure that €? + 1? = (x? + 1)? + (2x +2)? shall be a square, 
that is, 


x’ + 6x? + 8x + 5 =a square 
= (x? +°3)7. say 
therefore x = ἃ. ; 


Hence the triangle @, & ἡ is formed from 4, 1 or from 1, 2; but this 
solution will not do, as it gives a negative value for ¢ Accordingly 
we must find a fresh value for x, which we obtain by forming the triangle 
from x«+1, 2. 


The sides are then 
CoM Hak tho £0 +2023). year ds 
thus E=H2+2xn4+5, ἡ =F —(x?-— 2x —7)=4x 4 12. 
Therefore (x? + 2x + 5)?+(4x + 12)? must be a square, or 
x + 4x7 + 30x? + 116% + 169 =a Square 
= (13 + $8x — x"), say, 
from which we obtain « =— 4525, and the triangle is formed from — $74, 2, 
or (in whole numbers) from — 979, 1092. 


‘We can use these numbers as if both were real and form the triangle 
from 1092, 979. We thus obtain the two tnangles 


2150905, 2138136, 234023, 
2165017, 2150905, 246792, 


which satisfy the conditions of the question.” 


25. 70 find two right-angled triangles (ζ, ξ, ἡ) and (€, ξ΄, η) such that 
Sty Ξ ΣῈ ἬΕΙ 
τ : a ᾿ (ξ = 7) 
f=C 
Form the triangle ζ, ἕ, ἡ from the numbers x + 1, 1; then 
Cae 4+ ox + 2, ἔτεα εχ, ΞΔ +2. 


Thus ξ΄ =x? + 2x42, and 7 =§+yn-€ = 2x. 


316 SUPPLEMENT 


We must now have &? + 7? = («7+ 2% + 2)? + (2x)? a square ; that is, 
xt + 4x3 + 12x7+ 8x +4 =a square 
= (X24 +4)", Say; 
whence x= — 3. 
Accordingly we substitute y— 3 for x, and we must have 
Y— apt ty —Apy + Age =a square 
= (72 — Tey ἘΣ Say: 

This gives y= 24, and x=2?4-3=,%. 

The triangle ζ, ἕ, ἡ is therefore formed from $3, 1, or from 29, 26, and 
is therefore 1517, 165, 1508 ; the triangle ζ΄, δ΄, η΄ is 1525, 1517, 156. 

Or again we may proceed thus from the point where we found x =-— 3. 
The triangle ζ, ἔ, ἡ may be formed from — 4, 1 or from —1, 2. 

We therefore form a triangle from x — 1, 2 and start afresh. 

The sides are 

C=M-2n+5, ξερὰ, n= 4x—4. 

Thus & = χ' -- χ Ἐν, andy =é+yn-€ =4x-12. 

Hence (x? — 2x +5)? + (4x — 12)? must be a square; that is, 

x4 — 42° + 30x" - 116% + 169 =a Square 
= (13 —$8x%  χὮ)", say. 

This gives x= 42, and the triangle ὦ. €, » is therefore formed from 
23, 2, or from 29, 26, as before. 

The remaining problems on rational right-angled triangles in the 
Inventum Novum are cases given in Part 11. of that collection to illustrate 
the method of the Triple-Equation due to Fermat and explained by him on 
Diophantus vi. 22 as well as, at greater length, in the /uventum (ovum. 
An account of the method will be found in a later section of this Supple- 
ment; but the problems applying the method to right-angled triangles 
will be enunciated here. 


26. To find a right-angled triangle ζ, &, ἡ such that 


ξ(ξ τη)- Ὁ 
ζ3- )ζ-- μ3 

f+ env 
ζ᾽ τη τ οὐ] 


By Problem 2 above find a right-angled triangle %, 2, ὁ (A being the 
hypotenuse) in which ἢ, 2 Ὁ ὁ are both squares; the first condition is thus 
satisfied. 
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To find & & η, put (=x, =px, n= Ox. 


The three remaining conditions thus give a “triple-equation” in x. 
[The numbers would of course be enormous. | 
27. To find a right-angled triangle €, &, ἡ such that 
(Cy tee 
(Sry + yoy 
(E+ n+ ἢ" τ γιζ ΞΞ τοῦ 
where m ts any given number. 


Fermat supposes 7 = 2. 
Assume for the required triangle (3x, 4%, 5”); we have then the 
triple-equation 
14ax 3a 
144x?+ ΞΕ }, 
144x°+ lox=w 
the solution of which gives x = τε στα, and the triangle is 
507 676 845 
Bso1s» 88016;» Bsois: 
28. 70 find a right-angled triangle ζ, €, ἡ such that 
Be) Ξ 
(€+n+ C°+E= 
(Ett ory=v 


(++)? + ml= τοῦ 
Suppose m= 2. 


Find a triangle (Problem 3 above) in which ζ, ἔ -- are both squares, 
say the triangle (119, 120, 169). Put 119x, 120%, 169x for the sides of 
the required triangle, and we have the “‘triple-equation ” 


166464%°+ ττοῦ - 223 
166464x7? + 120x =v" 
166464x? + 338x -- τοῦ 
29. 70 find a right-angled triangle ζ, ξ, ἡ such that 
Phy * 
(E+q+ 0+ eau 
(E+n+lPt+yn=v 
(E+ n+ 62+ ml=w" | 
where m is any given number. 


* The enunciation has  (ξ — ξξη) instead of ξξ -- 4&y ; but  (ξ — ἀξη) is inconsistent with 
the solution given, and I have therefore altered it so as to correspond to the solution. 
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Take a right-angled triangle in which 1, 2 are the sides about the right 
angle and are such that 1 —3p is a square (Problem 11 above). 


Let g be the hypotenuse of the triangle so taken, so that g= ,/(p? + 1), 
and take as the sides of the required triangle x, px, gx; we thus have 
the triple-equation 

(r+ ptgr~errx=2 

(1+ pt+g)yPxet+pe=v? 

(r+ p+ Q) x? + mgx = τοῦ 

30. 70 find a right-angled triangle ζ, ἔξ, ἡ such that 

ἐκξεη- δ 
(ξ Ἐγ Ὁ lf +e 
ὑοῦ ey Ξ ΟΣ 
(S++ lpr ξΞ οὐ 


First find a triangle in which one of the perpendiculars is a square, and 
the sum of the perpendiculars is also a square, say 40, 9, 41. 


Take 40x, 9x, 41x as the sides of the required triangle ; and we there- 
fore have the triple-equation 


8100x7 + 4ox = x? 
S100n + OL = 7° 


8100%? + 41x =w 


SECTION IV. 
OTHER PROBLEMS BY FERMAT. 


31. 70 find two numbers &, ἡ such that 
(1) fan tee, 
(2) n —(&—1)> are all squares. 
(3), (4) ft 1) 
Let €+ y=1- 2x, £—y= 2x, so that £=4, y= 4-22, and 
2 --η = 2x -- 4.3. 
Thus (3), (4) are both satisfied. 
The other conditions (1) and (2) give 
4x? — 200 + t= 
4x? — 4x -᾿ 


The difference = 25 =4x.4; and, putting (2x + 4)? Ξ- .χ3--25. 12, we 
find x= qs 
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The required numbers are therefore 4, 3%. 


Another pair of numbers satisfying the conditions will be obtained by 
substituting y + τς for x in the expressions to be made squares, and so on. 


32. 70 find two numbers ξ, ἡ such that 
Set le) 
E+n+(&-7?) 
Let the numbers be $+ x, $—«x; therefore —y, as well as &—7?, is 
equal to 2x. The sum +7=1. 


are all squares. 


Therefore 1 + 2x must be a square, or we have the double-equation 


Lex 2 
I— 2x a 

Replace x by $y?+y so as to make 1 + 2x a square ; therefore 
I — 27 -- γ =a square 


= (1 — 3y)’, say, 
whence y = 2, and x=}y'?+y=} 


The required numbers are ened se) Fo" 


33. 70 μά two numbers ξ, ἡ such that 
(€+ 7) (€? +7’) =a cube. 
Assume =x, 7=2-—4; therefore 
(€+ 7) ( + 7) =2 (2.53 - 4x +4)=a cube 
= (2 — $x)’, say. 
This gives x =—$%; and to get a “real” value of x we must substitute 
y — 3 for x in the expression to be made a cube. 


Thus 4» -- 44y + 125 =a cube 
=(5—75y) Say 
ee 44y + sre) —aereT sy» 
and y = 122825, so that x=y—$=$hise- 
2679: 579 


The required numbers are therefore $3333, gise- 


Cor... We observe: 

(1) that the numerators 26793, 15799 satisfy the conditions ; 

(2) that we have in fact solved the problem Zo divide 2 into two oe 
such that twice the sum of thetr squares ts a cube ; 

(3) that we can solve in the same manner the problem Zo find two 
numbers such that any multiple of the sum of their squares is a cube, Thus 
suppose that the multiple is 5; we then assume x and 5—«x for the 
numbers and proceed as above ; 
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(4) that we can also deduce the solution of the following “very fine 
problem”: | 


To find two numbers such that their difference ts equal to the difference of 
their biguadrates or fourth powers. 


In other words, we can solve the indeterminate equation 
f—4= ξ' -- vf. 
For we have only to take the two numbers found above, namely 26793 
and 15799, and divide by (as a common denominator) the root of the cube 
formed by multiplying their sum by the sum of their squares. 


This common denominator is 34540, and the two required numbers are 


26793 185799 
34540) 34540° 


This latter problem is alluded to in Fermat’s note to Diophantus tv. 11 
in these terms: ‘But whether it is possible fo find two biguadrates the 
difference between which ts equal to the difference between their sides is a 
question to be investigated by trying the device furnished by our method, 
which will doubtless succeed. For let two biquadrates be sought such 
that the difference of their sides is 1, while the difference between the 
biquadrates themselves is a cube. The sides will, in the first instance, be 
—z, and $3. But, as one is negative, let the operation be repeated, in 
accordance with my method, and let the first side be x—.%,; the second 
side will be « +33, and the new operation will give real numbers satisfying 


the condition of the problem '.” 
a 


34. 70 find two numbers ξ, ἡ such that 

f+ 3n'=a square. 

Fermat (or De Billy) observes that it must be required that the first 
biquadrate (&*) shall not be unity, for in that case the problem would be 
too- easy, since 1+ 3.4 =4 and 1 Ἐ 16 = 40. 

Assume =x, n=x-—1; therefore 

4xt—12x° + 18x*-— 12% + 3 =a square 
= (2x? — 34 + 3)", say. 

This gives στ 3, «—1=%; and a solution in whole numbers 15 
f= ii. 3. 1m fact 1144-34 = 14641 +343 = 55. Ὁ 71 225. 

We can also take any equimultiples of (11, 3), as (22, 6) and (33, 9); 
and the latter pairs of numbers severally satisfy the condition of the 
problem. 


26793 15799 


10994” 10994 
we can obtain the same solution of the main problem as that given above 


(2193 =5199) 
34540 34540 


1 It gives in fact as a solution of the subsidiary problem, and from this 
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SECTION V. 
FERMAT’S TRIPLE-EQUATIONS. 


Fermat’s own description of his method of “ triple-equations,” which is 
contained in his note on vi. 22, is as follows: 

‘Where double-equations do not suffice, we must have recourse to 
triple-equations, which are my discovery and lead to the solution of a 
multitude of elegant problems. 

If, for example, the three expressions 

X+4, 2+4, 5x+4 
have to be made squares, we have a triple-equation the solution of which 
can be effected by means of a double-equation. If for ~ we substitute a 
number which when increased by 4 gives a square, ¢.g. y+ 4} [Fermat says 
x? +-4x], the expressions to be made squares become 
' yray+4, 2+ 8yt+4, Sy? + 2074+ 4. 
The first is already a square; we have therefore only to make 
2,7, δ, 4) 
sy + 201" Ὁ 4 Ϊ 
severally squares. 

That is to say, the problem is reduced to a double-equation. 

This double-equation gives, it is true, only one solution; but from 
this solution we can deduce another, from the second a third, and so on. 
In fact, when we have obtained one value for y [say y=a], we substitute 
for y in the equations the binomial expression consisting of y p/us the value 
found [ze y+a]. In this way we can find any number of successive 
solutions each derived from the preceding one.” 

The subject is developed in the Doctrinae Analyticae Inventum Novum 
of De Billy already mentioned so often. 

It will be observed that the absolute term in all the three expressions 
to be made squares is a square. It need not be the same square in the 
original expressions ; if the absolute terms are different squares, the three 
expressions can, so far as necessary, be multiplied by squares which will 
make the absolute terms the same, when the method will apply. 

We may put the solution generally thus. Suppose that 

ax +p? 

bx+¢° 

Pe Αἱ 
have to be made squares (a, ὁ, ¢c or some of them may be negative as well 
as positive). 

Put . ax -- γ" + 22», 
which makes the first expression a square (or of course we could put 
ax = a*y’ + 2apy). é 

H. D. 21 
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Substitute (γ᾽ + 2fy)/a for v in the second and third expressions. 


Therefore : (0 + 2py) +9? 


“(98 + apy) + 73 


must both be squares; or, if we multiply the first expression by 7 and the 
second by φῇ (so as to make the absolute terms the same), we have to solve 
the double-equation 


: 7? (97 + apy) -- 9Pr =v? 


«¢ eS Le a tae 


cg” br° _ 


The difference =" — Pe) eRe eee Se) 


This has to be or into two factors of the form Ay, wy Ἐν, where 
v must be equal to 297 (in order that, when ἢ {(A +“) y + v} is squared and 
equated to the first, or when 1 {(λ -- yp) y—v}? is equated to the second, of 
the two expressions, the absolute terms g’7? may cancel each other). 

A different separation into factors is possible if 4/a and c/a are both 
squares; but otherwise, as Fermat says, the method gives only one 
solution in the first instance ; the above difference must necessarily be 
split into the factors 


p(b7°—c@") qr 
--- 4 ἐν and σας Bor, > 
agr 2 2: φ 


Half the sum of these factors 


nee ee) an 
a. ae 


5} agr 
Bas 242 ppl? 
(ὙΠ ἘΣ EL) + or, 
= apa? 


Squaring this and equating it to if (4? + 2py) +9’, we have 


apr + bp --ἢ παν Σ᾽. τ 
{35 6: = EL) a gr\ - yt + EO PEE, 


apgr 
therefore 
᾿ br’ 
ha “hep ιν: (ag?r? + b7°p? — epg’)? Ξ =f 
220,5 agr+bre -- δ᾽ φ' 
τ sacar δώ 
or re ὅν ΠΤ ee Oe ee λο, 


aes 2 ΘΟΕ Se 
Tape + cpg? — ag’r") 
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that is, 
IV (CGY + Prip' + pig -- 2bcpig?r -- 2cap’¢'? — 2abp*¢°*r) 
= 4αῤφ᾽ γ᾽ (br°p* + cpig? — αφ᾽ γῆ), 


οἵ = 4αῤφ᾽γ᾽ (ὁγ 72. cp'g? — αφ'γ) 
Beale 97 YE Bp + Cog) — re Φ Sra ae 
agr + Srp) + ὥξ'᾽ φ' — 2bcpig?r? — 2caf*g'r — 2abp°g?r 


whence x (= x2”) is found. 


Exx. from the Juzventum ovum. 


(1) 2x Ὁ 4 
3x Ἐ4 } to be made squares. 
ee 
Hered =2, ξξο; ὅξε 34.777 ΞΣ theretore 
ΜΗ 43:24/32:(616 4 ΟΞ 216) 
“56? (4 PROG = bag oa 8) 


τὸ. ἢ 
τς ἢ 
ΠΟ ΣΌΣ ΠΣ ΒΚ ee 
and τ taat {oS Ὲ } = Sr ama 
(2) X+1 
2ΧῈ 4 } to be made squares. 
2x+9 


Mere.2= 1,\0=3,0=2, 7-41.79 —2..7 = Ὁ mereiore 


ΝΕ 4. 8613.0 7... .16) 
36°+9.81+4.16—12.36—16. 26--6. 36.9 


J 


= Ae τ 
—36.46+9.81+4.16 863’ 


and α =y"+ ay = (B44)* +2 (334) = 28098 
The disadvantage of the method is that it leads so soon to such very 


large numbers. 


Other examples from the /xventum Novum are the following, which, 
like those above given, can be readily solved aé imitio without using the 
above general formula. 


(3) To solve jee ey 
1 ea Se ΞΕ. fe 
Sx we 


Put χα -- γ" Ὁ 2y, and substituting in the second and third expressions we 
have only to solve the double-equation 
2+ 4y+1=v" | 
s+ royt r=)” 
21---2 
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The difference = 3 (y” + 29’) = 4} (J+ 2). 
Equate the square of half the difference of the factors to the smaller 


expression ; thus 
(y --- 1)? — 2)» + 4y + I; 


whence y =—6, and x=)? + 21 = 24. 
(4) Equations ReaD: 
3x + 9 =7 Pp, 
5X +Q= qe” 


In this case we put x=)" + 6y, and we have to solve 
Sy Ot G7 ! 
ἘΠ πὸ. 
The difference = 2 (05 + 6y) = 2v (y + 6); we then have 
(EY - 3) = 37 + τᾶν +9, 


= 84 Lay Piece ridge War 
and y = — $4, so that x=" + 6y =3347. 
(5) Equations I+ ihe 
L=2x=7 + 
poe, 


If we assume x =y" + 2y, we find y = τὖὐ and x= +48. 
There are two other problems of the same sort which are curiously 
enunciated. 


(6) ‘To find three cubes such that, if we add their sum to numbers 
proportional to the cubes respectively, we may have three squares.” 


What Fermat really does is to take three cubes (α", 2%, c®) such that their 
sum is a square (this is necessary in order to make the term independent 
of x in each of the three expressions a square) and then to assume 
ἀν, 6®x, c’x for the numbers proportional to the cubes. He takes as the 
cubes 1, 8, 27, the sum of which is 36. ‘Thus we have the triple-equation 


SG oe ae 
36+ 8x=0" - 
R60 Ὁ σ᾽. = 207 


We put x«=y?+12y in order to make the first expression a square. 
Then, solving the double-equation 
36+ 8( 7 +12~) =v } 
206 Ἐ27ν + 12) 20} 
we obtain y = 2% and x -- γ᾽ + 12y = 220320, 


(7) ‘To find three different square numbers such that, if we add 
to them respectively three numbers in harmonic progression, the three 
resulting numbers will be squares.” 

Fermat first assumes three square numbers 1, 4, 16 and then takes 
2x, 3x, 6x as the required numbers in harmonic progression. (He observes 
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that, of the three numbers in harmonic progression, the greatest must be 
greater than the sum of the other two.) We thus have the triple-equation 


Ι Ὁ 224 -Ξ- 242 
4A+3x=7" }, 
16 + 6x =z?’ 


or, if we make the absolute terms the same square, 
Foo 325 ΞΜ 
16-124 =v" 
1G 6x = 0" 
Making the last expression a square by putting }y?+4y for x, we solve 
as usual and obtain y = — 932 and x=¢ (y? + 8y) = 249555. 


Fermat observes that triple-equations of the form 
+ πο ) 
v+eax=u* ἃ, 
My Se ae 
that is to say, of the form 
pPetax= 
TX PURE ἢ, 
at ee Χ ΞΕ ΟΣ 
can be similarly solved, because they can be reduced to the above linear 
form by putting « = 1/y and multiplying up by γ5. 


Examples. 

(1) To solve the triple-equation 
Ax Ὁ 2δ᾽ we 
4x? + 6x Ξ σ᾽ 


Ax? +: OX = τ: 
If + =1/y, this is equivalent to 
tae | 


6y+4=0v" 
ov+4= 2" 
Putting y= $2? + 22 and solving as usual, we find 
g=— 298, y=4ho? + 22 -ἰ δῦ, and x=F585- 
(2) Equations et cae 
AV + 3x =0° 


Ox? + 24 = Ww? 
This is equivalent to 


αν 
ay+4=u? -. 
zy 1.9 =| 


We put y = σ΄ + 22 and, solving the double-equation 
27 (27+ 22) + 36=a° 
8 (22+ 23) + 26- ; 


we find z= LED ΨΞ ae SE Ὁ: SO that x= ‘bead i. 
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(3) “Το find three square numbers such that, if we add their sum to 
each of their roots respectively, we obtain a square.” 

Choose, says Fermat, three squares such that their sum is a square and 
such that the root of the greatest is greater than the sum of the roots of the 
other two (the reason for this last condition will shortly appear) ; eg. let 
the squares be 4, 36, 81, the sum of which is 121. 

Let 4.535, 36x, 81x? be the three square numbers required; therefore 


121° - 2x=2 
121K? + 6x =v" 
21x" + Ox ΞΞ ΤΟΝ 


The solution, arrived at as above, is = 229%. 

Fermat actually used his triple-equations for the purpose, mainly, of 
extending problems in Diophantus where three numbers are found 
satisfying certain conditions so as to find fowr numbers satisfying like 
conditions. The cases which occur are in his notes to the problems 
ill, τον IV. 16, 20, V, 3; 27,285 they are referred fo in my notes on 
those problems. 

De Billy observes (what he says Fermat admitted he had not noticed) 
that the method fails when, the absolute terms being the same square, the 
coefficient of « in one of the linear expressions to be made squares is equal 
to the sum of the coefficients of x in the other two. Thus suppose that 


Lt 28, Do ox, ΤΕ σα 
have to be made squares. To make the first expression a square put 
x =2y?+2y. The other expressions then become 
I+ 6y+6y?, 1+ 10y+ 10% 
The difference is 4° + 4y = 2y (2y + 2), and the usual method gives 
(2y+1)?= roy? + 1oy +1, 
or 6y? + 6y =0, 
so that y =—1, and consequently x = 2y? + 2y=0. 
It does not however follow, says De Billy, that a set of expressions so 
related cannot be made squares by one value of x. Thus 1+ 5x, 1 16x 


and 1 +21 are all squares if « = 3, the squares being 16, 49, 64. He 
adds (§ 11) that “‘we must observe with Fermat” that the triple-equation 


I+ x=2 
I+ 2x=v 
{Ὸ} oa 


not only cannot be solved by the above method, but cannot be solved at 
all, because “there cannot be four squares in arithmetical progression,” which 
however would be the case if the above equations had a solution and we 
took 1 for the first of the four squares. 
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The subject of triple-equations has been taken up afresh in a recent 
paper by P. v. Schaewen?. The following are the main points made. 


(1) The equations δὰ ἘΞ 
δὰ Ἐ P= 
ἐπ Ξε 


can be reduced to the form 
en ete ba 
Pox =o" 
CEC =U 
by substituting ax’ for x, where mis the least common multiple of 2", g?, 7. 


(2) The method of Fermat has the disadvantage that, with one 
operation, it only gives one value for x and not by any means always the 
smallest solution. From this point of view there is a better method, namely 
that of finding the general solution of the first two equations, substituting the 
general value of x so found in the third equation and solving the resulting 
equation in a new unknown. Consider the equations 


ltax=0 
1+ bx=v" 
I+ex=w 


Suppose 1 + ax = 22, some square. Therefore 
Oss 
1+dx=1 ἘΠ τ); 


and, multiplying by a’, we have to make 
αὐ" + α -- ab a square. 
This is a square if =1 ; and we therefore substitute g + 1 for 2. Thus 
aby + 2abg + a> =a square 


m 2 
=(— g+a@), Say. 
71 


mt m 
Therefore ab——)9g=2|(—a-ab), 
21 n 
2an (m— nb) 
and ~~ abn? — m? , 
2amn — abn? — 7,12 
whence pr=gtia=— : 


abn? -- mm? 
_ 2 -πι τ ((2amn — αὐμῆ — mt) -- (abn? — “ 
and ne ee (abn? — m*)? 
— 4 mn {723 — (a+ b) mn + abn} 
(abn? — m?*)? 


Substituting this value of « in the expression 1 + cx, we have a biquad- 


a Me ae 
ratic expression in — which has to be made a square, namely 
n 
: : 27244 
m! — gcmn + {4 (a + δ) ¢— 2ab} mn? — gabemn® + αὐόληδ, 


1 Bibliotheca Mathematica, 1X3, 1909, pp. 289-300. 


328 SUPPLEMENT 


Example. Find x such that 
I—x, 1+ 4x, 1+ 7x are all squares. 
First find the general value of « which will make the first two ex- 
pressions squares ; this is 
_ -- 4mn (m? — 3m1n — 474) 
(mm? + 4») 


δ 


or, if we substitute ᾧ for 2/#m, 
2 8 2) 
τε 
We have now to make 1 + 7x a square ; that is, 


ki + 14h? + 232?— 14k + 1 =a Square. 

The first solution of this is 4 =+ 1, and by means of these values we get 
the further values £=% and £=24 (cf. Euler’s solution of the problem of 
making x?+1 and «+1 simultaneously squares quoted in my note on 
pp. 84, 85). The corresponding values of x.are respectively 

3 120 120120 
sae Sy τ 
Fermat’s method gives, as the next solution after 3, the value 


v= 61294243 
ie ee GUO tah nerd. 


(3) vy. Schaewen observes that the problem of finding x such that three 
different expressions of the form sx + 71 are all squares can always be solved 
provided that we know owe solution; in this case the absolute terms need 
not be squares. I doubt however if he is right in supposing that the 
possibility of solution in this case was not known to Fermat or De Billy. 
I think it probable that Fermat at least was aware of the fact; for this case 
of the triple-equation is precisely parallel to that of the double-equation 

204 Sw" 

6x 3 Ξ 9 }" 
given as a possible case by Fermat in his note on Bachet’s conditions for 
the possibility of solving double-equations (cf. note on p. 287 above). 
Fermat says that the square to which 2x +5 should be made equal is 16 
and that to which 6x + 3 should be made equal is 36 (corresponding to 
x= 52), adding that an infinite number of other solutions can be found. 


(4) Lastly, v. Schaewen investigates the conditions under which the 
equations 


T+ax=u, 1+ δα τευ", 1+ (a+b) αὶ Ξ τοῦ, 
which cannot be solved by Fermat’s method, are nevertheless capable of 


solution, and shows how to solve them when they Aave a solution other 
than x Ξ ὁ; 
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SECTION VI. 
SOME SOLUTIONS BY EULER. 


PROBLEM 1. To solve generally the indeterminate equation’ 
e+¥P+ Hav’. 


Vieta solved this equation on the assumption that two of the four 
numbers are taken as known. 

[I noted on p. 102 Euler’s remark that, if 3°+ 4° is turned into the 
difference between two cubes by the direct use of Vieta’s second formula, 
the formula gives 3° + 4° = (452)* - (445)* but not 3°+ 4᾽ Ξ 65 -- σ΄ I ought 
however to have observed? that the latter can be obtained from Vieta’s first 
formula if we multiply throughout by a+ 4% The formula then becomes 

a2 (a+ BP =B (a+ δ)" + a? (αϑ -- 20°) + B (αὖ — δ)". 

Putting a=2, 6=1, we have 18°=9'+12*+ 15%, which gives (after division 
by 3°) 65 = 3+ 4: 5... The next solution, obtained by putting a= 3, ὄξει, 
is 847 = 289+ 539+ 75°; if a= 3, b= 2, we have 105° = 33° + 70° + 92°; and 
so on. Similarly Vieta’s second formula gives . 

& (a + 28) = a (αδ -- BY + ὁ (a -- BP) + δὲ (2α" + OY, 
and we obtain other integral solutions ; thus 
ifa= 2, b=1, wehave 2οξ 7°+14°+17", 
if a=3, d=1, we have 87*=26* + 55°+ 78°; 
and so on. | 


(1) A more general solution can be obtained by treating only one of 
the three numbers x, y, 2 as known. 

To solve C++ p=, 
put xX=putr, y= φ4-- 7; 
therefore | 
a+ 3r(prq)ut 37 (P-P) w+ (PrP) wae 

r 3 
a δ με he 
and we obtain, after dividing out by (2 +49) #’, 
a a ° 
3r(p-9) + (P-porg)ua=Ze(prya)+Glpryyu 


1 NV. Comment. Acad. Petrop. 1736-57, Wol. vi. (1761), pp. 155 sqq-= Comment. 
arithm. 1. pp. 193-206. Cf. pp. 101-2 above. 

2 See Nesselmann’s ‘“‘Anmerkungen zu Diophant” in the Zeétschrift fiir Math. τε. 
Physik, XXXVU. (1892), Hist. litt. Abt. p. 123. 
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3a*r' (p + 9) — 367 (P-9) 

ah( p— pg+9?)—7°(ptg)”’ 

3a prt (2) +9) —a°r (᾽ -- τῳ -- φ -τ( 194) 
αἰ», -. ὉἘ- 2} 

τα (pt g)—a'r (p* + 2p9 — 82} Ἐ ΟΣ ΤΌΣ 
a (p—pg+9?)— 7 (p+9) 

αἵ (ῥ᾽ --ἦδφ +) — 3α'γ" (Pp -- 4) 2αγ (} Ἐφ} 
αὐ (2) --φ τ φῇ --» (2 Ἐφ) 


where a, 7, and the ratio 2 : g may be given any values we please. 


or “= 


X=put+r= 


᾽ 


τ 


22 
ὕεια ες ta) 


) 


(2) A more general solution still is obtained if we regard none of the 
first three cubes as known. 
Suppose that, in the equation 


e+ P+ Rav", 


x= mt+ pu, y=ntt+qu, s=—nl+ ru. 
Therefore 
C+ p+ P= nF + 3m*p) Curt 222 | ἐκ Ὁ p> \ u 
+ 327 + 3ny" τ φῇ | 
ἘΠ. — 2ηι7γ3 +7 
Put now v=mt+ BED STENTS 2 it, 


m? 
and we have, after division by τε, 


47 17),,25 -Ὁ η (φῇ -- 2), τῖν (2 τ φ τ» Ξ " ntp +0 Ua al ἢ 


+ mp +m (gt r)\*, 


whence, neglecting a common factor which may be chosen arbitrarily, we 
have 


tam (p+ gtr) — {nlp tn (g + VP, 
14 τε 3m {nep+ in? (φ +r) — 308 {mp +n(y?—Pr)j, 
or, if we divide by the factor g + 7, 
t=m' (φ" -- gr +r) —3m'np? — 30?n'p (g +r) -- γ" (ψ try, 
u=— 3m°n (φ — r) + 6m nd + 3mPn' (9 +7), 
so that x, γ, z and v can be written down. 
The solution is, however, still not general. 


(3) “General solution: 
To find generally all the sets of three cubes the sum of which is a cube. 
Suppose PEE EO Se D Or Ata DC 
and assume A=p +97, B=p-—¢; CH=r—s, Darts, 
Then ΠΡ B= 2p + 6p7",. P= C= 25° + 67's, 
so that PL’ + 37) =5 (8? + 37°). 
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This equation cannot subsist unless 22 + 495, s?+ 372 have a common 
divisor. Now it is known that numbers of this form have no divisors 
except such as are of the same form. 

To find them, we introduce six new letters to take the place of 
DP, 9, 7, Ss, thus: let 

p=axt 3by, s= 3cy — ax, 
. g=bx-ay, r=dy+ex, 
whence =p? + 3g = (a? + 35) (x? + ay"), “Ὁ 37° = (a? + 3c*) (a* + 37”), 
and our equation, divided by x? + 3»), becomes 
(ax + 3by) (α" + 305) = (3 — dx) (a? + 30”) ; 
x  — 3b(a? + 30°) + 3ε (d? + 32) 
eae (a? + 46 4 (ad? +30) ’ 
and we may put x =— πὸ (a* + 30°) + 3c (d* + 3"), 
y =na (α" + 30°) + nd (ad? + 3¢). 
Hence the values of 2, g, 7, s are found to be 
Pp = 3 (ac + bad) (da? + 3¢), 
y = n (3b¢c — ad) (a? + 30?) — n (αὐ + 30°), 
r=n (a? + 30)?—n (3b¢ -- ad) (a* + 36’), 
5. = 3 (ac + bd) (a? + 36°), 
and A =n (3a¢ + 3b6c— ad + 3bd) (45 + 3c”) —n (a* + 30°), 
B=n (3a¢- 3b¢ + ad + 36d) (d? + 30) - τι (a? + 36), 
C= (a? + 32°) —n (3ac + 36¢ — ad + 362) (a? + 40), 
D=n (d? + 30°)? + 2 (3ac — 3c + ad + 36d) (a® + 30°). 
These values satisfy the equation 
AAP Ee CeaT, 
and, since no restriction has been introduced, the solution is capable of 
giving all the sets of three cubes which have a cube for their sum. 

More special forms for A, B, C, D can of course be obtained by putting 
zero for one of the letters a, 4, c, d, and still more special forms by com- 
bining with the assumption a@=o or 4=0 the assumption d= +c, or com- 
bining with the assumption c=o or d=o the assumption 6=+ a. 

Two cases are worth noting. 

First, suppose = 0, d@=<, and we have 

A = 8nae— na‘, B=16nace + πα΄, C= 16nc* -- 2na*c, D=16ne + quae. 

If further we write 2a for a and m/16 for 9, we have 

A=na(c-a’), B=na(2e+a), C=nce(F—a@), D=nc(e + 2a), 
which is equivalent to Vieta’s solution of his second problem. 

Secondly, suppose @= 0, =a, and we have 

A =18nae—16na', B=16na', C= gnc'— 24na*c, D=o ne", 


so that 


or, if we write 3a for a, 
A=gnai—na'‘, B=na', C= ne — 3na*c, D=ogne', 
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which, if 2 =a=¢=1, gives the simplest solution of all 
A=8, B=1, C=6, D=g, and 1°+ 6° + 8 = οὗ 
In proceeding to other solutions we have to remember that, while 
A, B, C, D must be integral, they should all be prime to one another ; for 
those solutions in which 4, B, C, D have a common factor are not new 
solutions in addition to that from which the common factor is eliminated. 
Thus, while giving any values, positive or negative, to the numbers 
a, 6, c, α΄ in the formulae 
x = 3c (d? + 32) — 3b (a® + 30°), 
y =nd (45 + 30) + na (a* + 36°), 
we have to choose for 2 such a fraction as will make x, y prime to one 
another. We then form 
p=axt 3by, g=bx—ay, ξεν τα, s=3cy—dx; 
and, after again eliminating any common factor, we put 
A=p+9, δε ὦ C=r—s, D=rts, 
and we shall have “4 πε ΞΣ 
(The cases in which one of the three cubes 4’, 255, Οὐ is negative will 
give the solutions of the equation 2° +y° = 2° +v*.) 
While any values of a, J, c, @ may be taken, it is necessary, if we want 
a solution in which 4, 2, C, D will be sma/Z numbers, to choose a, ὁ, ὦ ad 
so that αὐ 307, d?+ 3c may have a common factor. Euler accordingly 
sets out a table of all numbers of the form m+ 37? less than 1000 (giving 
m values from 1 to 31 and x values from 1 to 18), and then chooses out 
cases in which a? + 36°, d? + 3c? have a tolerably large common factor. 
Now, assuming that a’ + 30° = mk, 
C30 = Hk; 
we have (supposing further that ac+ dd=f, 306 — ad = g) 
A=n(3f+g)—mh, 
B=n(3f—g) + uh, 
C= vwk-m(3f + g) 
D=wkh+m(3f- 
In these formulae 4 g may be either positive or negative, the signs of 
a, ὁ, ὦ, d being ambiguous ; and we may put 
J=+(ac+ dd) Ἢ f= (αε-- bd) \ 
&=+ (30¢ - ad) &=+4(36c+ad)J° 
But, if f changes sign while g remains unaltered, we get numbers of the 
same form, only in different order; therefore we may confine ourselves to 
the positive sign in αὶ 


either 
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Example τ. et 
a’ + 34 =109, so that a=4, J=1, 
d* + 3 = 76, so that d=1 | org= Ἵ or pea 
c=5 c¢=3 c=2 
THON HEN 2S A = 1: 
The following values for f, g result, viz. 
ow at i ier man 9 Hy S119, 
τ πε Εἴ; Leh; f= 219; 
73 5, NGS = τ, Vil =: 
ξ. 1} 8.Ξ1 26, ὅ- 88, 


while, since #7 ΞῚ, 2=4, = 109, 
A =12f+ 4g-19, 
B = 12f - 4g +19, 
Ca 30437 
Πρ eg04 eh Se 
The values (VI) f=0, g=+38 are excluded because, if f=0, d=-B 


and C =D) 
‘The values (1) give 
A =233+44, thatis,| 4=277 | A=189 or A=3 
8-- 271τῈ 44 | B=227 | B=315 B=5 
C= o4r τὴ | C= 230 C= 252 C=4 
D= δὴ τέ τι | D=356 D=378 D=6 
The values (11) and (III) give, after division by 19, 
A=11+4, thatis,’ d=15 or d=5 | 4= 7 
me | | 
B=1344 ( f= 9 Ve wea: cae | 
C=13 41 | C=12 C=4 C=14 
τι | ΝΞ D=6 D=20 
The values (IV) give 
A= 41+148, thatis,| 4= 189 or A= 63 | A=—107 
B= 794148 B=- 69 = 28 ΡΞ ee 3 
C2286 4. 37 C= 252 C= 184 C= 326 
D=319F 37 Die 282 = 9g) =. 350 
Lastly, the values (V) give 
A=173+104, that Is, = 297 A= 69 or A= 23 
B=211 + 104 107 We 315 B=105 
C2356 -4 =20 C230 C= 252 C= 04 
D=352+ 26 D7 =)220 7) 55:38 D=126 
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Thus from the one assumption for αὐ 405, d?+3 we have the 
following solutions: 
227° + 230° + 277° = 356° 6) +366" Ξ- 222} + 326° 
107" +1290" +277 = 326" 23°+ 94°= 63°+ 84? 
23°+ 94°+ 105°= 126° 
fee ee ©: es aa bs be eae 0 
oo ee 53 = 63 


Example 2. Assuming 
+34 = 28, so that oa or fae} or oo 
d 


G=3 b=2 Des 
ad? + 3c? = 84, so that pee or peu or | 
ἔξεδ c= 4 De a 


we have £= 28, m=1, m= 3, and the following solutions will be obtained : 
De οὐ 8 ΞΞ οἷ ΤΥ = δ a oO 
34° + 39° + 65° = 72° 16.8.3) = 190° +24" 
20° + 54° + 79° = 87° 175 509 = 26" + 36° 

37 + 4° Ἔ oo 63 Ἢ 

38° + 48° + 79° = 87° 


PROBLEM 2. 70 find three numbers x, y, 2 such that 
ἘΣ ee os ἘΠ 


N-—j, X—3, γ}»-- 2, 
are all squares. ἧς 
γε: solution’. 


Assume that Δ: πε A eag. ye νοι 
therefore y=x-—-p’, z=x- 9, and @=f% +7. 
The first three formulae now become 
K+y=24—-f', 4+ 4=2x4-G, yt+s=2x-f-¢’. 
Suppose that 2x-—p’—g?=?, so that 2x Ξ- + 235: 9°; therefore we 
have to make 23 - g? and 2 + 25 squares, while in addition g? =f? + 7°. 


Let φιξα εὖ, 3Ξ αὐ --ὖ, r=2ab; 
then P+ (P+ PPaP+at+ b+ 206 
and . P+ (αἢ -- 63} -- 33... αὐ « 64 -- “ει 


must be made squares. 

Comparing now δ᾽ τ αἱ τ δ' with +d? and 2a%? with 2cd, let us 
suppose =a’ =f? PR, c=f'g?, d=, a=f'h, P=g°h (or a=fh, 
b= gk); then the assumption /? + at + δ' τ 2 + d? will assume the form 

f? + fh ἐφ τέρα hth’, 
or 25 = figs fps Aap — pth! = ( f* — he) (g4—h'). 
‘ Algebra, Part 11. Art. 238. 
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Hence the problem is reduced to finding the differences of two pairs of 
fourth powers, namely 74 -- 4 and g*— A‘, the product of which is a square. 


For this purpose Euler sets out a table of values of m‘*—x* corre- 
sponding to different values of γι, γι, with a view of selecting pairs of 
values of m*—* the products of which are squares. 


| m?> 2: | "3 --δ | m+n? mr -- γ13 | 
β πες = 
4 Ie 4 3 Β Sian 
9 I 8 10 ΤΟΣ 
--- 4 5 3 5+ 13 | 
| 16 ra 15 Kp «| ee coe | 
-- 9 7 25 25. 7 
25 ae 24 26 TO.) 3.023 
25 9 | 16 34 τὸ: 2. 1 
49 ΤΕ 48 50 ἜΣ οι Ὁ 
49 θαι hg 5 65 Sen eae Tey 
64 Tt i) Ὁ ἘΠῚ 65 Do Son ters 
Si.) AO 225... 5 τῷ O44; δ 152: 
121 4 PETC ees 25 oan re oe 
121 Ὁ 112 130 10. 525 - 8s 7,12 
121 49 72 170 τῆ. 1 
144 28 119 169 τόῦι 7617: 
169 I 168 176 τὸ, ἢ. τ΄ ets 
169 81 88 250 254) δ δι τῇ 
225 64° | 161 289 280. 7423 


One solution is obtained from 73 =9, 2’ = 4, g? = 81, 15 =49, whence 
t? = (5. --ἰ δ (ο' - W*) =5.13. 64.5. 13 = (520) = 270400. 
Therefore 
a=fh=21, b=gh=18, p=@—-P=117,9=e + = 4765, 7= 200 = 756; 
therefore χα =7? + 7?+9° =869314, Or X= 434657 
y=x—-f?= 420968 
g=x—g? =— 150568 
The last number z may be taken positively; the difference then becomes 
the sum and the sum becomes the difference ; therefore 
x= 434657, © +) = 855625 =(925), x-yv= 13689 = Cnr) 
y = 420968, «+ 2= 585225 =(765), x — 2 = 284089 = [5 7). 
Z= 150568, γνῈ 2- 571536 - (756), v— 5Ξ- 270400 = (520)*. 
We might also have taken f?=9, #=4, g?=121, =4, which would 
equally have given a solution. 
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Second solution’. 
This later solution (1780) of Euler’s is worth giving on account of the 
variety of the artifices used. 
We can make x+y and x —) squares by putting x= 77+ 9%, vy = 2fvy. 
Similarly x + 2, x —z will be squares if x =7°+5°, z= ars. 
Therefore four conditions will be satisfied if only 2) - 7? =77+s°. 
Now [cf. Diophantus 111. 19 and pp. 105-6 above] if we put 
L(+) (C+ 72’), 
x can be made the sum of two squares In two ways ; in fact 
p=ac + bd, r=ad + be, 
g=ad—be, s=ac— bd, 
and : 
= apg = 2 (acd + abd? -- αὐῶ -- Ped), 2 τε 2γς =2 (α"εά + abe -- αὐά -- Ped), 
so that y+s=4cd (α" -- 6), y—2= 4αὐ (45 -- ἐν). 
These latter expressions have to be made squares. 
First make their product γῆ — 2” a square; this means that 


ab (α3 -- 0°). cd (a@* —c*) must be made a square. 


To effect this, let us assume that cd(d?—c*) = n’ab (a — 6°); we may 
further, since the question depends on the relations between the pairs of 
letters a, 6 and ὦ @, suppose that d= a. 


We have then c(a’— 0) = 1b (a? -- 65), 
wb? — ε : 
whence @ = , which fraction has accordingly te be made a square. 
Wo ~ 
v7 — ὦ 


Suppose that ὦ Ξ ὦ --, so that i i? — 2c +¢, and we have 


nb — 
o=— (20? +1) Pet (x? + 2) δ; 
bo. #7+2 


therefore = : 
C 244 


Put d= 27+ 2 and c= 2m? +1; thereforea=1—7”=d. 


As we have now made the product of the expressions aé (d? — c*) and 
cd (a? — 6”) a square, it only remains to make either of them singly a square, 
say ab(ad?—c’). 

But ab (ἀ" -- (δ) τε αὐ (4 -- ἡ) (d+ 0) = 3n? (n? — τ) (βῆ +2) 

We have therefore only to make 5 (γι -- 1) a square, which is easy, since 
n° —1 has factors ; for we have only to put 


3 ie T) - (σι + 1)", 
rs 


which gives 2 (σι -- 1) -- En ἘΠῚ; Or A= 


7a. 
1 Mémoires de [ Académie Ἢ des Sciences de eS Pétersbourg, 1813-14, V1. (1818), 
pp. 54 sqq.= Commentationes artthmeticae, 11. pp. 392-5. 
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{Euler had previously tried the supposition @=4+¢, which would 
require 3(z?+1) to be made a square, which is impossible. ] 


All the conditions are now satisfied, and we have to find a, ὦ, ¢, d etc. 
in terms of f, g: 


22 4 2 2 
Pa 2k Popiape ei) BS Pee ame) Math ἢ Ἔ 27}: 
(3) - Ὁ» (CY Gee ae een 
3/74 OF 2 + 27s" 
C=2n?+1= 
Ge) 


As the whole solution depends on the ratios of a, bea d, we can 
multiply throughout by the common denominator, divide by 3, and put 


a=d=-4f%g4, b=ft—aftgtt+ogt, cHft+ 27,303 + og, 
whence Pa EF Oe Pal ao ee aie, 
g=—fet+ ofigt— 812°, s=— 16f4¢4, 

{Euler took a to be m?—1 instead of 1 — 2? and consequently obtained 
positive signs for the values of 2 and s; he also has g = — {7 -- 9g*)’, which 
appears to be a slip. | 

Assuming therefore any values for 7, g in the first instance, we first find 
values for a, 4, ὦ “ὦ then values for Z, g, ~, ἢ and lastly values for x, y, z. 


It is to be observed that it is a matter of indifference whether we get negative 
values or not; for positive values can be substituted without danger. 


Euler gives four examples. 

If f=1, g=1, we find that x, y have equal values; this solution there- 
fore does not serve our purpose. 

The same is the case if f= 3, g= I. 

Suppose then that f= 2, g=1; thereforea=d=-—16, d= 17, c= 33; and 
(taking positive signs) we have 


p=800, g= 305, 7= 817, s=250, 
and x = 733025, y= 488000, z= 418304, 
x+y = 1105", x—y= 495" 
ee 1073, 2 —2 = ΟῚ" 
yr+2= 9527, γ--2-: 2645. 
If f=1, g=2, we have a=d=16, 6=137, ἐξξ 153, and 
p= 4640, g=20705, r= 21217, $= 256, 
leading to large numbers for x, y, 2. 


Euler adds that, if x, y, z satisfy the conditions of the problem, another 
solution is furnished by X, Y, Z where 


X=1(P+2-2), Υ Ξὶ (5 χα -- Z=4 (e+ 7-27). 


HH, D: 22 
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PROBLEM 3. 70. find three squares such that the difference of any pair 
is a square, or to find x, y, 2 such that 
αἢ-- νῷ, χ'-- σ᾿, y— 2 are all squares. 
Any solution of the preceding problem will satisfy this, but the numbers 
would be large and we can get smaller solutions’. 


9 


“ 


oe eye 
Dividing by 25, we have to find three squares, ats and 1, such that 


x? yy x γ 
6-ῷ. G-) By) 


The last two conditions are satisfied if we put 

Coie ae oe τα 

ς 2»-ι Ane 5 23 1" 
mie Wont) το εἰν 
ΠΣ saree 9 amg 


are all squares. 


2 
x 
and we have only to make rie a square. 


Now 
(f tay AGE SP et eg pr γι 
(2) -- τ) π΄ lee “ΠῚ 
BAG πο iad 
(Peg 8), 
Therefore (f°g? — 1) (φῇ -- 2 or (2.9 -- τὴ (4 - 3 has to be made a 


square. a 


(1) The latter expression is a square if 
οι: 
ΠΣ 


And 29 ¥ Ξε φῦ, a square ; therefore 


Die + 9? hy? + 22 
afe  2hk 
If f=at+b, g=a-b, h=c+d, k=c-—d, the expression becomes 
4 (α' — 54) (ε΄ -- d*), which must be a square. 


or fe () τοῦ. Ak (15 + 2’) must be a square. 


From the Table to the last problem we may take the values 
@=9, P=4, &=81, d?= 409, 

which make the expression a square. 

Then f= 5, g= 1, 4=16, k= 2, pg=18, g/p = %$2 = $4, so that 7° = 389, 
g=42, and therefore p= 4, 

; x p+ I TET 156% 

Therefore ἡ =2 SS Δ = *°5 is the solution. 

ef - Ὁ Oy ana ES 

1 Algebra, Part 11., Arts, 236, 237. 
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PROBLEM 3 


339 


To. obtain whole numbers, we put 2=153 and then x=—697 and 


y= 185. 
Thus x? = 485809 ) and. x? -- γ᾽ = 451584 = (672), 
y= 34225 ¥—-2@= 10816 =(104), 
Z*= 23409 x? — σ' = 462400 = (680)? 


gy’ 
(2) Without using the Table, we may make (2793 -- 1) (2 - 1) a square 


in another way. 


Put ¢/p =m or g= mp, and (mp -- 1) (m?— 1) has to be made a square. 
This is a square when 2 - 1; substitute therefore 1+5 for 2 and we 


have 


(mm? — 1) (m?— 1 + 4ης + 6m?s? + 4m’s* + ms), 


Dividing out by (m?-—1)? and, for brevity, putting @ for m?/(m?—1), 


we have 


I + 4as + 6as? + 4as8 + as4, 


which has to be made a square. 


Equating this to (1 +/s + gs°)’, let us determine f, g so that the first 


three terms disappear ; 


therefore of = Ads δὲ J = 2a; 
and 6a = 2¢+ f? or ρσ-Ξ ὃ (δα -- 723) = 36 -- 207. 


Lastly, the equation gives 4a + as = 279 + ¢’s, so that 


4a — 2fg 4a—12a7+8a = 4-12a+ 80° 


S= 


“ga 4at—12a8+9a’—-a 4α"-:- 1207+ 9a-1 


Now m in the expression for a may have any value. 


Ex. 1. Let m=2, so thata=$; 


ΠῚ ΒΗ ee πα τς 
therefore ies Por ead τς = a3? £ 
hence Ce = sey 
ὼ Z 420’ 2 4947 
Ex. 2. Let εξ, so thata=3; 
Se ese en See 
therefore Se a τ 2 ἘΦ, 


whence x/z, y/z are determined. 


Euler considers also the particular case in which ἃ =?/(m?—1) is a 


square, 2 say. 


The expression 1 + 42°s + 62°s? + 4555 + 2st is then equated to 


(1 + 26s + b5°)?, 


: — 26-20 
and we obtain sa a and oe 


— 
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Ex. aisa square if γι τε ὅ, and in that case d= 4. Therefore p= — δ 
φ = mp = — 11 and accordingly 
sires dt pe Ata 10. 


Serre ΧΕ} 


PROBLEM 4. 70 find three square numbers such that the sum of each 
pair is also a square, 1.6. to find numbers x, y, 2 such that 
x+y, x24 2% P+ 2? 
are all squares’. 
Dividing by 2’, we have to make 
ὍΣ ΑΝ προ τι 


all squares. 
The second and third are made squares by putting 
opt bane care 
Zz 2p and 2 99° 
and it only remains to make 


(At Age) ee 
17: εἰ »- ) , or φ᾽ (2) -- τ} +f" (φῇ -- 1)’, a square. 

This can hardly be solved generally, and accordingly we resort to 
particular artifices. 


1. Let us make the expression divisible by (f+ 1)*,which is easily 
done by supposing 2. + 1=g—1, or g=p + 2, so that g+1 becomes 2 + 3. 
Thus (2 + 2)? (2 -- τὴ} Ὁ 2 (2. + 3), or 2f' + 829 + 62) — 42 + 4, must be a 
square. 
Suppose 22. + 82° + 62" --42.4-- (925,2 + 2}, 
and let us choose f, g such that the terms in 2, 25 vanish ; therefore f= — 1, 
and 4g+1=6, or g=3. 
We now have 2p+8= 2° + 275 
SS. ee: 
ee Q) 
so that = — 24, and g=— 22, whence 
sig ὑὸς SU peg Sea δε ete 
2 2p 48’ 2 29 44 
Making z=16. 3.11, the least common multiple of 48 and 44, we have 
the solution 
CST 23a 25 = 0325; Pore. 28 tt = 6700, g= 3 ft. 16— 528; 
and MEV HBS 2G 202) essa ae 
a+ B= 11? (575°+ 48°) =117. 577°, 
y+ = 127 (4837+ 447)= 127. 4852 
1 Algebra, Part 11., Art. 238. 
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2, 3. Euler obtains fresh solutions by assuming, first, that 
g—-1=2(p+1), 
and, secondly, that g-1=4(p-1). 
4. Lastly, he makes our expression divisible by both (2 1)" and 
(f-1)? at the same time. 


For this purpose he takes 


pits 
— prt? 
t —1)(¢- 
whence γει δ Ἐ ΘΟ Ὁ and pe ee os 1) 


Substituting in the formula φῇ (2 -- τ): - 25 (φῆ -- τ)2 the value of g in 
terms of 2, ¢ and then dividing by (2 -- 1)?, we have the expression 
Fis Ae ase 8 
(p+ (pA 
and we have to make (f¢+1)?(f + 7)? + 23" (( -- 1) a square, 
cor) |= £744 at (e241) p+ {224+ (24 17% τᾳ( -- 2 2 (Δ +1) p+ 


must be a square. 


We now equate thisto {225 - (15- 1)ὴ2 -- 2)", 
whence we have 
fof? + (#241)? + (2 — 1) + 2f +1) ={( + 1)?— 227} p— 24 (7? + 1), 


which gives 415 (2? — 1) p+ 4¢( +1) =0, 
therefore piti= ay , ptt= τ, 
and Q= Se 


where ¢ can be chosen arbitrarily. 


Ex. Let ¢=2; then p=—§, g=— 43, and 


ae (si SR OM Aa ΤΈΡΑΣ] 


Ζ 2 8ο᾽ Ζ 2 44᾽ 
Putting 2-4.4.5.11, the least common multiple of 80 and 44, 
we have nae 
X=—-3.11.13 =— 429, 
Y=-4.-5-9-13=— 2340, 
$=" 4s 5-1r— :: 880; 
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and x+y? = 32. 13?(121 + 3600) = 37. 13°. 617, 
xi + g2=117(1521 +6400) =117. 89’, 
y+ 23 = 207 (13689 +1936) = 207.125”. 
PROBLEM 5. (Extension of Dioph. tv. 20 to frve numbers.) 
| To find five numbers such that the product of every pair increased by unity 
becomes a square. | 


Euler had already shown (see pp. 181, 182 above) that, if #2+1=7%, 
then the following four numbers which we will call a, ὁ, c, d have the 
property, viz. 

a=m, b=n, c=m+n+2l, d=4l (1+ m) (l+n). 
If now Ζ is the fifth required number, the four expressions 


I+az, 1+ 62, 1+¢2, 1+ az 
must all be squares. 


If, says Euler, we had to satisfy these conditions singly, the difficulties 
would be insuperable. But here too it happens, as in the former case, 
that, if we make the product of the four expressions a square, the 
expressions are all severally squares. | 


Let the product be I+ pote? +rz2° + s24, 
where accordingly 
pratbt+et+d, g=abt+actad+ be+bd + cd, 
r=abe+abd+acd+ Oa, Sale 


Suppose now that 
1+ pe+g2t+re+set={1+dp2+ (24-- 122) 2}; 
therefore, since the absolute term and the terms in z, z? vanish, we have 
r+se=p(o9—aP') + G7 —-3P")* 2, 
.-. 5:2 Go 39% 
εὐ ae eee 
Now it will be found (see the proof lower down) that 
£9 —sP =—4 (5 +1); 

the denominator of the fraction will therefore be }(s—1)?; that is, the said 
denominator fortunately turns out to be a square; if it were not so, the 


single expressions 1 +az, 1+ 6z, 1 +cz, τ Ὁ ἦς could not have been made 
squares. 


whence 


As it is however, substituting for 1φ -- 122 its value in the numerator 
and denominator of the fraction for z, we have ᾿ 


_ 4r+2p(s+1) 
ΕΣ {(ὑΞ 1} 


1 Commentationes arithmeticae, 11. pp. 50-52. 
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and all the conditions will be fulfilled, that is, all the expressions 
ab+1, ἀεὶ, ad+1, bc+1, bd+t, 
αὐ τι, azt+i, b2+1, cat, az+t 

will be squares. ᾿ 


Lemma. ‘To prove the fact (assumed above) that 
ἐφ- ἀρ) - -ἀ τ) 

For brevity, put m+2+/=f, Ζ({-Ὁ m)(/+n)=h, so that ἃ -τ- 15 Ὁ ἔστι; 

and, sincea=m, b=n, c=ft+l, d=4h, we have a+ b+c=2/, and therefore 
p=2et 4h. } 
Again, since g=(atb+c)d+(at+b)c+ab, 
g=8fk+(m+n)? + 21 (m+n) + mn; 

and, since mz +1=/?, the latter expression becomes 


g=8fk +f? —1. 
Moreover, s=abed = 4mnk (f+ ἢ); 
therefore 1+9+5=8fk+f?+4mnk (f+), 
and we have to see whether the right-hand expression is equal to $7’. 
Now tp =f? + afk + 4h’. 


Assume then, as a hypothesis, that 
8fk +f? + amnk (ft l)=f?+ 471 4h’, 
7:8. 4fk + 4mnk (f+?) -- 4, 
or, if we divide throughout by 424, 
ftmn(f+l)=k=fl +lmn, from above ; 
that is, 7 ῈἘ»ΗΞ., 
which is of course true, since ma+1= 7°. 
Consequently it is proved that 
r+g+s=4p, or 39-5P")=—-3 (5 + 1) 
Ex. 1. Assume m=1, 2 = 3, so that 7=2; therefore 
@= τ, ὅτ, ¢=8,, @d=120, 
whence p=il32, G=1475, 7= 4224, $= 2880, 


and we deduce that 
4.42244 264.2881 777480 


2870" ~ 8288641 © 
The conditions are satisfied, for 
G+ iS 2", ace 1:Ξ τ ag i= δι 
be+ 1 =5', bd +1=19", a+U=31" 


> 
5 : — (3809)\2 
az+1= (394), bet+1= (S875) ca ει = (S875) 


dz +1 =(22872)3.- 
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Ex. 2. - To get smaller numbers (since we must put up with fractions) 
let us put #=3, 2 =$, so that 7=3; therefore 
a=%, 0=5; ¢=6, d=48, 


whence p= 57) g=45 Ii, i 9313, Sis 360, 
- nes 4-931¢+ ΕἸ 361 7 44880 
359° 128881 


PROBLEM 6. Euler hasa general solution of the problem of Dioph. 111. 
5s Viz: 
To find three numbers x, y, 4 such that 


KYA KAY, XE X+Z, YEtyr+s 
are all squares}. 


(1) Put x+1=A, y+1=B8, z+1=C, so that dB-1, AC-—1 and 
BC—1 have to be made squares. 
Let Apap +1, AC=7 +4, b6=7 - 
therefore ABC= J/{(g? + 1) (+1) (7 + I). 
To make this expression rational, let us regard 2, g as given and put 
(2?+1)(¢?+1)=m?+n7, so that m=pog+1, n=pf¥q; therefore 
ABC=,/{(m'? + 2°) (7? Ὁ 1}} = J/{(mr t+ n)? + (ar — m). 
Put the latter root equal to mr +2+¢(ur—m); therefore 
717, —m=2mrt + ant + url? — mi, 
_ m(t?—1)— ant 
“(2 -- τὴ τ 2mt 
2 ΕΝ (P+ 1)? _ (m+ yl +1), 
ROPE eS {γ (12 -- 1) + 2m?’ seco nm (t?—1)+2mt? 
thus, since BC=7?+ 1, we have 


and 


Spl 1) + 271: 
ἤιει 
and, since 223 +m? = (235 τὴ (g?+ 1), 
ΤῊΝ is ει) 2 Ἐπ)- 
n(f—1)+2mt’ 
Ce (9° + 1)(2+1) 
m(¢?—1)+2mt’ 


᾽ 


where 271 τε 2 -Ἐ 1» 21 τι 3, Ἐφ. 


This solution is very general, inasmuch as we may choose 2, g as we 
please, thus equating 4.8 --τἰ, AC—1 to any given squares; and, as Ζ 


can be chosen arbitrarily, we have an infinite number of square values for 
BC -- τ. 


(2) Euler adds two methods of obtaining solutions in integers, the 
second of which is interesting. 


* ““Considerationes circa analysin Diophanteam,” Commentationes arithmeticae, 11. P: 577: 
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rae which is similarly related to either of the former 


; : c 
Take two fractions = and 7 39 related that ad—dc=+1; and form a 


+ 


third fraction 
fractions. 
Then the following three numbers will satisfy the conditions : 
A=@+0, B=G+d*, C=(cta)'+ (9: ἢ}: 
For, since ad —bc=+1, 
AB =(ac+ bd) τ τ, 
AC=(acta’+bd+P) +1, 
BC=(C+ac+a*+ bd) +1. 
(Cf. Dioph. 111. 19.) 


Simple solutions are seen thus: 


ate 


} ᾿ Σὰ A B Cc 

τ 7 ἘΣ Ι ΧΕ 2 +af+2 
τ 1: ΓΕ 2 oft-oftr afttaftr 
Fy ae ὃ. τ Se Oe ee a 


and so on. 


(3) If two of the numbers 4, B are given such that d4B—1= 7%, we 
can find an infinite number of values for a third, C, which with 4, B 
will satisfy the conditions. 


For, since AC—1 and BC —1 have to be squares, take their product 
ABC*®-—(A+ #8) C+1 and equate it to (#wC+1)?; we have then 
_A+Brom (A +m)? _ (B+my 


C= pe , whence AC-1= 7B and BOR Spa πὶ 


Therefore we have only to make 4 2—m’ a square; that is, 
p+i-m’=a square=7? say, so that m?+n?=7?+1. 


‘ Take now two fractions a and a such that @?+a?=1, and let m=ap+a, 


n=oap—a; then 
A+ 51 2(ap+a) 


Ce 
where a, a are determined by giving any values whatever to Δ g in the 
expressions 

τ ΡΞ afe 


LT ees ἡ Τὺ 
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PROBLEM 7. 70 find four numbers such that the product of any pair 
plus the sum of that pair gives a square; or, in other words, to find four 
numbers A, B, C, D such that the product of any patr diminished by τ is a 
square, that ts, such that , 


AB—-1, AC—1, AD=1, BC=1, BD=1, CD~—1 
are all squares’. (Cf. Diophantus tv. 20.) 
Let us regard two of the numbers 4, B as given, being such that 
AB-—1=7*, or AB=P +1. 
Let a, a be such fractions that a? + a?=1, and put 
_A+B+2(apta) 
(ap - a)? : 
Similarly let 3? ὦ β'-ε 1, and put for the fourth number 
| A+B+2 (p+) 
nr) " β 
Thus five conditions are satisfied, namely, that 
AB-1, AC-1, BC-1, AD-1, 8} -- are all squares. 
The sixth condition, that CD —1 shall be a square, gives 
(4+ By +2(4+B){(a+b)p+at B} + 4 (ap +a) (dp + β) 
— (ap — a)? (2 — 6)? =a square, 
where 4Z has at the same time to be equal to 22 + 1. 


Cc 


D= 


Regarding a, a, 4, 8 and 2 as given, we have 
sf 
4+B=A+e4 I — 
and the expression to be made a square becomes the following expression 
in powers of 4, 
A*+ 24° (a+b) pt+2A?(p? +1) Ἑ 24 (25: τὴ (α - δ) τ (25 - 1} 
Ἐ 24" (a+ β) Ὁ 445 (αὐ Ὁ α) (bp + B) -- 24 (p*+1) (a+ β) 
~ A* (ap — a)? (Bp -- δ). 
i Equate this to the square of 
A’ + A(a+b)p—(f* τ τ) 
+ A (a + B), 


and we have 
A* (a+b) p?+2(a+6)(at+B) pt (a+ β}"-- (23: 1) 
— 4 (ap +a) (dp + B) + (ap — a) (Bp — δ} 
= 44 (p? +1) {(a +d) p +a - β), 


whence A is found. 


Euler goes on to some particular cases, of which the following may 
be. given. 


1 Commentationes arithmeticae, II. pp. 579-582. 
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Suppose =—a and B=—a; we then have 
A+B+2(ap+a) ;»-4:8- Ξ(ε τα) 
(ap—ay (ap—ayP Ὁ 
and the expression above in 4 which had to be made a square becomes 
A‘+2A?(p?+1)+(p+17 
— 4A? (ap + a)? 
— A’(ap—ay)'. 
This can be put in the form 
{4?- (pf? + 1)}? + A? (ap— a)? {4 — (ap -- αν}, 


by virtue of the relation a? + a? =1. 


C= 


Our expression is clearly 8. square if 4 —(ap-a)?=0, or αὖ --α-Ξ 2, 
that 15, J=(2+a)/a, and 
i 2+a)a 

pe ee Gos 
: a a 
and in that case 


pe as cue AtBt2(2a+ ila _a(A+B)+ 4at2 
| ai 4 4a : 
pth +4) = 44-2 
4a 


where 4 can be chosen quite arbitrarily. 


Putting a=(/?— ¢°)/(f? + g*), a= 2fe/(f? + 8°), we obtain the following 
as a solution, where m, z can be any integers whatever. 


ΕΤΟΥΣ n (of? +8 
= -ἔ:, 2 7 
27:70  2amfe 
(m + 32)? f? +(m— sea (m— 3n 7 + (m+ ny’ g? 
C= “7.5: 
8mnfg Smnfg 
ἘΧῚ “Suppose. f= 1,37 = 2.5 Ha oe a ῸΣ 

therefore A=23, B=33, C=#}, D=H, 
and AB-1=(4), AC-1=(48), AD-1=(33)%, 


BC-1=(13), BD-1=($8), CD-—1=(3$3)* 
PROBLEM 8. Zo find four numbers such that the product of any pair 
added to a given number n gives a square”. 


(1) A particular solution is found in this way. Let 4, B, C, D be 
the required numbers, and, since 48+ has to be a square, put 


A=nd-B, B=n2-ad 
so that AB=(nac—bd)?—n(ad—dc). [Cf the Indian formula above, 
p- 282.] 


1 Commentationes arithmeticae, 11. pp. 582-3. 
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The condition that 48+ is a square is therefore fulfilled, provided 


: a Ζ 
that ad—dc=+1; therefore we have to take fractions aa such that 


ad — bc =+1; and, when this is done, the fractions ~~‘ re st ls τὸ and 5:2 — will have 


the same property in relation to either of the former fractions. 
We accordingly put 
A=na- δ, B= pag. 
C=n(atc)—(6+a2), D=n(a—c)?—(b-d)*. 
Thus five conditions are satisfied, and it only.remains to make CD +2 
a square ; that Is, . 
n? (α — 2)? — 2n (ab — cd)? + (ὁ — a’)? 
— 2n (ad — bc)? =a square 
+7 
or, since (ad — dc)? =1, 
γ5 (αϑ -- 0)? —n{2(ab—cd)?+1}+(2—a’ =a square. 
(2) We obtain a general solution by the same method as that applied 
above (p. 345) in the problem of making 4.8 --ιτ, BC -- 1, etc. squares. 


Put AB =f*—x; then, to make dC +2, BC +x both squares, take the 
product of these expressions and equate it to (7 + Cx); therefore 


m+n(d+B)C+ ABC =n? + anCx+ Cx’, 


n(A+B-2x) Ae): 
ACRES ,and AC +n=—7 Fy» 


so that (“5 — ALB)/n must be a square. 


whence C= 


Let then x°-AB=2°-7?+n=n)", or ?—ny=p—-n. 


Similarly let us put φῦ —7z?=f?— 7, so as to get 


A+B-2x Bh 20. 


C= 2 » 2- “3 ) 


and it remains to make CD Ὁ 21 a square, 
that is, (4+ B)Y-—2(x+v) (A +B) + ays? + 4xv 
must be a square. 


4.2: -- 


: "τ ἢ : 
But, since B ay 4 and 4+ B= , the expression becomes 


A A 
(after multiplication by A?) 
At‘ —2A° (x +v) τ 2435 (23 -- ")-- 2 (p? —2)(x +7) as (2) -- ")}} 
Ἐπ4"γ}} 2; 
+ 4432χυ, 
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which must be a square ={4?- A (x + 0) —(p’?-—2)}? say; therefore 
A(x +v)—4(p?—n) — nye -- 4x0} + 44 (x +0) (235 -- 1) =0, 
so that 
4 (x+2)(p—n) 4 (x +2) (p-2) 


~ nya? + 4 (pf? — n) — (x + 0) + 4x0 ~ 2(y?—1)(22—1) + 2x0 + 22 — 30’ 
 4(5το)(2"-ὴ 


~ nya? — on (y+ 2°) + (U +x)?" 


or 


(3) A particular solution is obtained by assuming that v=— x, so that 
2=y, and 
c- = Ἢ p- a 
while 4B -3"-- =x? -- ny". 


For then we have to make 
A‘ + A? {2 ( p?—n) + nyt — 4x7} + (25 — 2)? a square ; 
that is, (A? — 2? + n)? + nA?y? (9? — 4) =a square. 
This is satisfied if we put y= 2, so that 2" = 2° — 32. 


Suppose 2- x —/, and we have 


pas 2 3n -- = 3 — 13 ᾿- 30? + 13 
er Mie gar a a 
= — 72 
and hence 4": Ξ-Ξ ve a : ‘ 
47 
We may therefore put 
ἘΞ 7) _ g(gnu?—2) 
A = 2etu : B= aftu ἢ 
a(f- asf ΡΟ uit sey 7 eye 
Ce D= 
Sfgtu Sfetu 


It will be seen that in this solution C+ D=}(A + 8). 


PROBLEM 9. 70 find four numbers such that the product of any pair 
added to the sum of all gives a square’. 

First find four numbers 4, B, C, D such that the product of any pair 
increased by a number # gives a square (Problem 8). 

Take as the numbers sought 7A, mB, mC, mD, and, since 7? (AB +2) 
is a square or 2,344. + mn is a square, we have only to make m*z equal to 
the sum of the four numbers or m(4 +B+C+WD), whence 

A+ B+C4+D 
71 


1 Commentationes arithmeticae, 11. pp- 583--5- 
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But, since in the other problem C+ D=}(4+ 8), this gives 

_3(A+B) ἀμ τ ΞΟ ΕΣ 
2m 4nfetu 

where as well as f, g, ¢ and w can be chosen as we please. 


m ; 


Since 2 may be chosen arbitrarily, take p?= x?— 3m, as in the last 
problem, so that 71- ἃ (“3 -- 252), and dB=f?-n=1 (4p? -- x’). 
Accordingly we may put me 
At (b+ ὩΣ puoi) 


3g δῦσα 
therefore ,“.-» Πρ ον 
76 ᾿ 
and: hence ἐς ΣΟ a ae 
127 : 
et ae PRO ἘΞ: 32} 
127 , 
"ὦν ἢ τ ee a 


6(f? .εκ.3.323ϑΑ4 + 3(f?— 38") x 
275 (x* — p*) 


Now two of the numbers, 4, 2, can be chosen arbitrarily, and 


therefore m=(4+84+C+D)/n= 


ap + w= SEE, ΠΡ» ᾿ς 
ὸ 
gag + BF 3Ag? — Bf? 
therefore ἘΞ and «= 
᾿ 475 270 
2 (94g° -- Bf?) (Ag? — Bf’) 
so that n=4(x'?-p*)= δ pee 
and ga ee eee ee Sai 
4 475 4 4[[ Ὁ 
while ᾿Ξ 3(4 +8) 
an 


If, in order to get rid of fractions, we put 4 = 4afe, B = 4bfe, we have 
C= (a+b) γα -- 30g + Of, D=(a+b) fe + 308? -- Of”, 


_ - 6 (a+ d) fe 
n = (οαρ" — bf?) (ag? — i oe : 
(gag* — bf?) (ag* — bf eee (gag? — bf?) (ag? — bf?) 


Ex. Let /f=2,g=1; therefore 
A=8a, B=8), C=6b-—a, D=5a-26, 


ae 12 (a +d) - 12 (a+b) 
(94 -- 4ὐ)(α -- 46) (46 -- οα)(46 -- α)᾽ 
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The following are simple cases : 
(1) @= 5, 6=1, whence 4=40o, B= 8, C=1,; D=23, m=. 
(2. 15. b= 2. whence: 4 = 38). B= 16, 66a 1.) 41 3Ξ:. 


If f= 5, g=1, we can obtain integral solutions, thus. 


A=200a,; B=200, C=30b+2a, D=8a— 200, 


ΤᾺΝ 20 (α Ὁ ὁ) ᾿ 
(254 -- φα)(256 -- α) 
Assuming then a=19, ὁ τ 7, we have 
A=380, B=140, 
so that the required numbers are 


C= 248... Da 12 i= 


5 
4) 


475, 175, 310, 15; 
the sum of which 15 975. 


We can also solve the corresponding problem : 


ga. Zo find four numbers such that the product of any pair minus the 
sum of all gives a square. 


For we have only to give m a negative value. 


PROBLEM 10. 70 find three numbers x, y, 2 such that 


K+Y+S 
y+ 2x + xy - are all squares’. 
xyz Ϊ 


(This may be expressed as the problem of finding 2, g, ~ such that the 


equation ἔξ -- pé*+ gé —rv=o0 has all its roots rational while 2, g, 7 are 
all squares.) 


Take mx, ny, nz for the numbers required, so that 
n(x+y+2) 
n? (xy + xz + yz) + must all be squares. 
mPxys 


If the first and third conditions are satisfied, we must have, by 
multiplication, 


xyz (x+y+2) =a square. 


Put therefore αγε(α τ γ 2 τυῦβ(α Ἐν: 2}, 


O(x+y 
whence axyz=u' (x+y +2), and z= eed), 
2 4° : 
Since xyz = GO aed ) we must have, in order that zxyz may be 
xy—v 
a square, 


n= mPxy (x+y) (xy -v). 


1 Novi Commentariit Acad. Petropol. 1760-61, Vol. VIII. (1763), p. 64 sqq.= Commen- 
tationes arithmeticae, 1. pp. 239-244. 
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If the values of z, z thus found be taken, the first and third conditions 
are satisfied, and the three numbers will be 
nx = miPxty (x+y) (xy -- ΟἿ), 
ny = m xy? (x +y)(xy —v), 
nz = murxy (x+y). 
The second condition requires that 


v(x +y) 
xy +2 (x+y) = xy ere Te square. 
Suppose for this purpose that xy—v?= κα (this introduces a restric- 


tion because there are doubtless plenty of solutions where xy—v* is not 
a square); therefore 


3 


τὴ + τῷ v(x - γ) 
eg the ee tg 
x u 


ales I Ἃ 


and sy=v°+0, x+y= , so that we must make 


V(x +02 + uv?) Ἢ 
a square. 
xe q 


V+ 0+ 


9 9 


Core 


Pul w= 7, so that y= , and 


{o?(¢?+ 1) + τ} 


οἱ + 1? + Fig =a square, 
or Puy? + Pui +i (+1)? + 2u°v" (2? + 1) + wt=a square, 
2.8. σ᾽ (3 +1)? + vv? (3 τ δε ὐ' (ΒΒ -- 1) =a square » 
-- {υ" (5 -Ὁ 1) Ὁ εμ}", say. 
Therefore ὃἔ(3 2 ε (2 4+ 1)=2507(P + 1) + S20”, 
2° ἔα -- σ 
and 3 =a square. 


25 (27+ 1)— 37-2 
Further, let s = ¢— 7, and we shall have 


vy 


δ: art—r +1 
u? at — (27. 3) 2 + γέ -- 2 (7. +1) 
Multiply the numerator and denominator by 27¢-7°+1, and we have 
2 (27t—7? +1) 
2 grtt—2(377 + 37-1) +(27° + 377+ 27—3)P—2(37—-1) (7+ 1)f+2(r7—-1)(7 +1)? 


2 


Uv 


The problem is accordingly reduced to making the denominator of this 
fraction a square. If we suppose this done, and Ὁ to be the square root, 
while ¢ and γ are determined as the result of equating the denominator to 
Q*, we shall have 


vo art—r? +1 


+e 
7 SANT ae and «=v, y= 


ty’ 


whence we can derive the numbers required. 
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Now the denominator to be made a square is easily made such if the 
coefficient of #4, or the absolute term, is a square; and the absolute term 


is a square if 2(7—1) is a square. 
Case J. Suppose ~=1; the coefficient of ¢* is then a square and the 


absolute term vanishes. 
413 — τοῦδ, + 4f — 8¢= 05, while v/u = 2¢/Q. 


We have 
Suppose Q = 22?— 34, and we have 
aga ΒΥ τ" 
423. --8:- 3. Ὁ, and ἐξ ὑπ τι 173° 
we therefore put v=—36, μετ τῇΊ3, ¢=—3¢, and x=/v=128; further 
_@+u? 31225 25.1249 
Yor = Sgro veo t 
rig re e's _ 36°. 47609 | 
MTN SESS i = ates 4 


and, since xy —v?=w?, the required numbers will be 
129) 098 422490.47000.15 3 
m’, 


128.128 


128 . 25°. 1249". 47609 - 173° 
1287. 128 


21) ΞΞ 
7,1, 


sa 
_ 36°. 128. 25. 1249. 47609" 


128.128? 


nz 
In order to get rid of fractions, put # =138, and we have 
nx = 1287. 1737. 1249. 47609 = 490356736. 59463641, 
ny = 57.1737. 12497. 47609 = 934533025 - 594603641, 
= 61701264. 59463641. 


nz = 36”. 1249. 47609" 
The product of the three numbers is obviously a square; their sum is 


found to be 25. 594636417; and the sum of the products of pairs 
= 1737. 59463641". 18248924559376 
= (173. 59463641 . 4271876) 
£265 aad 


’ 


Ξ ΟΝ 


5 _T¢4i/°)?, say, 


v 
-- 3- he --ΞΞ 

Case lI. Ῥυϊ r=53;t n- co 
64-419 4 31}. 3574 25 


64 -418=-37-14, and ἐπ ὅδ. 


whence 
—= 19, and we put ὕ ΞΞ 19, “= 14. 


Accordingly Q=43;5, 5 

δεῖ ες ΓΙ 4 51 

Therefore %x=fv=60, y= te κε γτλεδθ, 
23 


Η, Ὁ. 
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and the required numbers are 


_ 60%. 557. 4157-196 


a 9... 2 2 
nx ake m* = τ4". θο". -57. 4157 
ny = ΘΟ SY ai, LOVE MPa TA 5572. 4157 if m= 60 
60.60. 60 ie 
= θὲ OO S67 AIST νότος Dae 
NZ = ἘΠ π᾿ HES mt? =19°.557.4157 


That is, NX = 705600. 2315449 = 1633780814400, 
MY = 109172. 2315449= 252782198228, 
NZ = 1500677 . 2315449 = 3474741058973. 


The product of the three numbers is clearly a square; their sum will be 
found to be 2315449; and the sum of the products of pairs 


| = 14”. 2315449". 6631333489 
= (14. 2315449. 81433)” 
These numbers are much smaller than those first obtained. 


If fractional numbers are admitted, we may divide those found in the 
last solution by 2315449”, and the solution will Le 


705600 196 361 
SSL5ii9» F157) Bsr 


PROBLEM 11. 70. find four numbers x, y, 2, u such that 


x+yt+s+u ae 
LY γε... | 

s are all sguares}. 
KS + γῶι + BUX + UXY 

XYBU 


_ A general solution being apparently impossible, some particular as- 
sumption simplifying the problem had to be made. Euler therefore 
assumed as the four numbers 


Mab, Mbc,: Mcd, Maa, 
which assumption, although five letters are used, involves the restriction 


that the product of the first and third numbers is equal to the product of 
the second and fourth. ᾿ 


We must therefore have 


M (ab + bc + cd + da) 

275 (abc +.bed + cd°a + ἀκα + 2abcd) 
227) (abd + abcrd® + @Wbed? + abcd) 
Μη δα" 


all squares. 


1 Novi Commentarii Acad. Petrop., 1772, XVI. (1773), ΡΡ- 24 sqq. = Commentationes 
arithmeticae, 1. pp. 450-5. 
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The above assumption therefore has the advantage of making the. 
product of the four numbers automatically a square and also of making the 
third formula take the form 

M? abcd (ab + bc + cd + da). 


Since the first formula 2,7 (ad + dc + cd + da) must be a square, it follows 
that adcd must be made a square. 
In order to make the first and third formulae squares, take 
M=ab+be+ca + da, 


or, if the latter expression has a square factor, say 72, put 
M = (ab + be + cd + da)|f?. 


We now have only two conditions remaining to be satisfied, namely 
ADEE SB SQUATE % 5c.0c0 γα εν sen yeas aes (x); 
abc + bed + cd’a+ da’b + 2abcd =a Square ...... «(εν νον (2). 


The expression in (2) reduces to 
(a? + c)bd + ac (5 + ad?) + 2abcd, 
or δά (a? +c) + (6+ dP ac =a square. 

We have therefore only to find numbers a, 4, ὦ, d satisfying these two 
conditions. It is further to be noted that a, ¢ are connected by a relation 
similar to that between 4, d, and the whole question depends on the ratios 
a:cand δι, We may therefore assume a, ¢ prime to one another and 
likewise ὁ, d prime to one another, for, if either pair had a common divisor, 
it could be omitted and the relation would still be satisfied. 


Consider now the second condition as being the more difficult. Although 
two ratios a : ¢, ὁ : d are involved, neither can be arbitrarily assumed. For 
suppose e.g. that 6: d=2:1; then 2a7+ 2¢+9ac would have to be made 
a square; this however is seen to be impossible, for, if we put ὦ ΞΞ 2 ἘΦ, 
c=p~-—g, we obtain the expression 132 -- σφ᾽, which cannot be made a 
square. The same impossibility results if we putd:d=3:1. Therefore 
the ratios a : cand ὁ : dcan only be certain particular ratios. 


Obviously the first class of ratios adapted for our purpose are sguare 
ratios. Assume then that ὁ : ὦ -- 235 : φ', and put 


PY (@ +2) +ac( p+) = (dra +), say; 


therefore w( pre αν n°prgrc = 2mnpga + mc, Ὁ 


a 7712 —nv 29? 
ae ΠΣ, 


so that 


or, if m=+ 49, 


δ. (B= 2) | 
a ce Gapeeppe ὦ 


23—2 
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Now, if values could be found for 4, 7, 2, g such as would make ac or 
γι (43 — κ {n (25- 9°)? + 2kp’g"| a square, 

we should have a solution of the problem, since, dd being already a square, 
abcd would then be a square.’ Euler however abandons the investigation 
of this general problem as too troublesome and as certain, in any case, to 
lead to very large numbers; and, instead, he proceeds to seek solutions 
by trial of particular assumptions. — 

Particular values of a/c in terms of 2, g are the following, which are 
obtained: by puthug.4= 2.954 2= 3) #1 ete. 


ee 3h°¢" as eo 
¥ Cc (P+ 97) + 42°?’ : ἷ ε στὴ (2"-φ} τό" γ᾽ 
ae 22 a epg? 
Ill. -= 2 afd 2,2) IV. -= 2 a 
See de og) St Lap c (2 9}: 823 Ὁ 
vy a = 9’ VI a : 2429" 
ie OP a7) ΝΣ ρος Ga eigen) ay a 
2,2 2,2 
τ eee ace Seer τος τΚπ||,Ί|ε-᾿ 
c ΑΓ +9?) + 20f°¢ c O( f+) + 30p%9 
a ΟΖ Φ' 
i. = : 
ΙΝ OP + PP Eaep ye” iy 


Taking now the simplest values of 6/d=7/g*, let us write down the 
simplest corresponding values for a/c: 


b a 
. ἘΝ 3 ae ae 16 YY Roe cen 
if = t - becomes 3, —7, 3) gs. τὺ Te» oo 333 
ὦ a 
ees ἘΞ ee aye akan RL ee OL σα e OO. 20% 
εξ τ becomes 3, i) τ, δ᾽ 13> 37> ΤῸ: 
εὖ. a Beconicw ke Be ee 808: 
τ}: ε Ιλ ΤΠ δ Jaa 5 2 
if ὦ = 3 ὦ becomes 1983. 45, 38 84. 864 
Ὁ ε Ps aes 01 7.9. 4 0) 2. 8.0" 


The last assumption gives, “praeter exspectationem,” two cases in which 
a/c becomes a square ; and these give two solutions of our problem. 


te -Puttine ¢@= 64, 0=0, 6= 40,0 = 4, we have 
M =ab+be+cdl+da=576+ 441 +196 + 256 


= 1469, 
and the four numbers are 


1469..196,. 1469256, 1469441, 14609.576. 
2. Putting a=64, d=9, c= 289, d= 4, we obtain 
M=576+ 2601 + 1156 + 256 = 4580, 
and the four numbers are 
| 4589-256, 4589.576, 4589.1156, 4589. 2601. 


SOLUTIONS BY EULER. PROBLEM II 357 


Again, the form of the expressions adcd, bd (a? +c) + ac (ὁ -- d)* to be 
made squares shows that any values for a/c obtained by the above process 
may be taken as values for 4/d. Also a and ¢ may be interchanged. Euler 
accordingly sets down as values of 4/d to be tried the following: 

8» 1; ὃ» δ, 7 iv ΞΡ se Ri = etc. 

He obtains no solution from the assumption 4/d=4, but he is more 

successful with the assumption 6/d= 


Putting 4/¢d = 4, we have to make 
20 (a? +c’) + 81ac=a square. 
This is satisfied by a/c=1; let therefore a/e=1 +x, and we have to 
make 20 {(1 + x)?+ 1}+ 81 (1+) a square; that is, 


121+ 121x + 20x7 =a square =(11 + xy)’, say; 


Σ I2I —22 a 2. 22) ΓΙΟῚ 7712 -- 22772171 + 1OINn 
therefore x= [ει το Reba 29 and — ὩΣ 5 7 ----- : : 
3..:.26 C yr—20 m* — 20n? 


and, by putting m=5, m=1 we obtain a/c= 48. 
This solution serves our purpose, since it makes adcd a square. 
Putting ¢4=16,.70=6, £= 5, @ =4, we have 

80+25+20+64 189 


ΕΣ ΝΣ 


and, if f= 2, 47=21; the four numbers are therefore 


M= 


2E620;) 20s 26,.. 235.04, (oh. oc, 


This is a solution in much smaller numbers ; and 
the sum of the numbers Ose. 
the sum of products of pairs = EO cea": 
the sum of products of sets of three = 1207. 21%, 
and the product of all four Ἐξ σὺ 921’ 
When one solution is known, others can be found. Take, for example, 
the last solution in which, for 6/¢= 5, we found that 


a A = 22y + TOT 
ξ y*® — 20 


In order that abcd may be a square, we must have 
5 (y?— 20)(y?— 22y + 101) ἃ square. 
This is satisfied by y=5. Substitute z+5 for y, and we have 
5 (22+ 102 + 5)(2?— 122 + 16) =a square, 


or 400 + 5002 — 4952”— 102° + 524 =a square. 
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Equate this expression to (20 + 232-5222")? and we have 


(325 - —5)s= 75-5 are, 


32° 32 
whence gw S22 E2795 _ 32-1155 _ 32-105 _ 3360. 
266321 24211 2201 2201’ 


therefore y=z+5=14385; and the resulting values of a, ¢ are large 
numbers which Euler does not trouble to develop. As a matter of fact, 


ae, 5509000 Ars 
¢ 109465205 5.4679?" 


It follows that : 
PM = 5. 55696 + 5. 109465205 + 4. 109465205 + 4.55696 
= 278480+ 547326025+  437860820+ 222784 
= 985688109; 
and, putting f= 9, we have 
M = 12168989. 
The four numbers are therefore 
12168989 . 278480, 12168989. 547326025, 
12168989 . 437860820, 12168989. 222784. 


PROBLEM 12. 70 find three numbers x, y, 2 such that the {ΤΟΥΣ 
tyes χε, ςς 
are both squares}, 
In order to satisfy the first condition, we have only to put 
hap eo SF Yaar, 2 297, 
for then +P + P=( pe +g? + ὭΣ =. Say. 
The second condition requires that 
ἊΝ ἘΣ xy? + x22? + y%s? = ΟΣ, 
therefore, since y? + 2° = 477 ( +9), 
aan (Pg) (Pager) τόρ ρα 
or ἐὰν ναὶ POP ep ar tage 
In order to get rid of the sixth power of 2 and so make 25 the highest 


power of 2, suppose that χ7.-- 2 -- ng (which introduces no restriction); 
therefore hdd . 


2/4 (p— ng) = (2 +9") lanpg + (1 — n°) 9}? + 4259" (2 -- πφ)", 
or Q'/49 (2 -- ng) = (p" + 9°) {anp + (1 — n*) gh + 425 (p—xg) Ὁ 


1 Acta Acad. Scient. Imp. Petropol., 1779, Vol. 111. (1782), EE 30 sqq. = Commenta- 
tiones arithmeticae, 11.-pp. 457 Sqq- ΤᾺ 
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. Let the latter expression be denoted by 1", so that 0. -- 29 (2 -- πφὴ KR; 
and 


R?= 4 (1 + 2") pt -- 4n(1 + "ἢ f?9 + (1 + 6? + 4) 29? 
+ 4n(1—n*) pg τ (1 — κ᾿)". 

This may be made a square in two ways, either (1) by taking advantage 
of the fact that the last term is a square, or (2) by making the first term, 
z.e. making 1 + 7°, a square. 

(ye Put A= ea) oe Ἐ 2524: ap}? and make the term in ¢# 
disappear by choosing a so that 1 + 6”? + n*=4n?+ 2α(1 -- κ5),, or 


1 +227 +n* 
a= Ae we then have 
1+7? I+ 
42" — 4np*g = At anh δ᾽: JAE ye 
whence (15 — 35”? + 137 en —n*)(3-2°) 9; 


this divides throughout by 3 -- 7°, and 
5 ae 82 (1 — 7°) 


g  5—107+n* 


Let p= 82 (1-2), φξε 5 -᾿ τορμῦ Ὁ μὴ; thenr=p—ng=n (3 + 22-7"), 
while 


R=(1-2”)¢ + enpy + SEN ῥ᾽ QO=29(p-19) R; 


and x, y, z can be expressed in terms of z. 


Ex. 1. Suppose ~=2; then 
p=-48, g=-19, r=—10, R=7035, Q=380-7035; , 
x = 2565, y= 960, % = 380, or (dividing throughout by S) f= 512.) 192, 
z= 76 (in which case Q = 106932, P= 553): 
Ex. 2. Suppose ~= 3; then =— 192, g=—4, 7=— 180, or (dividing 
by —4) ὰ 
p=48, g=1, r=45, R=14120, Q=1270800; 
x=280, y=90. 48, -2=99. 
Dividing the values of x, y, 5 by 10, we have 
x= 28, y=432, 2=9, and Q=12708, P= 433. 
(2) To make the first term in R? a square, suppose 1 + γῆ τε m*, which 
is the case whenever 7 = (a?— 0”)/2ad. . 
We havethen : 
ΜΞ amp — anmpig + (οι + 4n*) 2 2 rere _ n°) pa? +(1 ΝΜ iad 


Euler solves this in three ways. 
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First, he puts R=2mp?—nmpg +(1-— 7) ¢?; and from this, by taking 
a= 2, b=1, so that n=?, m=+ 4, he obtains the particular solution 
xX=—392, y=1386, z=— 1056, 
ae x= 196, = 693; Ξε 9.628. 
Secondly, he puts & = 2mp? + 2npg + (1 —2*) φ', and deduces, by the same 
particular assumptions, 
©¥=936, Y=74, 2= 3552; 
or n=4608, y=37, 2=1770: 
Thirdly, he supposes 


A 2 


εὐ ὰ Ress τ τε εἶ 


»" 
where however the last term should apparently be - ἡ ἢ 1: 


Euler’s son, J. A Euler, gave, in a Supplement to his father’s paper, 
another solution as follows. 
We know that 


(2 - τι ap =(pt τ 1} and (ν᾽ παρε ag?=(g"+ 1) 
Multiply the first equation by 4g? and the second by (23 + 1)?; this gives 
4g° (f° — 1)? + 16p%9? = 49? (p? + 1)? 
St) at or eg =), 
or (g?— 1) (p+ 1) + 49? (p?— 1)? + 169%? = (p? + 1)? (9 + 1) 
Therefore the three numbers 
(g°—1)(2°+1), 29(f?-1), 4f¢ 
satisfy the first of the conditions. 


‘The sum of the squares of the products of pairs of these numbers must 
now be a square; after dividing out by 49’, this gives | 


(g°— 1) (pt— 1)? + 4p? (g? — 1)? (p? + 1)? + 16p%9? ( p*— 1)? =a square. 
But (Pas) ay Pp Piya pa) 
therefore (27: 1)" (φῇ -- 1)? + 16f°g? (23 — 1)? must be a square. 
For brevity, let 4? -Ξ (25 + 1)", B? = τόρ᾿ (23 -- 1)", and 
45,5 — 1) + Bg’, or 4324 + (B— 24%) 23 ee 


must be a square. 


Put A'd' + (3? — 24?) τ = (Ag? + oF, 
whence 2 ee 


ΤΣ Bie 2Av 
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Now both the numerator and denominator of this fraction are squares 
if -- A? — B?, for the numerator becomes 4? and the denominator 
2A°- B?+2A ,/(A?— 8), 
which is the square of 4 + ,/(A?— 5”), 
But, putting for A, B their values in terms of 2 as above, we have 


A? — B= p’— 12p° + 482" --τ225 -ι- (2 -- 62" + 1); 


therefore 
ae B 49} 1) 4p (p?- 1) 2p 
A+,/(A?- B) (2:1) +p*— 6p? +1 ~ opt— 42) 2 p-1 
Thus φ᾽--τ- a £ τε ' 


re the numbers required will be 
σευ 4p 82" 
τ σ΄ - 
or, if we multiply by (2-- 1)’, : 
(Gf =p 1p +1), appt), Bee St) 

The sum of the squares of. these numbers turns out to be (2 +1), 
which is not only a square but a sixth power, while the sum of the squares 
of the products of pairs is found to be 

τὸ (p?— 1)? (f° — 4p° + 22p*— 4p* + 1), 
or 16p? (p= τῇ (2 -- x)! + τόρ"): 
Ex. Put = 2, and we have 
H=5.7=35, YH72, 2=96, +P +s =125°=5", 
sty? + x8? +9727 = 16. 4.9. 3377 = 8088, 


the solution being in smaller numbers than Euler’s own. 


PROBLEM 13. Zo find’ three positive integral numbers x, y, 2 such that 
x+yt+s= | 
e+ P+ ea ᾿ ' 

To make x? + y? +2? a square, put x=a?+0?—C¢, y=2a0, z= 2bc, and we 

have «7+ 7+ 2=(a?+ δ᾽ +0). 

We have now to make a’+ 0?+¢* a square, ana we put similarly 

a=fP°+P—r, b=2pr, c=2g7r; 
we have then P+yP+P=(pPtgt rs, 

Now let us express x, y, z in terms of 2, g, 7; this gives 
x=pitgt+r+ 22, 9 τ apr -- ἀφ" γ᾽, 
y=4gr(P+g—r), 
z= 8p9r" ; 


1 Commentationes arithmeticae, 11. pp. 399-400. 
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therefore 
xty+s=pligt+ A+ 2ρ᾽ 951 2p — 69° + 4p grt 4gr— ee + 8h97°. ᾿ 
(1) Arrange this according to powers of 2, and ᾿ 
ΕΚ ΡῈΞ -- 2. -ὀ ᾽(φ: 7) pt 82973  φ' τ 497 -- ἀφ" γ-- ἀπ 
In making this a square, we have to see that 2, g, 7 are all positive, and 
also 2+ ¢?>77. Also a? + δ᾽ must be > 2. 
Equate the expression to {22 τ ( + 7)*}, and we have — 
| | 82972 + φί + spr —692 — 497 tris (9+ ryi ee 
whence 8pgr = 12977 + 897, or 2-- 59 Ἐ7. 


Therefore Bete gr δι 40) er, eer, 
where both the letters 7, x may be given any positive values. 


Ex. 1. Supposeg=2,7=1; therefore 
2534, a= 10, b=8, ¢=4; 

accordingly the numbers are ae 
: δ Ξε, J = 162, 2.04, 
and . x+y+8=625=25% 47+ y?+27= 194481 = 4417?= 214 

ΠΧ ν. Ἴδι eo oo 2 ἘΠ ΘΙ ΟΓὃ 

ΣΈ O25, 50 20. ριξε, 
and RS061, “VS 400. 2 = δου 
therefore x+y+2=1681=413, x7+74+2?= 1185921 Ke 

(2) Arrange the ce aia for x+y+2 ἜΡΟΝ δος to powers of φ; 
this gives 

ὉΠ - 37°) + 29. (21: apr— 9) + (᾽ 175} 

In order that the terms in φ and ¢’ and the absolute term may vanish, 

equate the expression to 
ig? + 2gr— (p+ αν 


whence we obtain = AGE 
2 272 -2 

Ex. Suppose = 1, ~=1; therefore 
ΖΞ: 4, .ἀΞξετὸ, ξ 2, 2:8; 
or (if we divide by 2) Cat oe Rett paar Seer 
therefore MAO = 64, = 8 
and St yte=ir, x2 4574+ 22=6561 = 8172 = 94 

These numbers are-no doubt the smallest which satisfy the conditions. 


The case of three numbers is thus easier than that of two (see p. 299, 
note). Euler solves the same problem for four and five numbers, and shows 
how the method may be extended to six numbers, and so on indefinitely. 
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PROBLEM 14. TZo find three numbers x, y, 2, positive and prime to one 
another, such that both x+y+2 and x?°+y?+2 are fourth powers’. 


As in the above problem, put 
K=0+R—-C, y=2a, s=2be, 
and further 4=P 49 τ: εξ». ¢= 297, 
and make the expression in 2, g, for «++ a square by equating it 
to {25 (φ +7)" as before. This gives =39+7; but we have now, in 
addition, to make #*+(g+~7)? a square. 


Put | Pr+rgtryP= {2 26:9 4 


therefore £(g+r)\ =p tf (¢+7). 
Substitute 37 + ~ for 2, and this becomes 


(/*= 29) (94-7) 4 Je (3g +27) =o, 


ὙΠ 
whence Ξ -- τ 
ὍΝ τὸ. ἐλ ἢ 
The problem may therefore be solved in this way. 
Take g=f?+2fe-—¢? and r=2°-3fr-/", 


so that =i(/?- 9g"), then find a, 4, ὦ, and then again x, y, z, in terms 


of 7, z: 
Ex. -Lety= 5,2 =-3= theretere 


OS eet es Ξ- 4, 
or g=2, r=1, p=4. 
Thus 410) 0-5 554) 
and Y= 460) 9 = 152, 2 = 04 
so that x+yt+e=625=54, x +5°+2°=194481 = 21%. 


To find limits for the values of fg, change the signs of g, 7, putting 
TERE IG ap Te aoe Ped 
In order that g may be positive, 
PIPE AN 2 ΣΕΛ ΑΝ ΣΙΝ 
and, in order that ~ may be positive, 
SIF <3 (3 + V13) < 3-302 --- 
Suppose:¢.g. that-7= 2. p= 5; then 
Pate OP 1 
or in integers a Pl cn ay eae 
hence @][121, v= 756, ic 72; 
x = 580993, y=17424, %= 108864, 
4 


B+ Y+2=707281= 29%, x+y? + 2 = 349707832321 = 709". 


1 Commentationes arithmeticae, 11. p. 402. , 
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PRoBLEM 15. (Problem in Fermat’s note on VI. 13.) 
- To find a right-angled triangle (in rational numbers) such that either 
of the sides about the right angle less the area gives a square’. 


: 2x ; ΞΕ 
Let the perpendiculars be —, =, , so that the area 15 5 ; and 


2x ἃ 
sl ga one — ἂν 


Ζ 2» 


J ec or yz—xy } have to be made squares. 
Ζ Ζ a es Ὗ : 
4 


as wellas - a oO Ax? +77" Be 
Since the first two expressions are to be squares, their product must be 
so also; therefore 
2xys? — 2x°yz—xy?2 + xy” =a square 
i nee 

τ (υ- ey) » Say, 
and, after dividing by.yz, we have 

2p 2 


2x8 — 20° -—xy=— -Ξ- : xy + po 


_ 2g" x + φ' sr 2G A 


whence 


2g°x — pry Ἵ 
_ 4g? x" — apgay + pry” _ (29% Ὁ} Ἢ 
poe i ANDY agin — pry’ 
pi EL OE oe 
29° x— PY 29° x— pV 
τ᾿ vas αν δίαφα- 2), _ (208 — py 


agx— pry = agra? — pray ' 
cept CE Pe 
JOO” agua py  2ghae— pray” 
Therefore the two expressions are squares if 2g?x?— p’xy is a square. 


Put κεν 2φ᾽ χ' — pxy = 72x?; 
therefore (27-7) x= py, or x/y=pf(2g°—7). 


It is sufficient for our solution to know the ratio x/y, since a common 
denominator z has already been introduced. 
Therefore we may put _ 
— wap, ya2e-Pr, 


1 Novi Commentarii Acad. Petrop., 1749, Vol. 11. (1751), pp. 49 544: = Commentationes 
arithmeticae, 1. pp. 62-72. 
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_ Pf (2g*— 7") (6-9 
whence Z—-Xx= or = 


and sup oe 


It only remains to make 4. +y*? a square ; that is, 
425 49'- 49777? +74 must be a square. 


A general solution of this equation giving all possible values of 2, g, 7 
is impossible. We must therefore be satisfied with particular solutions. 


Particular solutions (1) and (2). 


Put api + 4g — agri + A= (2p Fr’); 
therefore | 49 -- 49? =F Pr, 
- φ' : 
ὃν ee eee δ᾽ 


that is, either 


(1) p=2JG—r, or (2) 2-2 VR - φἢ 


(1) Now f= z J(¢2—7) is satisfied by g =¢ + a’, r = 2cd, whence 


Oy (ie) τὸ 
a 2ca , 
or we may put 


p=(et+a’) (C-a’), g=2cd (2 +a), r=4ea', 
and we thus find values for 
Na 
“- 3, ya=2P Pr, J(4e+y)=2p 47; ery Asie 
Ex. 1. Suppose c= 2, d@=1; then 
P2563 S15, GS 4e5 = 20, PSA AIO, 


422 25550 2225 
%=225, Y=544 ee ee ᾿ς: ? = i 


J (4x? + 3”) = 225 + 7° = 706, 
and the triangle is | 
ax 144 y_ 4352 AJ (4x +y") _ 5648 
5 


2 80 ο΄. 80. Ζ 25.89. 


Ex. 2. Ifc=3, @=1, we get the triangle 


Be: 320 ay Sol eat M4 +7") _ 9-881 | 
Pe Tee ne | 225 805% Ζ 25.185 


And so on. 
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(2) In this case 2 =f J(7? -¢), and we have to put 


: ele , _ 2cd (2 -- d?) 
r=c+a", g=2cd, whence p= Ags 
or 2 ἘΞ “(ὦ -- a”), a 2cd (Cc + a’), fia (ἕ "ἢ 4 


while: . | . . 
x=p, γ- 2φ)-- »", J (4x8 - »γ») = “γ᾽ -- 7, saa oe 
Here, since 2g? must be > 23, 
S60 (aa) and erd,/sec 8 
therefore 45: (c—d,/2)*, and 
: a I 
either d>c—d,/2, so that τ τ ΠῚ 
Ι 
“2 --τ΄ 
If therefore @=1, either c<,/2+1 or c>,/2—1. The - second 
alternative is satisfied by c> 1. 


or 4-»4,2--Οο so that © < 


Ex. Let c= 2, d=1, and we have 


P= 4+3=12; G=4.5=20, 75.5228; 


therefore 

w=144, Y=175, J(4x?+ ¥)= 337, 2=144+ 5 = “ 

The triangle is therefore ὡς 
τοὺ τ δῆς τ γε τειν" ὅς 
Ζ 4048 253° “24048 σ᾽ Ζ “HOAs 2648 

Particular solution ( 3). 

Put 4p’ + 49° — 4g? 7° + rt = (2p? + 297); 

27° (7° — 49°) | 


therefore γ᾽ -- 9 73:1 8h, and p=+ ; 


τόφ' 
therefore either p= — /(274 — 8g"), or p= — J(89? — 27°). 
4g 4g 
The first value is however useless, since 2g?— 7° > 0, or 2g?> 7, 


We have therefore ee τῶν κ((δφ3 -- 27°), 
. : a2 
while | | | 
t= pi, y=2P—r, (453. γ7ὃ = 2p? 29%, and z= ——— 


Since 8¢? -- 2» must be a square, put 


87? — 277 = {5 (29 + »} 


2 
; 
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CC 
therefore 49-- at (29 - 7), or 4452 -- 2d?7 = 209 + ὧν, 
whence : g=C+2d*3, r=40?—- 224, 


2g+r= 8a", ,/(8¢°— 27°) = 8cd, and therefore p= 


4ca (2a? — ¢) 
| 23.250 
Multiplying by 2d? +, we have in integers 
p=4cd(2a?—-), g=(2d?+0), γ»- 2 (243-- ὧδ (2a7+0), 
while x, y, z have the values above stated. 
Bx. 2.) Pit; 1, 0 — § >-thereiore 


P=4, 7=9;. ΞΟ “F=165. ¥=126, “Slave 4) = 140, 
126.25 207 


d = 
an 2=16+ 1 Ὁ: 


The triangle is therefore 


26°64 <9 252. Gx ty). 260 
᾿Ξ ΞΘ πὸ ——— υ. ΞΔ ΘΕ ΒΞ  Ξὶ ee ape 


» πο. 2 207” Ζ 207 
This is the triangle in the smallest numbers satisfying the conditions, as 
Euler proves later. 


Ex. 2. Since 2g?>~7*, it follows that c/d>2-— ./2; but it does not 
matter whether 2455. or not, since Κ, g, ΚΣ may be negative as well as 
_ positive. 
Put then d= 2, c=3; therefore 2d? —-=—1, and 245  ὥ =17. 
We'then have: ..f=-—24, -¢ =380, 7 == 34; 

B50. Yee Fo AUT Ae Py) He bal, 25 π 
The triangle is therefore 3 


2. 2304 ἘΣ τὰ Ae I). 4252532313 
S$  gbr18266) ὁ .281γ8525 8" Φ 28118255 — 


It is to be observed that in all the above examples it matters. not 
whether c, d are negative; it will only result in the values of 2 or g or + 
becoming negative, but the values of x and y will not be thereby changed. 
Only z will vary, since z may be either 


PEO or + 


BY dasa de 
-: ι 
After remarking that the problem of making 
4p'+4g*—4¢grt+r or 42) 1 (27-7)? a square 
may be solved generally by equating it to 
(ὁ - 74+ an ae 


Euler passes to his general.solution. 
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General solutton. 
Lf =, 2 are the perpendicular sides of the triangle, let «= ad, 
y=a@—6?; the triangle is then 
| 2ab BP -P OTR 


Ao τ 5 aie es 


ab (a? — 0°) 


2? 


and the area is 


Now we found above, at the beginning of the investigation, that 
pL EPG οὐ WIP 9) 


ag?x — pry 2g°x — pry’ 
or, since g can be taken positively as well as negatively,« 
Sey Pp Ee) 
; OE aga = Py’ 
where x= ab, y= α — 6. 
And we took 20 —P LP =F x, 


whence Z=X+ 


τ πὴ eee 


We have therefore only to satisfy the equation 
2g°x? — pr xy = 7x2, 
a 9 9 
or ya OPH 
and, since αν -- αὖ (α -- 3), we have to find such numbers for a, ὁ that 
ab (α"-- δ) may be of the form 2f*—g? or (2f?—g?) i’. 


Suppose now that such numbers a, ὁ have been found that 


ab (a* — 65) = (2f? — «Ὁ 2. 
Then, since x = ad, 


5 , @&e 
(of?—g) B= FS (apr), 
and a natural inference is suggested, namely that 
aby abr 
= = 7h: ΤᾺ ΞΞ gh. 


Let now 2 -- αὖ, and accordingly 


2 2 
g= fh, ὌΞΟΥΣ pop? eo 106 ἘΠῚ 


Lh’ ) 
the triangle is then 
2ab _ 2abg*h? 
2. abg*h? + (a? — δ) (ab + fay” 
Go (a? — 8) 9° f? 
a ab gth? + (at — δὴ (ab + fh)’ 
Cay. (a? + 8) 9°}? 


2. ab’? + (a — δὴ (ab + fay 
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Also from any particular values of a, 6 any number of triangles can be 
derived satisfying the conditions. 
For, if 2 Ξ ad, and 
ab (a* — bt) = (af? — g*) #, 
we have (272 -- 2) # = 27-7, 
or 2(f7? — 7) =2°h* — 7°. 


Put 2 (fh +9) =" (gh +r), and fk—9=— (gh - »); 


Loe i 2 2 
a ae χα: 2mngh -- (2n* + m*) fh 


2712 — m? ; 
es (22° + m?) gh —4mnfh | 
" 2712 — m ; 
or, in integers, p= (20°? — m?) ab, 
g = 2mngh — (2n? + φῇ) fh, 
7 = (20? + τη!) gh—4mnfh, 
while a ἀνία 5. aD 
23 
2_ 22 2 : 
Thus the triangle (Ξ : Gee ; ae ) is known. 
Ζ ᾿ 


Lastly, to find suitable values for a, ὁ, Euler writes down all the 
numbers from 1 to 200 which are of the form 2/?—’, including all the 
squares arising from the supposition that ~=¢, and all .he doubles of 
squares corresponding to «=o. Inspection shows that the table contains 
(within the limits) all the prime numbers of the form 8771 + 1, and no other 
primes, the doubles of the primes, the products of the primes into all 
squares and into one another, and the doubles of those products. 

Now, since the product a. ὁ (α - δ) (α -- ὁ) is to be of the form 2/?- 27, 
and the factors a, ὁ, a+, a—d are either prime to one another or at the 
most have 2 as a common divisor, while 2 is itself contained in the form 
2¢?—x°, the several factors must all be of that form, in which case the 
product will be of that form. 


We have therefore first to take some value of 4 in the table and then see 
whether there are in the table three other numbers ἃ -- ὦ, a, α -- differing 
by 4. Euler gives a second table showing values of a corresponding to 
yalues: 1,°7; 8, Ὁ; -16,-27° etc. .of 2: 

The values of @ in the table corresponding to d=1 are 8, 17, 63, 
72) 127. 

Ex. 1: Take:d=3; a=; therefore 

ab=8, a'-#=63, ab(a’—P)=8.9.7=4.9.14, 
and 4.9.14=/?(2/*—g), so that A=6, 2f?—g*?=14, and accordingly 
f= 3, S=2. 
Η. D. 24 
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We have therefore in this case 
p=8(20?-—m), g=24mn—18(2n?+m’), r=12(2n?+ m)—72mn; 
or, dividing by 2, 


2-: 8,3-- 4732, g=12mn—18n?—om, r=12n' + bm — 36mn, 


whence 2 Ὁ ᾧ =12mn—10n?—13m", —fp+g=12mn—26n?— 5m’, 
ἈΠΕ ἢ 
while 5.58 a 


Thus there are any number of values of z from which triangles may be 
obtained satisfying the conditions. 


The simplest value is found by putting #=1, 2=0, whence 
r=6, pr+q7=-— 13, P-@=5:; 
and either 2=8+4.25 = 292, 
or 2=8+4.169 =12235, 
The first value gives the triangle in smallest numbers above found 


(p. 367), 
2ab_ 64 a— δ᾽ 257 a+ 260 


Z 207” Ζ 207’ Ζ 207᾽ 


Substituting 1215 for 207, we have the sides of the triangle corre- 
sponding to the second value of z. 


The particular triangles are also directly obtained from the values of 
a, ὁ, 2.8, ὦ without bringing in m, 2; for 
(a? — δ) (ab + fh)? 
eh 
that is, peg gah WE Re 
12 4 4 


Pe 


Z=ab+ 


᾽ 


Ex. 2. Take 6=41, a=112; therefore 
037. τον λῖ, @ P= 41.94.17, 
and ab (a? — δ) = 16.9.7.17. 41.71 = (2f?— κ᾿ }., 
whence A= 12, and 7.17.41.71 = 2f?—g% 
The simplest solution is f= 417, g= 37. 
(a? — δ) (ab + fh)? 
o2 fe 
ὸ 


is easily found, and consequently the triangle 


Thus Bae. 18 


2ab AB gt@+ RB 


[Euler finds values for f, g by using the formulae 
(20? — B?) (Ωγ) -- 8) = (2a + Bd) — 2 (By +08)? 
and αὐ —ay~=2(xty)— (x + 27}. 
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He does not actually give the steps leading up to the particular 
solution f= 417,°g=37, but it can be obtained thus. 
Since 7=2.2?—1 and 17=2.3?—1, we have 
P= (062. 34465) 23 tot) 
= 13°—2.57=2(13—5)*— (243-2: 5) =2.8"— 3% 
Again, since 41=2.5?—3” and 71=2.6*—17, it follows that 
At. 72 =(245.6=3.1 2 G3 26H5 λα)" 
57 BTS) 2457 93) 5 (07 Seg )s aa ee 
Therefore, by multiplication, 
7-17-41.71 =(2. 8?— 37) (2. 44?— 317) = (2.8.44 + 3. 31)’— 2 (8.31 + 3-44)" 
= 797? — 2. 380° = 2 (797 — 380)’— (797 — 2. 380)?= 52.177} 
PROBLEMS 16. ‘‘De problematibus indeterminatis, quae videntur plus 
quam determinata?.” 


We have seen that by means of certain ‘‘Porisms” stated without 
proof Diophantus is able to obtain relations between three numbers 
x, y, 2 which have the effect that, when they are satisfied, a quite 
appreciable number of symmetrical expressions in x, y, z are auto- 
matically (as it were) made squares. 


It is clear therefore, says Euler, that, if a general method of finding 
“‘porisms” of this kind can be discovered, the whole subject of Diophantine 
analysis will be appreciably advanced. Accordingly he proceeds to discuss 
such a method. 


The method depends on a Lemma the truth of which is evident. 


Lemma. /f values have been found for the letters 2, y, x etc. which 
satisfy the equation W=0, where Wis any function of those letters, 
and P, Q, & etc. are other functions of the letters such that P+ W, 
Q4tW, R+W ete. are squares, then, if the values of 2, y, x ett. are 
taken which satisfy W=0, the resulting values of P, Q, R etc. will 
also be made squares. 


Cor. P,Q, ἃ etc. will similarly be made squares if P+aW, O+BW, 
R+yW etc. or, more generally, if 
P+aW+ CW, Q+BWiynW?, R+yW+ OW? ete. 
are squares. 


- Conversely, If such values for z, y, x etc. have been assigned as will 
satisfy W=o, all formulae such as P?+aW, Q? + ἃ W, R?+yW etc. will 
at the same time be made squares. 

1 Novi Commentarit Acad. Petropol., 1756-57, Vi. (1761), pp. 85 sqq.= Commenta- 


tiones arithmeticae, 1. pp. 245-259. 


24—2 
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And, as the number of such formulae is subject to no limit, it is clear 
that an unlimited number of conditions can be prescribed which are all 
satisfied provided that the one condition W=o has been satisfied. 


The same Lemma can be extended to the case of cubes or any higher 
powers ; for, if W7=0 has been satisfied by certain values, all expressions of 
the form 7? + aW will thereby be made cubes, all expressions of the form 
P*++aW will be made fourth powers, and so on. | 


While it is plain that, if values for z, y, x etc. are found which satisfy 
the condition W=o, all the expressions P?+aW, Q?+BW, R®*+yW εἰς. 
will be made squares by the same values of x, y, z, the difficulty will be, 
when a number of expressions P?+aW, Q?+ BW etc. are given which are 
capable of being made squares in this way, to identify and separate the 
expression W the equating of which to zero will make the rest of the 
several expressions automatically squares. It would indeed be easy so to 
hide away the composition of the expressions as to make this separation 
itself a most arduous problem. On the other hand it is easy and in- 
teresting to begin with W“=o0, and then investigate the simpler formulae 
which can by this means be made squares. Before proceeding to the 
particular cases, Euler observes further that it is convenient to take for W 
an expression in which 2, y, x etc. enter symmetrically and can be inter- 
changed ; for then, if P? is such a square that P?+aW is a square, and 
2, y, x etc. are interchanged so as to turn /? into 0", R’ etc, Q?+aW, 
k?+aW etc. will also be squares. Also, since solutions in rational 
numbers are required, z, y, « etc. should not enter in any higher power 
than the second into the expression W. Euler begins with expressions 
containing two unknowns 2, y only. 


Problem (1). Given W=y+2-—a=0, to find the more simple formulae 
which by means of this equation can be made squares. 


When the equation y+ z—a=o is satisfied, it is clear that the general 
formula P* + A (—a+y Ὁ 2) will become a square whatever quantities are 
put for P and M. Accordingly Euler, by giving P, M various values, 
obtains without difficulty 44 different expressions which become squares 
when γῈ 2-- α- ο. 


He supposes M=2, —2, 2”, —-y, —z-y, γεζτα, n(yt+z+a), 
(y+2+a)(y—2+a)(z—y +a), and 3 and x?—1 times the last expression: 
respectively, and with each of these assumptions he combines one or more 
forms for P. I need only quote a few expressions which are thus made 
squares, e.g. 


(y—1)'+2(-at+y+z2)=y?+ 2241-24 
(2-1 +2(-atyt+z)=2+2y+1—-2a)’ 
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(y—2+1)—2(-aty+z)=(y—-—2)—42+14+2a 
(2 --κν τ ἐξ τιν nae 
(y—n)+2n(—atyt+z)=y'? Ὁ 2n2 Ὁ »3 -- 2716, 
(y—2—n)? + 2" (—at+y+z)=(y—2) + 4nz + »2-- 2716, 
y—y(-a+y+2)=—yzt ay, 
(y+2)?—(y+2)(-a+y+2)=ay+az, 
(ντΖ-- α)"--ἰὉ τ 2) (- α-π)νν τ 2) -- α -- αγ -- αΖ, 
(yz-1) +(y+2+a)(-—atyts)=y24+y4+24+1-a’, 
(yz—n)+n(y+e+a)(—atyt+2)=y22" + ny + net n?—na?, 
(y?+ 2 +0°)?+ (y+24+a) (.-- τ α) (2 -- γῈ α) (-aty+2)=4(724+ ay τ α 22), 
and so on. Wherever a new expression can be got by interchanging z 
and y, this may be done. 


Taking the more particular case of W=y+z—1=0, Euler obtains the 
following expressions which are thereby made squares, 


+42, p-yt+s, yrs, y-—yz, 
2+A4y, 2Ζ΄ -- στιν, 2--γ2, 
γε ιγ τι 5, χ2γ5: 2 --ἰ, 
which indeed are easily seen to reduce to squares if we put y+z=1 or 
yrt-sZ. 

The fact that y’z?+ y?+2? is a square if y=1—2 or, more generally, if 
y=+1+2, is included in the Porism in Dioph. v. 5. Similarly 

7722: ay + a?2? 
is made a square if we put y=+a+tz. 

’ The last expression but one in the first of the above lists, namely 
ys? + ny’ + nz? +n? —na®, becomes a square whatever value x has. If a=1, 
it becomes 

yPernyine+n—n 
or | (y? + 2) (2 +) — 24. 

That this is a square when z= y+1 is part of Diophantus’ assumption 
in v. 4 (see p. 104 above). 

Euler’s Problems (2) and (3) similarly show how to find a number of 
formulae which are all made squares by values of y, z satisfying the 
equations W=yz—a(y+2)+d=oand W=y' + 2? -- 2nyz-—a=0. 

He then passes to the cases where there are three unknowns. 

Problem (4). Given W=x+y+2-az=0, fo find the more noteworthy 
Formulae which can be made squares by satisfying this equation. 

In this case the. general expression P?+ M(x+y+z2z-—a) becomes a 
square. 
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Put 4/=2mn and P=one of the expressions x -- 21, y—, z-—m, or one 
of the expressions y+2—”, 2+.x%—m, x+y—4M. 
These assumptions make the following expressions squares : 
2°+ 2 (x+y) + —2na, and the two other similar expressions, 
(y +2)? + 2nx + γ — 2na, 9 s * 
If 7 = 2nyz, P= yz — ny — "2, and so on, 
po + anxys + my? + ns? + 2n (n—a) yz 
and the two other similar expressions are squares. 
If M=-(a+x+y+2), P=y+2—<x and corresponding expressions, 


a*— 4xy— 4x2 
a’? — 4yz—4yx } are all squares. 
a — 42x — 42» 


In particular, if ~=2a, a=4, the following six expressions are made 
squares by putting x+y+z= 4: 
e+yts, (yt+s)+x, 
γεσιεα, (s+xj+y, 
Struty, (x+y) +z. 
If a=2, we make the expressions 
I—xy—xz 
Ι -- γῷ -- γα ᾿ 
Ι -- Ζὰ —xy 
all squares by putting «+ y+z=2. δ 

Problem (5) finds expressions which are made squares if 

᾿ We=yzt+ex+xy-a(x+y+2)+b=0 
is satisfied. 

Problem (6). Given W=x? + y? + 2? — 2γ2 -- 22K —2xy—a=o, to find 
the more simple formulae which can be made squares by means of solving that 
equation. 

Here the general formula will be 

P+ M(x? + + 2 — 2ys— 225 —2xy—a). 

li =—1, 7 =x +y ὩΣ 

4yZ + 42x + 4xy +a =a square. 
If M=—1, P=y+2—-%, etc., 

4yz+a 

42x +a > are squares. 

4xy+a 

If M=—1, P=y~—z, etc., 

at+2(y+2)x—x? 
a+2(z+x)y—y¥ are squares. 
at2(x+y)z—-2 | 
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In the particular case where a = 4%, so that 
x+y + χῆτ 2yZ+ 22K  2Χ} + 471, 
yo+n 
25 Ὁ 71 
Χγ Ὁ 71 
γεν α τ αν 11 


are all squares ; 


or our formula gives the means of solving the elegant Diophantine 
problem ; 


Given any number n, to find three numbers such that the product of any 
patr added to n gives a square, and also the sum of the products of the pairs 
added to n gives a square. 

By solving the equation 

We x? +9? + 2? — 2γ)2 -- 225 —2xy-—4n=0, 
we obtain z=x+yt2,/(xy+zn). 
We assume, therefore, such numbers for x, y as will make xy+n” a 


square ; suppose xy+#=w?, and we then have two values for z, namely 
Z=x+y+2u, each of which along with x, y will satisfy the conditions. 


In fact, if z=x+y+2u, while w=,/(xy+7), 
+ J(xz+n)=4h(x+2-y)=x4t4, 
+ /yz+n=4h4ts—-x)=yty, 
+t f(ystsxtraxytny=h(xntyts)=xt+ytu. 


(Cf. Euler’s solution of Dioph. 111. ro, p. 160 above.) 


Problem (7). Given 
We=xP+ yt 2? - )γὲ -- 22" -2xy—2a(x+y+2)—b=0, 
to find the more noteworthy expressions which can be made squares by 
satisfying this equation. 
The general expression here is 
P24 Mi x2 +5? + 2 ays — 225 —2xy—2a(x+y+z)— ὃ). 
If W=-1, P=x+y+2+a, we have 
(a) 4yzt+4sx+4xy+4a(x+y+2)+a°+d=a square. 
If M=—1, P=x+y+2-a, 
(6) 4yz+4sx+ 4xy+a?+b=a square. 
If M=-—1, P=y+2—-x+a, etc, 
4yet+4a(y+z)+a7t+d 
(c) 42x + 4a(z+x)+a?+d [ are all squares. 


4xy+4a(xt+y)+a?+b 
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If @M=-—1, P=y+2—-x—a, etc., 
4yz+ 4ax+a°+b 
(dq) 4725: 4αν τ αὐ :Ἐὖ } are all squares. 
4χγ)  4αζτ αὐ 
Cor. 1. In order to solve the problem represented by (c), equate the 
expression 4xy + 4α (α Ὁ γὺ) Ὁ αὐ -- ὁ toa square 45, whence 
4 (α - α) (" - α)τετῶ --ὖ -- 30°, 
or (x + a) (y+ a)=}4 (2-54 30’); 
x and y are then determined by splitting }(x?—4+ 3a?) into two factors 


and equating «+a, y+a to these factors respectively. Next, solving, 
for z, the equation 


αὐ γ5: σῇ -- ays —22x-2xy- 2a(x+y+2)-b=0, 
we find, since 4xy+4a(x+y)+a@?+d=’, that 
Z=xX+ytatu. 
Cor. 2. If =— a’, then, by solving the equation 
e+ y+ or = ayst+ 225 + 2xy+2a(x+yt+z)-a’, 
we make all the following formulae severally squares, 
yerta(y+s), ystax, 
zxta(z+x), 2x+ay, 
xy+a(x+y), xy+az, 
Jot 2X+ xy, 
yor sxt+xyta(x+yts), 
by assuming ᾿ 

: z=xtytat2/{xyt+a(xty)b=xtyt+at2u, 
where (x + @) (y + @) is put equal to uw? +a’. 

An interesting case of this last problem is that in which a=1; and 
from this case we can deduce a solution of a new problem in which the 
corresponding expressions with 2°, γ", 2? in place of x, y, z are all squares. 
The problem is 

To find three square numbers such that (1) the oe of any two added 
to the sum of those two, (2) the product of any two added to the third, (3) the 
sum of the products of pairs, (4) the sum of the products of pairs added to 
the sum of the numbers themselves, all give squares. 


We have to find values of x’, y*, 22 which will make all the followin 

Bs ay ξ 
expressions squares, 

ye +" + 27, aS - bap 

BS, ον" 

xy + P+ yy? xy? οἷ 

PB + 22x07 + xPy?, 
PL + Bx + xy + x2 + y? + 27. 
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As we have seen, all these will be squares if 
P=eP+yPrrt2/(eyt x? + y*). 

We have also seen (Problem (1) above) that x*y?+«?+y? becomes a 

square if only y=x+1. Put then y=x+1, when we have 
B= 2x + ax+24 2,/(x4+ 22° + 3x7 + 2x Ὁ 1); 

that 15, = 4 (x? Ἐπ 1). 

It only remains to make «7+ %+1 a square. Equate this to (-—x+7), 
and we have 


_#f-1 fe+e¢4+1 
Sey ἢ and ,/(x? OE a ; 
whence c=2,/(o 14+ ἡ 


Therefore the roots of the required squares are 


ee eo! ae 225 27: 2 
ΣΕ opp ΟΣ 


Or, putting ΖΞ (γ -- ¢)/2g, the values become 
2 ee 2 ap: 2 2 
eee See Wee ui) Lis SR ake oS 


4gr 4gr Ὁ 2gr 
Let g=1, r= 2; and we have Ξε y=,.2=4; or, if we put 7= 2:10 


the values expressed in terms of 7, the values are x = 3, y= 4, z=. 


PROBLEM 17. 70 find two fourth powers A‘, B* such that their sum 
zs equal to the sum of two other fourth powers’. 


In other words, to pak the equation 44+ B4= C4+ D‘, or (what is 
the same thing) 4‘-— D*= C*— B*. 


It is proved, says Euler, that the sum of two fourth powers cannot be 
a fourth power, and it is confidently affirmed that the sum of three fourth 
powers cannot be a fourth power. But the_equation 4 44 Bt Ct+= Dis 
not impossible. 


First solution. 
Suppose A=p+ 9, Ξε 2--φ, C=rt+s, B=r-s; 
thus the equation AS - 1 = 6 — 2: 
becomes PUP +P) =75 (7 +8). 
Put 2 = ax, g = by, r=x and s=y, and we obtain 
ab (a°x? + by") = k (Rx? + y*) ; 


1 Nout Commentarit Acad. Petropol., 1772, Vol. XVU. (1773), pp- 64 sqq.= Commen- 
tationes arithmeticae, τ. pp. 473-6; Mémoires del Acad. Imp. de St Pétersbourg, X1. (1830), 
Pp. 49 8q-= Comment. arithm., 11. pp- 450-6. 

24—5 
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γ R—a 


; 
therefore — = ᾿ which fraction has therefore to be made a square. 


αὐ -- ἃ ᾿ 


One obvious case is obtained by putting ἃ = αὖ, for then 
Ve oC aA) a 
a ab(P—-1)’ 
whence y =a, x= 1, so that Pad 0 = 20, 7 =A. 5 =a, and the-result is 
only the obvious case where 2- 5, ς3Ξ 5. 
Following up this case, however, let us put &=ad(1 + 3). 


We then have 
Y _ GOP -- τὸ + 3024+ 3072+ Oe} oP 1 + 302 + 3072" 55 


x ab (b? — 1 — 5) me δ᾽ --ι-- ας ; 


therefore, multiplying numerator and denominator by ὁ" -- τ -- and ex- 
tracting the square root, we obtain 


Y_ ANP — 1P + (3 Ξ τ (P—1) 24+ 30 (P—2) 2+ (P— 4) Ff —- Pe} 


x ὁ --ι --ἶἰ 


To make the expression under the radical a square, equate it to 
(2 — 1) + fe + 82°F’, 
and assume Κὶ g such that the terms in 2, 2” vanish. 


In order that the term in zg may vanish, ae ἢ (305 -- τ), and, in order 
that the term in 252 may disappear, 


307 (8 2) -- 2 (ὁ" -- τὴ » f?=2(P-1)¢ ἘΔ (οὐ! -- 627+ τ), 
40" - 1827 --τ 
ὃ (63 -- τὴ 
The equation to be solved is then reduced to 
O° (O — 4) — 2fg = (g° + 6) 2, 


δ' (δ᾽ -- 4) — τῷ 
δ᾽ - σ᾽ & 


whence g= 


or — 


Now ὁ can be chosen arbitrarily; and, when we have chosen it and 
thence determined z, we can put 


x=0-1-z, y=a(P—14+f2 + 927), : 
and accordingly 
2 - α(δ --τ -- 2), γ τ- αὖ (τ -- 2) (ὁ3 -- τ -- 2), 
g=ab(P—1+fe+g2), «τ α(δ'--τ Ὁ Ὁ + g2?), 
where we may also divide out by a. 


If x, y have a common factor, we may suppose this eliminated before 
2, 9% 77) 5. are determined. 
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Ex. 1. Let J=2 (for ὁ cannot be 1, since then g would be o ). 


Therefore =11, g=—25, γι 9600. 
As a does not enter into the calculation, we may write 1 for it; 
therefore 


6600 2187 11 6600 25 /6600\° 
2929 2929’ - © aca a Nae) 
55407.1100 3.28894941 
ΠΣ. 
But the ratio x: y is what we want, and 
y 3+ 28894941 _ 28894941 3210549 1070183 
x 2187.2929 2929.729 2929.81 27.2929’ 


V2 


so that we may put 
x= 79083, y= 1070183. 


2.9529 19058 


Further k=2(1+2)= : 
2929 2929 
Therefore 
P= 79083; y= 27.19058 = 514566, 


g = 2. 1070183 = 2140366, 5s = 1070183. 
Consequently 
A=p+g= 2219449, C=r+5= 1584749, 
Bea=r—s=—555617, D=p-g=-— 2061283, 
Sande BCs τ): 
Ex. 2. Let d=3; therefore f=13, 93Ξ ᾧ, 2=7693 


i: _ 3-369 1107 27-41 
eae Oh 169 169 + 169 


ἘΝ 200. 3,144 

further x= 8 169 -- 169 ἢ 
ew 20° δ᾽ 200\.- 200 2447 8.89736 
ya 8+ 20 (1348. 20) = "769° 169 τό 


x 8.144.169 6.169 


Therefore — = — = ; 
mae Pe δ 89730- 3739 


and we may put X=1014, Y= 3739: 


Accordingly p=1014, 7= Se 1014 = 6642, 


PALEY]: 93139) 
and therefore A =12231, C= 10381, 

B =.20903, >= 10203; 
and again 44+ B*=Ci+ D*. 
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_ Another solution in smaller numbers. 
In the second of the papers quoted Euler says that, while investigating 
quite different matters, he accidentally came across four much smaller 
numbers satisfying the conditions, namely, 


A=542, B=103, C=359, D=514, 
which are such that 44/+ B4= C4+ D4. 


He then develops two methods of analysis leading to this particular 
solution; but, while they illustrate the extraordinary ingenuity which he 
brought to bear on such problems, they are perhaps of less general interest 
than the above. 


INDEX, 


, [The references are to pages. ] 


Tt’ AGREE. 


ἀδύνατος, ‘‘impossible,”’ 53 

ἄλογος ( = “undescribed” apparently), 
Egyptian name for certain powers, 41 

ἀόριστος, indeterminate: πλῇθος μονάδων 
ἀόριστον, an undetermined number of 


units=the unknown, dprOuds, i.e. x, 32, ° 


115; 130; ἐν τῷ ἀορίστῳ, indeterminately, 

or in terms ofan unknown; 177 
ἀριθμητική distinguished from λογιστική, 4 
ἀριθμός, number, used by Dioph. as techni- 

cal term for unknown quantity (=.), 
< 32, II5, 1303 symbol for, 32-37, 130. 
ἀριθμοστόν (=1/x):and sign for, 47, 130 
ἄτοπος, “absurd,” 53 


διπλῆ lodrns or ETNIES: double-equation, 
g. Ὁ: 

δύναμις, ‘ ‘square, eet for square of un- 
known (=.?): distinguished from rerpd- 
ywvos, 37-38; sign for, 38, 129; τετραπλῆ 
. δύναμις, “quadruple-square,” Egyptian 
name for eighth power, 41 . 

δυναμοδύναμις, fourth :power. of anknewi 
(=<"), sign: for, 38,129: ~ 

δυναμοδυναμοστόν, submultiple of δυναμοδύ- 
ναμις (ΞΞ 1{χ3}) and sign, 47, 130 

δυναμόκυβος, ‘‘square-cube” (=.°), sign 
-for, 38, 129 

δυναμοκυβοστόν, submultiple of δυναμόκυβος 
(=1/x*) and sign, 47, 130 

δυναμοστόν, submultiple of δύναμις = t/x?) 
and sign, 47, 130 


2) 


εἶδος, ‘‘species,”’ used for the different terms 
in an algebraic equation, 7, 130, 131 

ἔλλειψις, “deficiency”: ἐν ἐλλείψεσί τινα 
εἴδη, ‘‘any terms in deficiency,” 1.6. 
‘‘any negative terms,” 7, 131 


ἐνυπάρχοντα, ‘existent, used for positive 
terms, 7, 130 

ἐπάνθημα (‘‘flower”’ or 
Thymaridas, 114-116 


‘“bloom”’) of 


‘toos, equal, abbreviation for, 47-48 


κυβόκυβος, ‘‘cube-cube,’’ or sixth power 
of unknown (=), and sign. for, 38, 
129 

κυβοκυβοστόν (=1/x*) and sign, 47, 130 

κύβος, cube, and symbol for cube:of un-- 
known, 38, 1293 κύβος ἐξελικτός, Egyp- 
tian term for ninth power (29), “1 

κυβοστόν (=1/x*) and sign, 47, 130᾽ 


λείπειν, to be wanting: parts of verb used 
to express subtraction, 44; λείποντα om; 
pees terms, 139 

λεῖψις, ‘‘ wanting,” term for ΕΒ 
or negation, 130; «λείψει (dat.) Ξε minus, 
sign common to this and. parts. 3 verb 
λείπειν, 41-44 

λογιστική, the science of ers 111; ; 
distinguished from ἀριθμητική, 4 


μείζων ἢ ἐν λόγῳ, (32., 144 71. 

μέρος, ‘‘ part,” =an ane part or sub- 
multiple ; μέρη, “ parts,” used to describe 
any other proper fraction, 191 

μηλίτης ἀριθμός (from μῆλον, an’ apple), 4 
113 

μονάς, ““αηϊΐ,᾽ abivecaton for, 39,: 130 

Μοριαστικά, supposed work by renee 
3-4 

μορίου, or ἐν ΠΣ expressing oc or 
a fraction, 46, 47 : 

μυριὰς πρώτη, δευτέρα, 47-48 
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ὁμοπληθῆ (εἴδη), (powers of unknown) 
‘“‘with the same coefficient,” 7 


mw, value of, calculated by Archimedes 
and Apollonius, 122 
παρισότης, παρισότητος ἀγωγή, approxima- 


tion to limits, 95 sq., 207, 208, 209 722.» 


211 

πλασματικόν, ‘*formativum” 
meaning of, 140 71. 

πλευρά, side, =square root, 65 21. 

πλῆθος, ‘‘number” or ‘‘multitude, 
for “coefficient,” 64 2. 

πρότασις, proposition, 9 


(Tannery), 


” used 


στερεός, solid, used of a number with 
three factors, 183 72. 


INDEX 


owpela μονάδων, “heap” or collection of 
units, 37 
σωρός, “heap,” 37 


τετραπλῆ δύναμις, ‘‘quadruple-square,”’ 
Egyptian term for eighth power, 41 


ὕπαρξις, ‘‘ existence,” denoting a positive 
term (contrasts with Nets), 41 

ὑπάρχοντα (εἴδη), ‘‘existent” or positive 
(terms), 1307. 


φιαλίτης ἀριθμός (from φιάλη, a bowl), 4, 
113 


ὠκυτόκιον of Apollonius, 122 
ὡρισμένος, determinate, 115 
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Abw’l-Faraj, 1 

Abi’l-Wafa al-Bizjani, 6, 19 

Achmim Papyrus, 45 

Addition, expressed in Dioph. by juxta- 
position, 42; Bombelli’s sign for, 22; 
. first appearance of +, 49 2. 

Ahmes, 112 

Alfraganus, 20 

Algebra: three stages of development, 
49-51 

Algebraical notation: Diophantus, 32-39, 
41-44; Bombelli, 22, 38; earlier Italian 
-algebraists, 38; Xylander, 38, 48; Bachet 
and Fermat, 38; Vieta, 38, 39, 50 .; 
beginnings of modern signs, 49-50 7. 

Aljabr, 64 

al-Karkhi, 5, 41 7. 

al-Khuwarazmi, Muhammad Ὁ. Misa, 
34, 50 

Almukabala, 64 

Amthor, 122 

Anatolius, 2, 18 

Andreas Dudicius Sbardellatus, 17, 25 

Angelus Vergetius, 16 

Anthology, arithmetical epigrams in, 113- 
114; on Diophantus, 3; indeterminate 
equations in, 114 

Apollonius of Perga, 5, 6, 12, 18, 122 

Approximations: Diophantus, 95-98; Py- 
thagoreans, 117-118, 278; Archimedes, 
278-279 


Arabian scale of powers of unknown 
compared with that of Diophantus, 
40, 41 

Arabic versions and commentaries, 19 

Archimedes, Εἴ, 12, 35, 278, 279, 290; 
Codex Paris. of,~48; Cattle-Problem, 
121-124, 279; Avremarius, 35, 122 

Arenarius of Archimedes, 35, 122 

Arithmetica of Diophantus: different titles 
by which known, 4-5; lost Books, 5-12; 
division into Books, 5, 17-18; notation 
in, 32-53; conspectus of problems in, 
260-266 

Arithmetical progression, summation of, 
248-249 

Ars ret et census, 20 

Aryabhata, 281 

Auria, Joseph, 15, 18 


Bachet, 12, 16, 17, 21, 2271.) 25, 26-29, 35, 
38, 45, 48, 80-82, 87 2., IOI, 107 #., 
109, 110, I40 7%, 173 ., 196-197 %., 
213 M., 220 2., 230 2., 232 1., 234-235 %., 
246, 271, 273, 287, 293 

‘‘ Back-reckoning,” 56, 89, 93 

Baillet, 45 7. 

Bessarion, Cardinal, 17, 20 

Bhaskara, 281 

Bianchini, 20 

Billy, Jacques de, 28, 165 2., 166 2., 184 2., 
221 2., 267, 304, 308, 320, 321, 326 


INDEX 


Bodleian MSS. of Dioph., 15, 34, 35; 
MS. of Euclid, 35 

Bombelli, Rafael, 11, 27; Algebra of, 
21, 22; symbols used by, 22, 38 

Brahmagupta, 281 

Brancker, Thomas, 286. 

Brouncker, William, Viscount, 286, 288 


Camerarius, Joachim, 21 

Cantor, Moritz, 3 ., 6, 63 ”., 112, 118 ., 
120 #., 125 ”., 281 

Cardano, 21, 23, 40 

Cattle-Problem of Archimedes, 11, 12, 
121-124, 279 

Cauchy, 188 #., 274 

Censo, or Zensus, =square, 40, 41 

Charmides, scholiast to, I11, 113, 121- 
122 

Chasles, 11 

Cleonides, 16%. 

Coefficient, expressed by πλῆθος, multitude, 
39, 64 2. 

Colebrooke, 6, 281 . 

Cosa, =the unknown, 22, 40 

tS COSS;” 22 

Cossali, 1, 
220 71. 

Cracow MS. of Dioph., 5”., 14, 18 

Cube: Vieta’s formulae for transforming 
the sum of two cubes into a difference 
of two cubes and wice versd, 101-103; 
Fermat’s extensions, zézd. ; a cube cannot 
be the sum of two cubes, 144 #.; Euler’s 
solution of problem of finding all sets of 
three cubes having a cube for their sum, 
329-334; sign for cube of unknown or 
a 38,129 

“€ Cube-cube ” (=sixth power of unknown, 
or x), sign for, 38, 129 

Cubic equation, simple case of, 66-67, 
242 

Cuttaca (‘‘pulveriser”), Indian method of, 
283 
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Definitions of Diophantus, 32, 38, 39, 
129-131 

“‘ Denominator,” 137 

Descartes, 271, 273; notation, 507. 

Determinate equations: of first and second 
degrees, 58; pure, 58-59; mixed quad- 
ratics, 59-65; simultaneous equations 
leading to quadratics, 66; a particular 
cubic, 66-67 

“ Diagonal-” numbers, 117, 118, 310 
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Dionysius, 2 72.) 9, 129 

Diophantus: spelling of name, 1; date, 
I-2; epigram on, 3; works, 3-13; in 
Arabia, 5-6, 19; ‘‘Pseudepigraphus,” 
12, 31; MSS. of, 14-18; commentators 
and editors, 18-31 ; notation of, 32-53 ; 
methods of solution, 54-98; porisms 
of, 3, 8-10, 99-101 ; other assumptions, 
103 sqq.; theorems in theory of numbers, 
105-110; on numbers which are the 
sum of two squares, 105-106; numbers 
which are not the sum of two squares, 
107-108; numbers not sum of three 
squares, 108-109; numbers as sums of 
four squares, 110;° Dioph. not inventor 
of algebra, 111-116; nor of indeter- 
minate analysis, 115-124; his work 
a collection in best sense, 124; his ex- 
tensions of theory of polygonal numbers, 
127 

Division, how represented by Dioph., 
44-47 

Doppelmayer, 20 2. 

Double-equations (for making two ex- 
pressions in x simultaneously squares), 
11, 73-87, 91-92; two expressions of 
first degree, 73-80, 80-82 ”.; two ex- 
pressions of second degree or one of first 
and one of second, 81-87 ; general rule 
for solving, 73, 146; double equations 
for making one expression a square and 
another a cube, g1-92 

Dudicius Sbardellatus, Andreas, 17, 25 


Egyptians: σι, sign for, 37; names for 
successive powers, 41; beginnings of alge- 
bra, Aau-calculations, 111-112; method 
of writing fractions, 112 

Eisenlohr, 112”. 

Enestrom, 63 2., 286 #. 

Epanthema of Thymaridas, 114-116 

Epigrams, arithmetical, in Anthology, 113- 
114; on Diophantus, 3; one in Dio- 
phantus (V. 30), 124 

Equality: abbreviation for, 47-48; sign in 
Xylander, 48 ; the sign = due to Recorde, 
50 2. 

Equations, see Determinate, Indeterminate, 
Double, Triple, etc. 

Eratosthenes, 121 

Euclid, 8, rr, 12, 19, 63, 117, 124, 132 #., 
144 %., 101. 


Εν, 124 


Euler, 56, 71-72 #., 83-85 2., 86 #., 9o#., 
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100%., 102 22., 107, I10,. 145 %., 151 2., 


. 160 #., 162 ”.,. 178 2., 181-182 2... 
"188 2., 224. 236 #., 241 #., 242 %., 

268, 272, 274; 275, 286, 288-292, 
294, 297s 299 %., Supplement, 329-379 
passim 

Euler, J. A., nat. : 


Eutocius, 5, 6 
Exponents, modern way of writing due 
to Descartes, 50 #. 


Fakhri, 5, 41 5. 
‘* False seppesIHOn 
112-113 - 
Fermat; 28, 29, 30, 38, 78, 90, 101, 
«Ὁ 102, : 103, 106, 107, 108, 109, TII0, 
" 144-145 #., 163 72.) 173 2, 179-180 7., 
- 382 2s, -183 2.,. 184 #., 188-2., I90- 
: 191 9.5197 #:, 202 #., 204 #., 205 %., 
214-214 3, 415 3; -920-H., 223 Bi, 
ὭΔΟ ων. 230}. 231 MH. 2521722., 233 3.) 
235 #., .2206.2, 210.5., 240 %.,. 211 M., 
242 #., 246, 254 2.,-Supplement, 267- 
- 328 passim; 364; ‘‘great theorem of 
- Fermat,” 144-145 #.; Fermat on num- 
bers which are, or are not, the sums of 
. two, three,.or four squares respectively, 
106-1 10,.267-275 ; on numbers of form 
tay? or.2x2-77, 276-277, of form 
x7+3y, 275, and of form x?+ sy”, 276, 
277; on equation x? — Ay*=1, 285-287 ; 
a4 — y4=2% cannot be solved in integers, 
224, 293-297; problems on right-angled 
triangles, 204-205 22.) 218-219 72.) 220 72.» 
270 722., 230 2., 231-233 .22.) 235 2, 230 "-; 
239-240 71., 297-318; Fermat’s “ triple- 
equations,” 321-328 
Fractions : representation of, ops 


447 47; sign for 4, 45; for $, 45; 
sign for submultiple, 45-47 


use of, in Egypt, 


Frénicle,, 102 #.,. 276, 277, 285, 287, 
- 295-297s° 309, 310, 313, 314, 
Gardthausen, 35, 36 

Geminus, 4 

Georg v. Peurbach, 20 

Georgius Pachymeres, 18, 19, 31, 37 


Girard, Albert, 30, 106 2. 

Gnomons, 125 

Gollob, 14, 18 

Grammateus (Schreiber), Henricus, 49 21.» 
50 7. 

Greater and less, signs for, 50 x. 

Giinther, 6, 278 7., 279 7. 


INDEX 


Hankel, 6, 54-55, 108 ., 281, 283, 284, 
286 n. 

Harriot, 50 7. 

Hau (=‘‘heap’’), the Egyptian unknown 

. quantity, 37, 112 | 

Heiberg, 35, 48 7., 118, 205 2. 


. Henry, .C., 13, 28 #. 


Hérigone, 50 22. 

Heron, 12, 13, 35, 36) 43, 44» 45» 63, 
190 7  ΄ 

Hippocrates of Chios, 63, 124 

Holzmann, Wilhelm, see Xylander 

Hultsch; 4:2, 3,4, Ὁ, 10; ΤΙ, 12, 10, 
35.26, 37; 47 8-5 OF, hs, L168. 4.; 522, 253 fe 

Hydruntinus, Ioannes, 16 

Hypatia, 5, 6, 14, 18 

Hypsicles, 2; on _ polygonal 
125-126, 252, 253 


numbers, 


Iamblichus, 2, 3, 37 72-5 49; 50, rig 16, 126 

Ibn abi Usaibi'‘a, . 19 : 

Ibn al-Haitham, 19 

Identical formulae in Diophantus, 104, 105 

Indeterminate equations: single, of second 
degree, 67-73; of higher degrees, 87- 

gt; how to find fresh solutions when one 
is known, 68-70; double-equations for 
making two expressions simultaneously 
squares, 11, (1) two-expressions of first 
degree, 73-80, 80-82 7., (2) two of second 
degree, or one of second and one of first, 
81-87 ; double-equations for making one 
expression a square and another a cube, 
gi-g2; rule for solving double-equations 
in which two expressions are to be made 
squares, 73, 146 ; indeterminate equations 
in Anthology, 114; other Greek ex- 
amples, 118-121; 2x?-—y?=+1 solved 
by Pythagoreans, 117-118, 278, 310 

‘‘TIndian method,” 12-13, 21 722. 

Indian solution of ὙΠ es I, 281-285, 
290, 292 

Inventum Novum of J. de Billy, 28, 
165 ”., 184 20, 198 2., 204 %., 205 %., 
221 72.) 2302.; 231 %., 239 2-, Supple- 
ment, 267-328 passim 

Ioannes Hydruntinus, 16 

Ishaq Ὁ. Yinis, 19 


Italian scale of powers, 40, 41 


Ἐπ 108 2., 288. 


Ka‘b, Arabic term for cube of. unknown, 
41 m. 


INDEX 


al-Karkhi, 5, 41 2. 

Kausler, 31 

Kaye, G. R., 281 

Kenyon, 45 

Konen, 278 2., 279 ”., 281 ., 285 5. ᾿ 
. 862.) 288, 292 7. 
Kronecker, 288 

Krumbiegel, 122 

Kummer, 145”. 


Lagrange, 72 #., 110, 188 #., 272, 273, 
Ὁ 711..275., 270; 27, 205," 1287;. 288; 
290, 292, 299, 300 

Lato, *side,”* 40n. 

Legendre, 1077., 109 ”., 1887., 273 

Lehmann, 35 

Lejeune-Dirichlet, 145 ., 288 

Leon, 124 . 

Leonardo of Pisa, 11, 41 7., 120 

Less ‘and greater, signs for, 507. 

Limits : method of, 57, 94, 953 approxi: 
mation to, 95-98 

Lopistica speciosa and. Logistica numerosa 

_ distinguished by Vieta, 49 _ 

175 2; 


Loria,. 64° μι, 187:.;. 168° %:, 
1762., 105 2., 197%, 207 71.) 240 72.) 
241 71. 


Lousada, Abigail, 31 
Luca Paciuolo, 21, 40 


Madrid MS., 14, 15, 16 

Mal, Arabic term for square, 41 7. 

Manuscripts of Diophantus, 14-18 

Maximus Planudes, 13, 14, 19, 21, 31, 

:. 43. 44) 45, 46, 48 

Measurement of a circle (Archimedes), 
122 

Mendoza, 17 

Metrica of Heron, 43, 44, 45, 63, 129 5 ; 
= MS. of,. 116 

Metrodorus, 5, 113 Sas 

Minus, Diophantus’ sign -for, 41-44; 
130; same sign in Heron’s Metrica, 

Bombelli’s abbreviation, 22; 


43, 443 
modern. sign for, 49 #.;  Vieta’s 
sign for difference between (=for ~), 
5072. ᾿ 


Montchall, Carlry., 18 

Montucla, 28 

Moriastica of Diophantus, 3-4 

Muhammad b. Misa al- Khuwarazmi, 34» 
50 

Multiplication, 5 signs for, Bom: 

Murr, Ch.-Th. v., 20%. 


385 

Negative quantities not recognised by 
Diophantus as real, 52-53 

Nesselmann, 6-10, 21 #., 25, 267., 29, 
33» 34) 49-51, 55-58, 67, 87, 89, 93, 
108 ,..,:140 #., 173 M., 204 Mi, dae! 
252 ,, 329 n. - 

Nicomachus, 2, 126, 127 

Notation, algebraic: three stages, 49-513 
Diophantus’ notation, 32-49, 51-52 

Numbers which are the sum of two squares, 
105-107, 268-271; numbers which are 
not, 107-108, 271-272; numbers whjch 
are the sum of three squares, 272-273 ; 
numbers which are not, 108-109, 2733 : 
numbers not square are the sum of two, 
three or four squares, 110, 273, 274; 
‘corresponding theorem for triangles, 
pentagons, etc., 188, 273 

Numerus, numero, term for unknown quan- 
tity, 38, 40 

Nufiez, 23 


Oughtred, 50 x. 
Ozanam, 288 


Pachymeres, Gases 19519; 31, 37 

Paciuolo, Luca, 21, 40 

Pappus, I!, 13. 

Papyrus Rhind, 
6619, 112 

Paris: MSS.-:of Diophantus, ΤῈ) χόν 8:0. 

Pare, ΑΝ 

Pell, John, es ae n., 288 

‘¢Pellian”’ equation, origin of this er- 
roneous term, - 286 “- 

Peurbach, G. von, 20 ’ 

Philippus of Opus on polygonal nueber 
125 

Planudes, Maximus, 13, I4, I9, 21, 31, 

43» 44, 45, 46, 48 

Plato, 4, 38%., If1, 113, 116, 125 

Plus, signs for, 22, 49 ”.; expressed in 
Diophantus by ee cae 39 

Plutarch, 127 : 

Polygonal Numéers,. treatise on, 3, 11-12, 
247-259; sketch of history of subject, 
124-127; began with Pythagoreans, 124- 
125; figured by arrangement of dots, 
125; Hypsicles on, 125-126, 252, -2533 
Diophantus:. extensions, 127 

Porisms of Diophantus, 3, 8-10, 99-Tol, 
201, 202, 214 - 

Poselger,. 30, 98 τῇ 

Powers of unknown quantity and signs 


112} - Berlin Pepys 
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for, 37-39, 129; Italian and Arabian 
scale (multiplicative) contrasted with Dio- 
phantine (additive), 40-41; Egyptian 
scale, 41 

Proclus, 4 7., 113, 116, 117 #., 118, 242 71. 

Psellus, 2, 14, 18, 41, III 

Ptolemy, 18, 44 

Pythagoreans: 3; on rational right-angled 
triangles, 116, 242”.; on polygonal 
numbers, 124-1253; on indeterminate 
equation 2x2-y?= +1, 117-118, 278, 
310 


Quadratic equations in Diophantus, 7-8, 
59-66; in Hippocrates of Chios, 63; 
in Euclid, 63; in Heron, 63, 64 

Quadratic inequalities in Diophantus, 
60-63; limits to roots, 60-63, 65, 95 

Qusta ". Liga, 19 


Radice (=x), 40 

Radix (=x), 38 

Rahn, 507., 286 2. 

Ramus, 16 2. 

Rationality, Diophantus’ view of, 52-53 

Recorde, Robert, 50. 

Regiomontanus, 5, 17, 20, 23, 49 

‘* Regula falsi” in Egypt, 112-113 

Relato, Italian term for certain powers 
of unknown, 41 

Res, alternative for radix, in sense of 
unknown quantity, 38 

Rhind Papyrus, 112 

Right-angled triangles in rational numbers 
in Diophantus, 93-94, 105-106 ; method 
of ‘‘ forming,” 93-94; other methods of 
forming attributed to Pythagoras, 116- 
117, and to Plato, 116-117; Euclid’s for- 
mula for, 117, 120; Pythagorean formula 
once used by Diophantus, 242; Greek 
indeterminate problems on, other than 
those of Dioph., 119-121; Fermat’s 
theorems and problems on, 204-205 n., 
218-219 #., 220 %., 229 ., 230 2., 231- 
232 72.) 235 71.) 2367., 239-2407., 293- 
318, 364-371 

Rodet, 34, 35 

Rosen, 50 

Rudio, 63 2. 

Rudolff, Christoff, 23, 50 72, 


Salmasius, Claudius, 17 
Sand-reckoner of Archimedes, 122 
Saunderson, N., 27 . 


INDEX 


Schaewen, P. v., 327, 328 

Schmeisser, 31 

Schone, 43, 45, 118 

Schreiber, H., see Grammateus 

Schuler, Wolfgang, 24 

Schulz, 9, 11, 18, 30, 31, 108 #., 140 %., 
210 2. 

Sebastian Theodoric, 24 

Serenus, 12 

‘*Side ” =square root, 65 2. 

“ἐ Side-”” and ‘ diagonal-’”? numbers, Py- 
thagorean solution of 2x?-y?=-+1 by 
means of, 117-118, 278, 310 

Simon Simonius Lucensis, 25 

Simplicius, 63 7. 

Sirmondus, J., 27 

Smith, ἘΠ 70 95:,. 202 

‘* Species” (εἴδη) of algebraical quantities, 
4. 130,231 

Speusippus on polygonal numbers, 125 

** Square-cube” (=), sign for, 38, 
129 

Square root, sign «/ for, 50 2.; Ξε πλευρά 
(side), 65 7. 

ἐξ Square-square” (=.24), sign for, 38, 
129 

Squares: numbers as sum of two, three, 
or four, 110, 273, 274; of two, 105-107, 
268-271; not of two,-107-108, 271-272; 
of three, 272-273; not of three, 108, 
109, 273 

Stevin, Simon, 29, 30%. 

Stifel, M., 23, 46 94.,, 50°70. 

Submultiples, sign for, 45-47; decom- 
position of fractions into, 46, 112; 
submultiples of unknown and powers, 
47 

Subtraction, symbol for, 41-44 

Suidas, 1, 18, 22 

Surdesolides, sursolida or supersolida, 41 

Surds, 23-24 . 

Suter, Ης, 10 3. 


Tannery, P., 2 7., 3, 5, 6, 8, 10-12, 14-19, 
25, 28 72.) 31, 32-37, 43-44) 45, 108 2., 
ΠΣ, VIS 5 136 ΜΠ, 115. Ὁ, 128 Meg 
144.3., 148 ”., 150”., 156 Κ., 160 #., 
198 #., 219 2., 234 #., 256, 278, 279, 
280, 281, 290, 308 

Tanto, unknown quantity, in Bombelli, 22 

Tartaglia, 21, 40 

Theaetetus, 124 

Theon of Alexandria, 2, 18 

Theon of Smyrna, 2, 36, 117, 126, 310 


INDEX 


Theudius, 124 

Thompson, D’Arcy W., 37 

Thymaridas, Zpanthema of, 114-116 

‘“‘ Triple-equations”” of Fermat, 163 m., 
179”., 182., 202%., 223 %., 224 %., 
246, 321-328 


** Units ” (μονάδες) =absolute term, 39-40; 
abbreviation for, 39, 130 

Unknown quantity (=<), called in Dio- 
phantus ἀριθμός, ‘‘number’”’: definition 

_ of, 32, 115, 130; symbol for, 32-37, 
130; signs for powers of, 38, 129; 
signs for submultiples of unknown and 
powers, 47, 130; Italian-Arabian and 
Diophantine scales of powers, 40, 41; 
Egyptian scale, 41; x first used by 
Descartes, 50 #.; other signs for, 1 used 
by Bombelli, 22, 38, V (for Numerus) 
by Xylander, Bachet, Fermat and others, 
38, R (Radix or Res), 38, Radice, Lato, 
Cosa, 40n. 


Vacca, G., 106. 

Valla, Georgius, 48 

Vatican MSS. of Diophantus, 5 7., 15, 16, 
17 

Vergetius, Angelus, 16 
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Vieta, 27, 38-39) 49, 50%, 
214%., 285, 329, 331 
Vossius, 31 


IOI, 102, 


Wallis, 40 7., 286, 287, 288, 289 

Weber, Heinrich, 3 5. 

Weber and Wellstein, 107 ”., 145 71. 

Wertheim, 30, 110 ”., 137 ”., 138 21.) 
145 %., 181 #., 161 Ἦν, 200 %., 211 Be, 
212%., 216 #., 217 ., 254%, 256, 2575 
286 2., 294, 295 

Westermann, 125 7. 

Widman, 49 #. 

Wieferich, 145 2. 

Woepcke, 5 #. 

‘“Wurm’s problem,” 123 


x for unknown quantity, originated with 
Descartes, 50 #. 

Xylander, 17, 22-26, 27, 28, 29, 35, 38, 
107-108 2., 140%. ; Xylander’s MS. of 
Diophantus, 17, 25, 36 


Zensus (= Censo), term for square of un- 
known quantity, 38 

Zetetica of Vieta, 27, 101, 285 

Zeuthen, 118-121, 205 2., 278, 
290, 294-295 
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